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EQUIVARIANT AND INVARIANT THEORY OF NETS OF CONICS WITH
AN APPLICATION TO THOM POLYNOMIALS

M. DOMOKOS, L. M. FEHER, AND R. RIMANYI

ABsTRACT. Two parameter families of plane conics are called nets of conics. There is a
natural group action on the vector space of nets of conics, namely the product of the group
reparametrizing the underlying plane, and the group reparametrizing the parameter space of
the family. We calculate equivariant fundamental classes of orbit closures. Based on this
calculation we develop the invariant theory of nets of conics. As an application we determine
Thom polynomials of contact singularities of type (3,3). We also show how enumerative
problems, in particular the intersection multiplicities of the determinant map from nets of
conics to plane cubics, can be solved studying equivariant classes of orbit closures.

1. INTRODUCTION

The Thom polynomial is a multivariable polynomial associated with a singularity, governing
its global behavior. Thom polynomials of certain singularities are known, mostly of those with
small codimension, or with some other simple structure. The Thom polynomials of the simplest
so-called ¥? singularities are not known. The first objective of this paper is to calculate the
Thom polynomials of these simplest ° singularities. These singularities are closely related with
nets (i.e., two-parameter families) of (plane) conics. Recent work of the second and the third
authors [FR12] reduces the calculations of these Thom polynomials to the calculation of the
equivariant cohomology classes of the corresponding classes of nets of conics.

While calculating the equivariant cohomology classes of nets of conics we realized that most
of the classical results on the invariant theory of nets of conics can be reproduced using our
equivariant techniques. We included the invariant theory of nets of conics and its relation with
the equivariant theory for two reasons. First, this makes the paper more self-contained, and
second, we find the relation between equivariant and invariant theory interesting, and possibly
applicable in the future for more general representations.

Another byproduct of our calculations is a list of intersection multiplicities for the determi-
nant map (assigning a plane cubic to a net of conics, its discriminant). Intersection multiplicities
are difficult to calculate in general. We will define and compute equivariant intersection multi-
plicities, and show that they agree with the non-equivariant ones.

2. STRUCTURE OF THE PAPER

Two parameter families of plane conics are called nets of conics. There is a natural group action
on the vector space of nets of conics, namely the product of the group of linear reparametrizations
of the underlying plane, and the group of linear reparametrizations of the parameter space of
the family.

In Section 3 we develop the equivariant cohomology theory of nets of conics with respect to
this action. The results of the section are summarized in Theorems 3.1 and 3.3.

The first named author is supported by OTKA grants NK 81203 and K 101515. The second author is supported
by the OTKA grants 72537 and 81203. The third author is supported by NSA grant CON:H98230-10-1-0171.
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In Section 4, using results of [FR12|, we determine Thom polynomials of contact singularities
of type (3,3). The main results of the paper are Theorem 4.1 and 4.4.

In Section 5 we develop the invariant theory of nets of conics. While this theory is mostly
known, we emphasize that the equivariant point of view gives a conceptional way to approach
invariant theory. This section however is relatively independent of the rest of the paper, it does
not use cohomology theory. It is known that the corresponding ring of invariants is generated
by two algebraically independent invariants having degree 6 and 12, see Section 5 for references.
We give a formula for the degree 6 invariant (already known to Salmon and Sylvester) in terms
of the Pliicker coordinates as a pull-back of a degree 2 invariant (6) of the Pliicker space. The
expression (6) for this degree 2 invariant appears to be new.

In Section 6 we describe the hierarchy (see Figure 2) of the orbits of nets of conics. This
hierarchy was first obtained by different techniques in [Wal77]. We show how the cohomological
data obtained in Section 3 through the notion of incidence class can recover the result on hierar-
chy. This method of reducing hierarchy to equivariant cohomology calculations may be applied
in the future to other representations with small GIT quotients. The technique is particularly
promising in the emerging field of Geometric Complexity Theory, see [Mul09].

In Section 7 we show how enumerative problems, in particular the intersection multiplicities of
the determinant map from nets of conics to plane cubics, can be solved studying the equivariant
cohomology classes of the orbits. The main result of the section is Theorem 7.1. We also explain
that in some cases the intersection multiplicities agree with the algebraic multiplicities. We hope
that these calculations may lead to the determination of which orbit-closures of the plane cubics
are Cohen-Macaulay (see Remark 7.2). For completeness we included the multiplicities of the
induced map between the corresponding GIT quotients though these results are probably known.

Throughout the paper we work in the complex algebraic category, hence in particular, GL(U)
means the group of complex linear transformations of the complex vector space U, and GL,
denotes GL(C™). Cohomology will be considered with integer coeflicients.

The authors are grateful to M. Kazarian for several useful discussions on Thom polynomials
and to C. T. C. Wall for very valuable comments on nets of conics. Additionally the authors
would like to thank I. Dolgachev, J. Chipalkatti, L. Oeding and P. Frenkel for useful conversations
on the topics in this paper.

3. CLASSIFICATION OF ORBITS OF NETS AND THEIR EQUIVARIANT CLASSES

3.1. Orbits of nets of conics. Let S?U denote the second symmetric power of the vector space
(or representation) U. Consider the vector spaces U = C? and V' = C3. The main object of this
paper is the GL(U) x GL(V) representation Noc = Hom(S?U, V).

Through the natural isomorphism Hom(S?U,V) = Hom(V* S?U*), elements of this vec-
tor space are families of homogeneous degree 2 polynomials on U parameterized by the vector
space V*. Lines in S2U* determine conics in the projective plane P(U), hence elements of
Hom(V* S2U*) are 2-parameter families (nets) of plane conics (Noc stands for nets of con-
ics). The GL(U) action reparametrizes the underlying plane P(U), and the GL(V') action
reparametrizes the parameter space V*

There is a natural stratification 22U UX of Noc —{0}, according to corank. Geometrically
the strata correspond to conics, pencils of conics (i.e., l-parameter families of conics), and
(proper) nets of conics, respectively. The orbit structure of conics and pencils of conics is
widely known. The classification of orbits of proper nets of conics is given in [Wal77] for the
codimension> 1 cases and in [WdP95] for the family of codimension 1 orbits. We will use their
notations.
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TABLE 1. Codimension> 1 orbits and symmetries

cd | representative symmetry Poincaré | §
EO
C 2 [ 9%+ 21z, 2y2,—2% | o, + B3,20), 2a + 28, a + 38, 4a) 1,1 v
D 2 | 22,92, 2% + 2y (20,28, + B), (4o, 48, 20 + 213) 1,2 0
D* 2 | 2wz, 2yz, 22 + 22y | (20,26, a+ B), (Ba+ B,a+38,2a +26) | 1,2 0
E 3 | 22,92, 22 (o, B,7), (2,20, 27) 1,2,3 A
E* |3 | 2wy,2yz, 222 (o, 8,7), (@ +B,8+7,7+a) 1,23 A
F 3 | 224+ 92, 22y, 2y2 (o, , B), (2cr, 200, . + 3) 1,1 +
F* 3 | 22492 22,22 (o, a0, B), (20, 0 + 3, 20) 1,1 Q
G 4 | 2%y yz (a,8,7), (20,28, 8+ ) 11,1 #
G* 4 | zy,xz, 2> (o, 3, 7),(a+ﬂ,a+7,27) 1,1,1 £
H 5 | 22,22y, 9% + 212 | o, a+ B3,20), (4a, 3a + B, 2a + 2) 1,1 =
1 7 | 22, zy,y? (a,ﬂ,*y),(?a a+ B,20) 1,1,2 0
I* 7 | xz,yz, 22 (o, B,7), (a4, 8+7,2y) 1,12 0
21
Y 14 [2?2 22,9 —y20 | (a,a,a),(2q, 20, B) 1,1 K
(212) | 5 | 2y, vz + 42,0 (o, oz,ﬁ) (2o, a+ 5,7) 1,1,1 +
(31) |6 |zz,2%2—1yz,0 (oz—|—5 2a,28), (a+ 38,2+ 208, 7) 1,1,1 =
(22) |6 |a2yz,0 (0, 8,7), (20, B +7,) 112 | #
(4) 7 | xz+19% 22,0 (2a a+5,25) (2a + 28, 4a, ) 1,1,1 =
K 8 | 2,220 (B, a,7), (2a,27v,0) 1,1,1,2 0
L 8 | zy, 22,0 (o, 8,7), (e + B,a+,9) 1,1,1,2 0
M 9 |yz930 (a, ), (B+7,28,0) 1,1,1,1 0
22
S 10 [ zy — 2%,0,0 (20,28, a+ B), (2a +28,7,0) 1,1,2,2 0
PL |11 | zy,0,0 (o, B,7), (a+ B,6,¢€) 1,1,1,22 |0
DL |13 42,0,0 (o, B,7), (20, 8, €) 11,122 |0
0 18 1 0,0,0 (o, 8,7), (6, ¢, k) 1,1,2233 |0

The list of codimension> 1 orbits is given in the first 3 columns of Table 1 with the following

conventions. Column 1 is the name of the orbit, column 2 is its codimension, and column 3

names three plane conics that span the image of ¢ € Hom(V*, S2U*). Here we used the letters
x,vy, z for the coordinates on U.

3.2. Equivariant classes. G-invariant subvarieties (e.g., orbit closures) represent cohomology

classes in the equivariant cohomology ring of a G-representation. We want to determine the equi-

variant classes [1)] € Hey )y r,(v) (INO€) = Zluy, uz, us, v1, vz, vs] for the orbits 7 C Noc. Here

U1, Uz, uz and v1,ve,v3 denote the Chern classes of the groups GL(U) and GL(V) respectively.
These classes contain a lot of geometric information as we will show later.

For the codimension> 1 orbits we use the method of restriction equations of [Rim01, Thm.2.4],
see also [FR04, Sect.3|, so we need the symmetries of these orbits. More precisely, we need only

a maximal torus of their stabilizer subgroups. These elementary calculations can be reduced to

the level of Lie algebras. The results are summarized in the “symmetry” column of Table 1.
To explain the notation, consider the orbit C represented by the net of conics

(y* + 22z, 2yz, —x?).
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The pair of matrices

a2 0 0 a’b> 0 0
(1) 0 ab O , 0 ab® 0 € GL(U) x GL(V), a,be GLy
0 0 & 0 0 at

stabilize this net of conic. Since the codimension of C is 2, the dimension of the stabilizer
subgroup has to be 2 as well (dim G = dim V = 18), so we determined the maximal torus. This
is the data that is encoded as (2a, a + 3,20), (2a + 28, a + 3, 4«) in Table 1.

Theorem 3.1. Consider the GL(U) x GL(V) representation Noc. The Theorem of Restric-
tion Equations [FR04, Thm. 3.5] determines all the GL(U) x GL(V') equivariant classes of the
codimension> 1 orbit closures, e.g., we have

[ [6] = 8(’()1 — 2u1)2,

o [D] = —3uy + 3vy — 16ujvy + 3vf + 17u?,

o [D*] = 12up — 3vy — 20uy vy + 607 + 16u3,

o [E] = 3us + 3vs — 3ujus + usvy — 6uyv? + 13udvy — 2ugve — Suf + v}

o [E*] = —24ug + 3vs — 24uqug + 16ugvy — 16u111% + QOu%vl — 6v1v2 + 10uive — 8u:1” + 4@%
o [F] =2(v1 — 2u1)(6u? — dugv; — 6ug + 3vg),

[ )

F*] = 2(v; — 2uq) (5u? — 8uyvy + Yug — 3vg + 3v7).

Proof. The proof does not follow from any general principle we are aware of, it is just an exper-
imental fact. (The condition under which the Restriction Equations determine all equivariant
classes in [FR04, Thm. 3.5] is that there are finitely many orbits, and each of them satisfy an
Euler-class condition. For our representation there is a moduli of orbits.) The symmetry data
of the table put constraints on the classes [7j]. One can write down all these constraints for each
codimension> 1 orbit 7. A computer program shows that for each codimension> 1 orbit there
is only one equivariant class in H*(B(GL(U) x GL(V))) satisfying the constraints. O

For the family of codimension 1 orbits we look at the Wall-DuPlessis classification [WdP95|
from an equivariant point of view.
The affine plane No = {v. 4 : ¢, g € C}, where

Veg = (y* + 222, 2yz, —2® + 2g(w2 — y?) + c2?),

is normal to the orbit C' at the point (y* + 2z2,2yz, —2?). This plane is invariant under the
action of the complex 2-torus T¢ of (1). The T action on N has weights 2o — 25 and 4o — 4,
corresponding to the weight vectors (0,0, 2z —y?) and (0,0, 22). Hence, the orbits of T on N¢
correspond to the parabolas with u = (¢ : g?) € P! constant.

According to [WdP95] these parabolas are exactly the intersections of the codimension 1 Noc-
orbits with the normal slice No. We will refer to the orbit of v, with 4 = (c: g%) as A,. In
[Wal77] A_g is called B and Ay is called B*. We will refer to a Noc-orbit representative lying
in N¢ as a c-g-form. Recall the following Incidence Theorem.

Theorem 3.2. [FP09] Consider a Lie group G acting on a vector space V' complex linearly.
For v € V let G, denote the stabilizer subgroup of v. Let S be a subgroup of G, and N, an
S-invariant normal slice to the orbit Gv at v. Suppose that n C V is a G-invariant subvariety.
Then

[ CVls =[(nNNy) C NoJs.

Theorem 3.3. The equivariant classes of the A, orbits are 4(vi—2uy) for p # oo and 2(vi —2uy)
for u = oco.
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Proof. If j1 # oo, then the class [(ug? = ¢) C N¢| is equal to the weight of the g = 0 direction.
Hence we have [(ug® = ¢) C N¢| = 4a — 483. For the curve g = 0 we have

[(9=0) C No] = 2a — 28.
For the restriction homomorphism 7 : HE";L(U)XGL(V) — Hf, = Z[o, B], we have

r(u1) =2a+ (a+ B8) + 28 = 3a + 33
and
r(v1) = 2a +28) + (@ +38) + da = Ta + 543
by (1). Hence, if [A,] = Auy + By (pu # o0), then according to Theorem 3.2, we have

AQBa+38) + B(Ta +58) = 4o — 45.

The only solution is A = —8, B = 4. For u = oo the calculation is similar. O

Remark 3.4. From the equivariant classes of (cone) varieties one can calculate their degrees,
see, e.g., [FNRO5, Sec. 6] and Section 7. Therefore, Theorem 3.3 implies that the degree of the
hypersurfaces given by the closures of the A, orbits is 4(1+141—2(0+0+0)) = 12 in general,
and 6 for gy = co. This implies that the ring of invariants R(Noc) on Noc is generated by a
degree 6 and a degree 12 polynomial. We will give a full description of R(Noc) in Section 5.

4. THOM POLYNOMIALS OF CONTACT SINGULARITIES CORRESPONDING TO NETS OF CONICS

Consider a polynomial map g : (C™,0) — (CP,0). In global singularity theory one studies its
Thom polynomial Tp, € Z[a, ..., an, B, .. , Bp]®n*S». Here S,, permutes the a; variables (the
so-called “source Chern roots”), and S, permutes the ; variables (the so-called “target Chern
roots”).

To recall the definition of Tp, we need to define contact equivalence. Consider the maximal
ideal m of the ring of formal power series C[[z1,...,z,]]. To any polynomial map g : (C",0) —
(CP,0) (or, equivalently a jet in J*(n,p)) we assign the ideal I, = (g1,...,9,) < m generated
by the coordinate functions of g. We say that two jets are contact equivalent if their ideals are
equivalent under a local holomorphic reparametrization of C". The Thom polynomial Tp, of
the map ¢ is the T = U(1)" x U(1)P-equivariant cohomology class represented by the set of
jets contact equivalent to g, in the jet space J*(n,p) (where k is high enough). Sets of contact
equivalent jets will be called contact classes. They can either be defined by g or by the ideal 1.

We will assign two contact classes to a net of conics f € Hom(S?U, V). Let f be represented
by three degree-2 polynomials fi, f2, f3 in x,y, z (see examples in Table 1). Consider the ideals
Iy = (f1, f2, f3) and I;= (f1, f2, f3) + (z,y, 2)?, they define contact classes, I for p > 3 and If
only for higher values of p.

We are mainly interested in the Thom polynomial defined by Iy for p = 3, since among
these are the the smallest (lowest degree) Thom polynomials that can not be computed by
previous methods ([Rim01]). However we need to make a detour to calculate Thom polynomials
corresponding to 1 7 first. The reason is explained in Section 4.1.

Theorem 4.1. Let f € Hom(S?U, V) be a X0 net of conics, and let [f] € Z[uy,ua,us, v1,v2,v3)
be the equivariant class of its GL(U) x GL(V)-orbit considered in Section 3. Let o : (C3,0) —
(CP,0) be a polynomial map with If=1Is,. Let W= {201,209, 203, a1 + a9, 1 + a3, a2 + as}.
Then

3 p .
(2) Tp,, = [[]]Bi —ai)- D DH7W|H7

e
i=1j=1 HCW,|H|=3 H
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Du= [ I16i-w), en= ] [] (w2—uw), e = [f]

w¢H j=1 wi¢H wa€H

vi=0;(H),u;=0;(a1,a2,a3)

In the last substitution o; means the i ’th elementary symmetric polynomial.

In Section 4.1 we will show how this Theorem follows from the “Localization Formula” [FR12,
Thm 6.1].

Remark 4.2. Similar, and in some sense simpler formulas can be given for the non-3° nets. The
corresponding polynomial maps belong to very large codimensional singularities, consequently
their Thom polynomials are of very large degree, so we omit the description.

Theorem 4.1 gives the Thom polynomial in the Chern root variables «; and 3;. A more
compact way to write down these polynomials is in quotient variables, using the basis of Schur
polynomials. To indicate that we use quotient variables we use the notation tp, ;- The Schur
polynomials A are defined by Ay, .. 1) = det(cx,+j—i)rxr; for example,

C3 C4
Azr) = det (CO C1> = c3c1 — ¢y,

P .
and c¢; denotes the degree i homogeneous part of %
i=1 3

polynomials is that of, e.g., [FP98|, which slightly differs from that of, e.g., [Mac98|.

Theorem 4.1, and some calculation, gives that for example for o : C3 — C*4,

. Note that this convention for Schur

op(z,y,2) = (y* + 222, 2yz, —2* + 29(x2 — y°) + c2?, 2%)
we have
(3) tpg, = 8A(54a111) +4A (4a4211) 168 (844) +20A (6442) +32A (6a411) +120A (6541) + 1604 (655) +

16A(54421)+32A(55411)+40A(5542)+80A(5551)+80A(664)+40A(7441)+112A(754),
if g # 0 and half of it for g = 0.

4.1. Fibered localization. Now we show how the arguments in [FR12] can be applied to
prove Theorem 4.1, some familiarity of Sections 5, 6 of [FR12| are assumed. The localization
formula of [FR12, Thm 6.1] is based on a generalization of the Atiyah-Bott-Berline-Vergne
localization: the fibered localization formula of Vergne-Rossmann-Bérczi-Szenes ([BS12]). This
formula calculates, from some fixed point data, the torus equivariant cohomology of a variety
which is the birational image of a vector bundle £ — Y such that the base Y is a subvariety of
a smooth manifold (everything is equipped with compatible torus actions).
For the proof of Theorem 4.1 we consider the correspondence variety

(4) C(Y)={,g) € Gr™ (J¥(n)) x J¥(n,p) | I €Y, I, C I},

where g € J¥(n,p) is a jet, m is the codimension of I, < J*(n), Gr™ (J*(n)) denotes the m-
codimensional subspaces of the jet space J*(n) and Y is the closure of the set of ideals equivalent
to I4. The first projection C(Y) — Y is a vector bundle, and it can be shown that the second
projection is a birational map to the closure of the contact class of g. The variety Y is contained
in the manifold Grs(S?C?) (for f € 3 it would be Grz_;(S%C?)). Hence, the fibered localization
formula ([FR12, Prop 5.1 or Thm 6.1]) can be applied.

This formula expresses Tp, ; as a sum whose terms correspond to torus fixed points of

Grz(S2C?), that is, to the set {H C W,|H| = 3}. The term corresponding to H has a “fiber”
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component and a “horizontal” component. The fiber component is explicitly Dy, and the “hori-
zontal” component, expressing the class of Y at the fixed point H is

Yl = [f]

Remark 4.3. What made this calculation very simple is the fact that Y is contained in the
Grassmannian Gr3(S?C3). For the ideals I; we are not aware of any similar simplification.
However for p = 3 we will calculate the Thom polynomials for some nets of conics in the next
section.

vi=0;(H),u;=0;(a1,az,a3)

4.2. Thom polynomials of equidimensional maps. Notice that for any o satisfying the
condition of Theorem 4.1, p is at least 4. It is possible to substitute however p = 3 formally
into the formula, and in some cases we can interpret the result as a Thom polynomial. This
phenomenon was called the “small p case” in [FR12, §12]. According to the previous section
we need to check that the second projection of the correspondence variety (4) for Y being the
closure of the set of ideals equivalent to I jlsa birational map to the closure of the contact class
of f € J?(3,3). Obviously f, therefore its contact class, is in the image, so the following two
conditions will imply birationality:
(1) The second projection is generically one-to-one.
(2) The dimension of the contact class of f equals to that of the correspondence variety
cy).
Condition (1) is equivalent to the condition that there is only one ideal equivalent to T 7 containing
I¢: the ideal T 7 itself. This is satisfied for all f, since any ideal equivalent to I 7 should contain
the invariant ideal (z,v,2)®. By calculating the dimension of the correspondence variety we can
see that the second condition is equivalent to the condition that the codimension of the contact
class of f in J2(3,3) is deg[f] + 9.
We give 3 examples when the second condition is also satisfied (see [WdP95, p. 315]).
1. The Thom polynomial of the germ h, 4 : C3 — C3,

heg(2,y,2) = (y* + 222, 2yz, —2° + 2g(zz — y?) + c2?)
is
tpy,, = 8A33) + 4A3331),

if g # 0 and half of it for g = 0. The singularities h. 4, form the smallest codimensional example
of a family of non-equivalent contact singularities (C",0) — (C™,0) ([Mat71]). Because of
the presence of this continuous modulus in the classification of singularities, the method of
[Rim01] calculating Thom polynomials broke down at codimension 9. (In [FR12| a different
representation of h. 4 is used, namely (22 — \yz,y? — Az, 2% — Axy). This representation is less
adapted to our purposes, in general 12 different values of A correspond to the same orbit, and
the singularities corresponding to B and B* cannot be written in this form.)

2 and 3: The singularities corresponding to nets from the orbits D and E are denoted by K D
and KF in [WdP95, p. 315]. Hence [FR12, Section 7] implies:

Theorem 4.4. The Thom polynomials of maps (C™,0) — (C™,0) of type KD and KE are
tbp = 3A(33311) + 6A(3332) + 14A443) + 16A (4331) + 17A(533),

tPrxr = A@sziin) + 2A(33321) + 4A(3333) + 6A43311) + 8A(4332)+
+ 14A(4431) + 8A(444) + 13A(5331) + 19A(543) + 8A(633).
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Remark 4.5. For some pair of contact singularities only condition (2) is satisfied. Examples
are given in [FR12, §12|. In such cases the localization formula gives the Thom polynomial
multiplied by the number of sheets of the second projection. (The simplest example we are
aware of is the singularities f = (23, 2y,9%) and f = (xy). In this case we have two sheets: the
ideal (22, zy, y?) also contains (zy).)

Remark 4.6. A polynomial map is called equidimensional, if the dimension of its source is the
same as the dimension of its target. Thom polynomials of equidimensional polynomial maps were
calculated in [Rim01] up to degree 8. The results above on the Thom polynomials of k. 4, KD,
and K F are essentially the first examples beyond degree 8. Notice that we calculated the Thom
polynomials of these singularities only for p = 3, as opposed to the singularities corresponding
to 1 7 where we obtained the Thom polynomial for all p.

4.3. Duality and the Kazarian theory. Recently M. Kazarian developed a method ([Kaz])
to calculate Thom polynomials, in particular Section 8.8 of [Kaz| deals with nets of conics. His
approach is dual to the method of [FR12] in the sense that it uses the quotient algebra as opposed
to the ideal of the singularity. For a singularity corresponding to a 3° net f in the above sense the
quotient algebra is Q = J%(U,V)/(f1, f2, f3). This is a graded algebra of graded degree (3, 3),
so the multiplication is determined by a linear map m € Hom(S?U*, ker f). The map m is the
apolar of f in the terminology of [Wal77|. The input of the Kazarian method is the equivariant
class of m. The apolar of a net lives in the dual representation, however, by fixing a basis of U
we can identify these spaces. The identification depends on the basis but a basis change does not
change the orbit, so we get a well defined duality on the X° orbits. Wall denotes this duality by
. It is also true (and easy to see) that the equivariant classes of the orbits are the same up to
sign in the dual representation, however in general the dual orbit has different equivariant class,
see, e.g., [D] # [D*] and consequently the Thom polynomials of the corresponding singularities
are also different. Using the Kazarian theory we were able to double check our results.

5. INVARIANT THEORY OF NETS OF CONICS

Most of the results in this section are known (see [Wal77], [Wall0], [WdP95] [Vin76] and
[AN02]), but we also would like to show how equivariant theory leads to these results with the
hope that it can be applied in a more general context.

5.1. The ring of (semi) invariants. Suppose that the Lie group G acts on the vector space W
and G is the character group of G. We say that f € C[W] is a relative invariant corresponding
to the character x € G (ie., f € Ry(W)) ifforallve W and g € G

(5) flgv) = x(9)f(v).

The ring of semi-invariants is R(W) := @, .o Ry (W).
Note that an element of R(W) is not necessarily a relative invariant for any x € G. Semi-

invariants of G are always invariants of the commutator subgroup G’, but in general the ring of
invariants of G’ can be bigger. In the following two examples, however, they coincide.

(a) The GL(U) x GL(V)-action on Noc: Any character of GL(U) x GL(V) is of the form
Xan(g, 1) := det(g) det’(h). If f € R(Noc) is homogeneous of degree | = 3d, then

FIAL plyv) = fFA2p) = A2l f(v) = det™>(AT)det? (ul) f (v),
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therefore f is a relative invariant corresponding to the character x_s4,4. (In GIT language
we see that there is a unique linearization for GIT-quotient.) In other words

R(Noc) = @ Ry _,,,(Noc).
deN

In this case all characters are determinants, so R(INoc) coincides with the ring of absolute
invariant polynomials for the SLg x SLs-action on Noc.

(b) As we discussed before, the maximal torus of the stabilizer of the net (y* + 22z, 2yz, —2?) is
GL; x GL;. It acts on the normal space N¢ to its orbit with weights 4a — 45 and 2a — 26.
With respect to this action we have

R(NC) = @Rxw,fzd(]\fc) = (C[NC] = (C[Cv 9]7
deN
where ¢ € Ry, ,(N¢) and g € R, ,(N¢). Consider the restriction map i* : R(Noc) —
R(N¢). From the first line of Table 1 (equivalently, from (1)) one sees that i* maps
R, _,,,(Noc) into R,, _,(Nc).

We claim that i* : R(Noc) — R(N¢) is injective. Indeed, according to the splitting above it
is enough to show that it is injective on R, _,, ,(Noc) for any given d, which follows from the
fact that the values of a relative invariant f on N¢ determine its values on (GL(U) x GL(V))-N¢
via (5) and (GL(U) x GL(V)) - N¢ is dense in Noc. Now we prove that the homomorphism i*
is also surjective, by finding relative invariants of Noc mapped to ¢ and g.

5.2. The determinant map. Composing nets with the determinant S2U* — C (well defined
up to a scalar factor) we get a degree 3 polynomial map & : Noc — S3V. This map is GL(U) x
GL(V)-equivariant if we let GL(U) act on S®V as scalars by the second tensor power of the
determinant representation. Consequently we have a homomorphism §* : R(S?V) — R(Noc).
Let us review now the invariant theory of the plane cubics S3C? which was one of the first
achievements of the early invariant theory.

Theorem 5.1. [Aro50] There are invariants a,b of S*C? of degree 4 and 6, respectively such that
R(S3C3) = Cla,b] and every smooth plane cubic vy can be transformed (using the GL3-action)
into the Weierstrass-form:

vz + 2° + a(y)z2® + b(y)2>.

Remark 5.2. The Weierstrass-form is analogous to the c-g-form of nets of conics from Section 3.
The subset {y?z + 2% + ax2? + b2% : a,b € C} is a normal slice to the orbit of the cuspidal cubic
y?z + a3. This observation was used in [K6m03| to calculate the equivariant classes for plane
cubics. The choice of these orbits is not accidental. Their closure is the nullcone, so the normal
slice intersects all invariant hypersurfaces.

Consider now the determinant of the c-g-form v, , = (y? 4 22z, 2yz, —2° + 2g(xz — y?) + c2?).
Considering the three 3 x 3 matrices of the three components of v, , we obtain

00 1 00 0 -1 0 g
S(veg)=det [ (=z){ 0 1 0 | +(-y)[ 0 0 1 |J+2z[ 0 -29 0
100 01 0 g 0 ¢

=y*z 4+ 2% + (c — 3¢g%)xz? + 29(c + g°)2°.

Here we parameterized C3 with —x, —y, z to obtain our result, the Weierstrass form, without
sign changes. Therefore i*0*a = ¢ — 3¢ and i*6*b = 2g(c + g?). We denote the degree 12
invariant —480*a by Jis.
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FIGURE 1. The 20 weights of P1

To complete the calculation of R(Noc) we need to find the degree 6 invariant which restricts
to g on the normal slice N¢. This is a straightforward job with a computer, but using a geometric
idea it can be done by hand.

5.3. The Pliicker map and the invariant I;. We have a degree 3 GL(U) x GL(V')-equivariant
map

¥ : Noc = Hom(s20,V) & Hom(\’ 20, A\’ v) = \*s20r @ \'v.

We will call P1:= A®S2U* @ A\®V the Pliicker space.

Picking a basis for V*, to each net we can associate a triple M = (M;, Ms, M3) of conics,
and ¢ sends M to My A Ms A M3 € /\3 S2U*. The image of 1 is the cone of the Grassmannian
Gr3(S2U*). Our next goal is to show that the representation Pl has a degree 2 invariant I
which pulls back to a degree 6 invariant Jg of Noc.

Let &, n,v be a basis in U* and z,y, z the corresponding dual basis in U. Write E;; for the
element of sl(U) mapping the ith basis vector of U to the jth basis vector and annihilating the
other two basis vectors.

Consider the basis e, := €2, ey := &n, e3 := v, ey = 1%, e5 := N, eg := v2 in S2U*, and
set e;jx :=e; Nea Aes € A® S2(U*). Under the natural identification of S2U with the dual of
S2(U*), the basis in S2(U) dual to e1, ..., eq is t1 := 22, to := 22y, t3 := 22z, t4 := >, t5 1= 2yz,
te := 22 Then t;j5 == t; Nt; Nty € /\3 S%(U) is the basis dual to e;;. In particular, ¢;;(m(M))
is the 3 x 3 minor corresponding to the (i, j, k) columns of the 3 X 6 matrix of the net M viewed
as a linear map from V* to S2U*, with respect to the chosen bases.

As an SL(U)-representation P12 S3(U) @ S3(U*). This follows for example from the calcu-
lations below or by calculating the weights of P1. (See Figure 1, picturing the weights of P1,
denoting the weights of S3(U) by dots and the weights of S3(U*) by circles. We also indicated
the weight vectors spanning the corresponding weight spaces.)

Denoting by W the 10-dimensional SL(U)-module S*(U) we have

S?PI" = W & SPW* e W @ W*.
The first two summands do not contain the trivial SL(U)-module (say by the theorem of Aronhold
on the invariants of ternary cubic forms), and the third summand contains one copy of the trivial
representation by Schur’s Lemma, spanned by wyw] + - - - +wiowiy, where wy, ..., wio is a basis
of W and wfy, ..., wj, is the corresponding dual basis in W*. Table 2 contains explicit elements
wy,...,wip € N*S%(U) spanning an sl(U)-summand isomorphic to W. Clearly 2 A zy A z2z
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is a highest weight vector generating an sl(U)-module isomorphic to W. The ws,...,wio are
obtained by applying successively the operators Es;, F51 € sl(U), as indicated in Table 2.

Recall that the action of E; ; is the sum of the replacements of each occurrence of the jth
basis vector to the ith one, e.g.,

E371(m2/\xy/\3:z):23:3/\xy/\xz+x2/\yz/\xz+x2/\xy/\zQ=x2/\xy/\22—x2/\a:z/\yz.

Up to non-zero scalars wj, in Table 2 is the only weight vector whose weight is opposite
to the weight of the lowest weight element wig in W, therefore it must be a highest weight
vector generating a submodule isomorphic to W* in /\‘3 S2U*. Applying successively appropriate
elements of sl(U) to w?, one computes wj, ..., wl, € \* S2U*. For example, by the left column
of the table we have w;o = E3;ws, hence wg = —Esw],. In addition to the information in the
left column of the table we need also the relations

wy = §E32w7, wy = §E32w87 and  wip = Ezpwy.

With the w;, w} given in Table 2 (for example, wy = —z?AzzAy?+22 AxyAyz = —%t134+it125),
we have the equality

10
i=1

— 8t134t346 + St126T246 + 8t145t156
(6) + 6t123t456 — Gt136t245 + 6f124¢356
— 4t195ta56 + 41358345 — 4t234l236
+ 2t134l256 — 2t125t346 + 2t135t246 — 2t126345
+ 2t145T236 + 2t156T234 — 2t146T235-
Remark 5.3. (i) Set w;j, = t;j1 01, 50 ;5 is an element of the coordinate ring of Noc. Recall
a classical result of Sylvester (see page 365 in [Sal79] or [Giz07]), asserting (after a change to
our coordinate system) that
—80 := Ug% - 8“%46
+4duigpuass + durgsuzas — 4uiasuzse — 4uaszatiaze
+ 8u145u156 — BU134U346 + BU126U246
+ Bu123Uas6 — Bu1z6U24s + BU124U356
is an SL(U)-invariant on Noc. We thank I. Dolgachev for bringing this reference to our attention.
One can easily verify using the straightening algorithm (cf. Section 13.2.2 in [Pro07]) that
Je := I5 o 1) coincides with Salmon’s 8. Notice that one cannot reconstruct I from 6 since ¥*
has a kernel, generated by the Pliicker relations. To the best of our knowledge formula (6) for
I5 is new.
(ii) It is proved in [Vin76] that the ring of SL(C?) x SL(C?) x SL(C3)-invariants in C3@C3@C3
is generated by three algebraically independent elements of degree 6, 9, and 12. An alternative
way to construct the invariant Js (not as a pullback from P1) is to restrict the degree 6 generator

to the subspace of C? @ C? ® C3 corresponding to symmetric matrix triples. Explicit formulae
for the three generators can be found in [BLT04] or [DD12].

One can calculate that

PY(Ve,g) = (y2 +2x2) A 2yz A (:1:2 +2¢g(zz — y2) + c2:2) = 12ge345 + 2¢(eas6 + 2€356) — 2€145 — 4e135,



12 M. DOMOKOS, L. M. FEHER, AND R. RIMANYI

TABLE 2. Un-normalized generators

w1 :xQ/\a:y/\xz wW1g :1:2/\933//\3;2
we = Boyw1 = —x° Azz Ay + a2 Axy Ayz |wi = —Ezswly = —x° Azz Ay® — 227 Axy A yz
ws=FE3w1 = AyzAzz+x° AzyAz> | w —%Eggwg =222 ANzz Ayz+ a2 Azy A 22
ws = Eoiwy =2xy AyZ Azz 4222 Ay? Ayz | wi —%Eggwg ——zZANxz A2
ws = Eziwa =2 ANy A2 +2xzhay Ayz |wg = —FEnwyy =22y Azz Ay” + 22 Ay? Ayz
5
*
4

we = Esiws =222 AyzA22 +2xz Aay A 22 |wi = —FEniwg = —4day Azz Ayz — x> Ay2 A 22
wr = Faiway :6$y/\y2/\yz wy = —Exwi :QCCy/\Q?Z/\22+$2/\yZ/\22

wg = Eaiws =2y Ay? A22 + 22 ANy> Ayz |wh = —Eniwi =22y Ay’ Az° —daz Ay® Ayz
wo = Esiws =2ay AyzAz° + 222 ANy° A 22 |wh = —Faiw] =22z Ay’ A 22 —day Ayz A 2°

w10 = Eaiwe = 6x2 Ayz A 2° wi = —FEaws =632 Ayz A 2°

and hence, for Js = I 09 we have Jg(ve g) = I2(¥(Ve,q)) = 24g. This concludes our proof of the
following known theorem (see [AN02], [Vin76|, where the ring of invariants of Noc is identified
with the ring of invariants of a finite complex pseudo-reflection group):

Theorem 5.4. The ring of invariants of Noc is freely generated by Jg and Jis.

5.4. A geometric interpretation of the splitting of Pl. Following C.T.C. Wall [Wall0] we
can interpret the projection maps from P1 to its irreducible factors.

5.4.1. The Jacobi map. A net ¢ is a linear map from S2U to V, alternatively a quadratic map
from U to V. Its derivative at w € U is a linear map d,p : T, U — T,,V. Since tangent spaces
of a vector space can be canonically identified with the vector space itself and d, is linear in
u, the derivative dy defines a linear map from U to Hom(U, V). We also have the degree 3
determinant map

det : Hom(U, V) Ai Hom(/\3 U, /\3 V)= /\3 Ur® /\3 V,

which can be composed with d to obtain a degree 3 map Jac(p) from U to A* U* @ A* V. We
can also consider Jac as a map

Jac : Noc — S3U* @ /\3 U*® /\SV.
The map Jac factors through the Pliicker map providing a linear projection
miPlo ST e N Ute V.
Picking a basis in V* we can identify Jac with the Jacobian covariant Jac : @° S2(U*) — S3(U*),

which is a joint covariant of triples of conics defined as

OeMy  0cMsy  0O¢Ms3
Jac(M) :=det | 0,My 0,My 0,Ms
o,My 0,Ms 0,Ms
(recall that & v,n is our basis in U*, and the M; are homogeneous quadratic polynomials in

&,n,v). Now Jac is an alternating trilinear function in M7, Ma, M3, hence it factors through an
SL(U)-equivariant linear map

m : Pl— S3(U").
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It maps the basis vector e;j; € P1 to the 3 X 3 minor corresponding to the 7, j, k¥ columns of the
matrix

26 n v 0 0 O

0 €027 v 0

0 0 & 0 n 2w
(the columns contain the partial derivatives for each of 2, &n, v, v%, nu, v?). Recall that 23, 322y,
..., 6zyz,... is the basis in S?(U) dual to the basis &3,&2n,...,nv,... of S3(U*). Now m}
embeds S3(U*)* 2 $3(U) into P1*. For example, 71 (e123) = 263, and no other m (e;;x) contains
the monomial 3. This shows that 7} (23) = 2t193 = S8w; (where w; is the element given
in Table 2). Similarly £¢2n is contained only in m(e125) = 2621 and m(e134) = —4&%n. It
follows that 77 (32%y) = 2t195 — 4t134 = Sws. One checks in the same way that the basis
23,32%y,...62yz,..., 23 of S3(U) is mapped under 7} onto 8wy, ...,8wig (cf. Table 2).

5.4.2. The dual Jacobi map. We have a degree 2 map
2
Hom(C?,U) 5 Hom(S?C?, S*U).
Composing with a net ¢ and choosing an element in Hom(C? U) we get a linear map in
Hom(S?C?,V). Taking its determinant we get a degree 6 map from U & U = Hom(C?,U)
to the one-dimensional vector space L = Hom(A® S2C2, A\* V) = A’ V. (As a representation of
GL(U) the line L is isomorphic to the trivial one-dimensional representation.) Notice that this
map factors through /\2 U, providing a degree 3 map from /\2 U to L. Varying ¢ we end up

with a degree 3 map from Noc — S3 /\2 U* ® L which factors through the Pliicker map . Now
notice that A>U* = U @ \* U*. Hence we defined a linear map

3 <
m:Pl— SU @ (/\BU*> o\ V.

Notice that the GL(V')-action played no active role in the projections 7, and 75 as it was expected
from the abstract splitting of the representation /\3 S2U*.

As an SL(U)-equivariant linear map 7o : P1 — S3(U) can be constructed as follows: Picking
a basis in V* we can identify a net with a triple M = (My, Mo, M3) where M; € S2U*. We
may think of S3(U) as the space of cubic polynomial functions on U*. Now ma(M; A Moy A M3)
vanishes on a linear form f € U* if the net M restricted to the zero locus of f does not have full
rank.

More explicitly, eliminate the variable v from the ternary quadratic forms M; using the
relation z€ + yn + zv = 0; we obtain three binary quadratic forms in the variables &, 7. Now
mo(My A Ma A M3) is the determinant of the 3 x 3 matrix whose columns contain the coefficients
of these three binary quadratic forms. In particular, ms(e;;i) is the (7, j, k) minor of

z 0 —z 0 0 2%z
00 0 =z -y ¥y?/z
0 2z —y 0 —x 2zy/z

(showing also that we end up with a cubic polynomial in z,y,z). The dual 75 embeds S3U*
into PI*, and in the same way as in the case of the Jacobi map one may check that the basis

vectors £3,&2n, ..., 3 are mapped to _lei‘, ceey _lefo from Table 2.

5.5. Stability. A net of conics is in the nullcone if both Jg and Ji» are zero on it. The G.I.T.
quotient of Noc is P! and the quotient map on the complement of the nullcone is given by
k = Jg/Ji2. An orbit n is strictly semistable if k~!(k(n)) 2 n. We can use formula (6) to
calculate Jg and the explicit form of the degree 4 invariant of the plane cubics to calculate Jis.
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Notice that Theorem 5.1 is not sufficient, since non-smooth cubics do not admit a Weierstrass
form. Nevertheless these are simple calculations which show that the only codimension> 1 orbits
outside the nullcone are D, D*, E, E* with

D 1 1 1
D* -8 16 4
E 1 1 1

E* -8 16 4

Since k is a bijection on the codimension 1 orbits it is enough to find values of ¢ and g with the
2

given k. Since k(v 4) = %, it is immediate that k(B) =1 for B := v_g; and k(B*) = 4 for

B* := 1y (B and B* are notations from [Wal77]). Consequently the complete list of strictly

semistable orbits are B, B*, D, D*, E, E*.

5.5.1. The discriminant. For the representations Noc and S3C? the nonstable variety is a hy-
persurface and we call their defining equation the discriminant of the representation. It is a
classical result that the discriminant of the plane cubics is A = 4a® + 27b%. Using the c-g-form
we can quickly check that —28336*A = (JZ — J12)?(JZ — 4J12) (see Section 7.1 for the details),
consequently a net is unstable if and only if its determinant cubic is unstable, but the §*-image
of the discriminant is not the discriminant: the component (JZ — Ji2) = B is counted with
multiplicity 2.

6. HIERARCHY OF THE NETS OF CONICS

C. T. C. Wall’s result on the classification of the Noc-orbits can be verified using the results
of Sections 3 and 5. The codimension 1 orbits are classified by their k-invariant. The fact stated
in Theorem 3.1, namely that the restriction equations determine the equivariant classes imply
that no orbit is missed in Table 1. Any missing orbit would cause an indeterminacy in the
solution of the restriction equations, hence would contradict to Theorem 3.1.

To determine the hierarchy we use that a cohomologically defined incidence class determines
adjacency for positive orbits: Consider a Lie group G acting on a vector space V complex linearly.
For v € V let T;, denote the maximal torus of the stabilizer subgroup of G.

Definition 6.1. The orbit Gv is positive if there is a linear functional ¢ on the weight lattice
of T,y such that for all weights w; of the T,-action on the normal space of the orbit Gv at v we
have @(w;) > 0.

Theorem 6.2. [FP09| Let n C V be a G-invariant subvariety and suppose that the orbit Gu is
positive for some v € V.. Then v € n if and only if [n C V]r, # 0.

Table 3 contains the description of normal slices to orbits, and their weights. The last column
contains the values of the functional ¢ (that is, the values p(«), (B),...) if such a functional,
proving the positivity of the given orbit, exists. By inspection we obtain the following fact.

Proposition 6.3. All unstable orbits of Noc are positive.

Thus, Theorem 6.2 determines almost all adjacencies of the orbits, namely the ones involv-
ing unstable orbits. The missing adjacencies of the semistable orbits can be determined by
calculating the k-invariant. As a result we obtain the complete hierarchy, depicted on Figure 2.

Example 6.4. Consider the orbits F' and F*, and their adjacency with the orbit (1*). Let v
be the point in the (1%) orbit given in the Table, and let J(14) be the restriction homomorphism
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TABLE 3. Normal weights and positivity

15

>0 normal weights 0(a),0(B),...
C 2 [y? + 2x2,2yz, —2 | 4o — 45,20 — 23 1,0
D 2 | 22,92, 2% + 2zy 3a— 38,38 — 3« -
D* |2 |2zz 2yz, 2® + 2zy | 3a — 343,38 — 3a -
E 3 |z2,42, 22 20— B —v,28—a—v,2yv—a—0 -
E* |3 |2zy,2yz,2zx —2a+pF+7v,-28+a+v,-2y+a+p -
F 3 2% +9% 22y, 29z | 20— 26,20 — 28,0 — 1,0
F~ 3 |z? 4+ 4% az, 2? 268 — 20,28 — 20,8 — a, -1,0
G 4 |22y yz 2a0 — 2,8 — a, 28 —a — 7,20 — 27 1,2,0
G |4 |wy,xz, 22 2y — 2, — B, 28+ a+v,2y — 20 -1,-2,0
H |5 |22, 2zy,y* + 222z | 20— 28,20 — 28,3 — 38, 3a — 38, 4a — 48 1,0
I 7 |22, zy, P a—7,2a—0B—v,2a0—2v,8—7,—2yv+a+ 3,26 -2y |0,0,-1
I 7 |xz,yz, 2° —a+vy, —2a+L+v, —2a+2vy, —6+7,2y—a—F3,—25+2v|0,0,1
L
1% 14 |2 —z2,9* —yz,0(B—-27,8—2v,6— 27,8 —2v 1,0
(21%) |5 |2y, zz +yz,0 200 — 2B,y — 20,y — 2a,y —a — B,y — 208 1,0,3
(31) |6 |zz,2% —yz,0 38 —3a,28 —2a,y —3a— B,y — 4o,y —2a — 23,7 — 43| 0,1,5
(22) |6 |z% yz,0 2a0 — 26,2 — 2y, —a— 3,0 —a —v,6 —2B,06 — 2y 1,0,0,2
(4) |7 |zz4+9% 220 2a—28,3a—38,4a— 48,y —3a— B,y —2a—28,v—48|1,0,5
K |8 |42 2%0 20— 28,200 — B — 7,2y — 28,2y —a — 3,6 — 2,
d—a—p,0—-0B—7v,0—a—7v 0,-1,0,0
L 8 |zy,xz,0 a—B,a—y,a+B—-2v,a+v—28,6 —2a,§ — 20,
§—2v,0—B—7 1,0,0,3
M 9 |yz,4%0 B4+~v—2a,8—a,28—2a,28—a—v,28—2v,§ — 2a,
d—a—p,0 —a—",0 — 2y 0,1,0,2
2
S 10| zy — 2%,0,0 v —2a—28,7v—3a— B,y —4a,y—a— 38,y — 48,
6 —2a—28,0 —3a— 3,0 —4a,§ —a— 36, — 48 0,0,1,1
PL |11|zy,0,0 6 —2a,0 — 28,6 —a—v,6 —B—~,0 —2v
€—2a,e—2B,e—a—y,e— B —7v,e—=2v,a+ [ — 2y 1,0,0,3,3
DL |13]z2,0,0 d—a—06,0—-268,0 —a—~v,0 —2v,6 — B —7
e—a—pB,e—20,e—a—vy,e—2y,e—[B—7
200 — 26,200 — B — 7,20 — 27y 1,0,0,3,3

HéL(U)xGL(V)(NOC) — H7, (Noc). One can read from the table above that the homomorphism
Jq14y is the substitution

di = 0'1‘(2047 20(, ,8),

where ¢; denotes the ith elementary symmetric polynomial. For the equivariant classes given in
Theorem 3.1 we have

C; = U'i(Oé, a,a),

Jan([F]) =0, jas([F*]) = —6(2a — B)(40” — 4af + %) # 0.
Hence, we have that (1%) is contained in the orbit closure of F'*, but is not contained in the orbit
closure of F.

6.1. The equivariant cohomology rings of the orbits. With a little extra sudoku type
calculations one can determine the equivariant cohomology rings H*(BG,) of the orbits Gz.
In column 5 of Table 1 we listed the degrees of a free generating set for these rings. This
information can be used, e.g., to define certain “higher” Thom polynomials. Since the equivariant
cohomology spectral sequence of the codimension filtration (the Kazarian spectral sequence; see
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FIGURE 2. The hierarchy of Noc orbits

[Kaz97|, [FR04, Sect.10]) degenerates, the Poincaré series of the rings H*(BG,,) shifted by the
codimension add up to the Poincaré series of H*(BG). For the open stratum O = {J,cp1 4y
we have Hg,(O) = Hgy, (P') for the trivial GLj-action, so the Poincaré series of Hg(O) is £,

and we get that

14t t? 2t e _ 1
T B A | ) B G T ¢ B EI U R Rl R PTG EICT R o

Here the t-exponents of the numerator are the codimensions (column 2) and the t-exponents of
the denominators are degrees of the generators of H*(BG,) (column 5).
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7. ENUMERATIVE QUESTIONS, MULTIPLICITIES OF THE DETERMINANT MAP

Equivariant classes contain enumerative data in a compressed form. One of the simplest
enumerative invariants is the degree. Using [FNRO05, Section 6] we see that the degree of a G-
invariant subvariety 7 C Noc can be obtained by substituting 1 to the Chern roots of GL(V') and
0 to the Chern roots of GL(U) in the polynomial [n] € H*(B(GL(U) x GL(V))). For example,
we obtain

deg(C) = 72, deg(D) = 36, deg(D*) = 45.

Consequently in a generic two-parameter linear family of nets of conics there are 72 of type C,
36 of type D and 45 of type D*, etc.

A more subtle enumerative invariant is the intersection multiplicity. Suppose that f : X —
Y is a map of smooth varieties and Z C Y a codimension d subvariety. Suppose also that
the preimage f~!Z is pure d-codimensional. Then we can assign positive integers p; to every
component Y; of f~1Z called intersection multiplicities (for more details see [Ful84]). If X =
Y = C and Z = {0}, then the intersection multiplicities are the usual multiplicities of the roots
of f.

An important property of the intersection multiplicity ([Ful84, Sect. 7]) is that if all compo-
nents Y; of f~1Z are of codimension d, then

(7) FXD =) il

In general this equation does not determine the intersection multiplicities p;. However (7)
generalizes to the equivariant setting where there is more chance that the classes [Y;] will be
linearly independent.

Consider the determinant map 6 : Noc — S3V studied in Section 5.2. From the normal forms
in Table 1 it is easy to calculate the image under the determinant map. E.g., for C' the normal
form is y? + 2z, 2yz, —x? which means that the generic net in matrix form is

-k - A
Ap|s
A

with determinant p?sx — A3 corresponding to the cuspidal curve v. A table can be found in
[Wal77]. For the readers’ convenience we included the images of the determinant map in the
last column of Table 1. The notation tries to imitate the shape of the various classes of plane
cubics, i. e. 6 is the orbit (closure) of conic intersected by line,  the conic and tangent line,
A the three nonconcurrent lines, # is the double line intersected by a third line, = is the triple
line and 2K is the three concurrent lines. The codimension 1 orbits will be treated in the next
section.

The equivariant classes of the GLg-representation S?C? (i.e., plane cubics) were calculated by
B. Kémiives [K6m03|. The cases we need are

(8) [v] = 24e, [0] = 18e% 4 9eq, [ = 36€3 + 18e1eq, [A] = 1263 + 6ejeq + 27es, [2K] = e1[A],

where e; denote the GL3-Chern classes.

The map § is GL3 x GLs-equivariant, if we replace the GLs-action on the plane cubics by
the GL(U) x GL(V)-action as in Section 5.2. The effect of this change on (8) is replacing the
GL3-Chern roots €; (€1 + €2 + €3 = €1 etc) by some linear combination of the GL(U) x GL(V)-
Chern roots. A comparison of the actions of the maximal tori of GL3 and GL(U) x GL(V) gives
the substitution ¢; — ¢; — 2/3u; (where 0; denote the GL(V)-Chern roots). Consequently for
the Chern classes we obtain the substitution e; — v; — 2uy, eg — v — 4/3ujvy + 4/3u% and
e3 > v3 — 2/3vguy + 4/9v1u? — 8/27u3.
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After this substitution we have all the ingredients of (7) for the GL(U) x GL(V)-equivariant
map 6. Then explicit calculation implies the following theorem.

Theorem 7.1. In GL(U) x GL(V)-equivariant cohomology we have
5" ([v]) = 3[C],
6([0]) = 4[D] + [D7],
6" ([€]) = 9[F] + 6[F™],
3" ([A]) = 8[E] + [E™] + 2[F],

and the coefficients on the right hand side are uniquely determined, therefore they are the inter-
section multiplicities.

For the three concurrent lines the codimension condition is not satisfied, but a similar calcu-
lation gives the equality

0" ([K]) = 12[(1%)] + (4[G] +1/2[G"] + 2(dy — 2¢1)[F])),

and, like above, the coefficients are uniquely determined. The class in the bracket is supported
on F, so we can call 12 the intersection multiplicity of (1%).

Remark 7.2. The intersection multiplicities are always at most the algebraic multiplicities by
[Ful84, Pr. 8.2] and they agree if the image is (locally) Cohen-Macaulay and the preimage has the
same codimension by [FP98, p.108]. In [Chi02] J. Chipalkatti determines which orbit closures
are arithmetically Cohen-Macaulay for the plane cubics. Among the orbits of Theorem 7.1
v is Cohen-Macaulay, since it is a complete intersection, 2 is arithmetically Cohen-Macaulay
consequently Cohen-Macaulay, but # and A are not arithmetically Cohen-Macaulay. Therefore
the intersection multiplicities for v and 2 are algebraic multiplicities as well. For § and A we
do not know if they are Cohen-Macaulay. If the algebraic multiplicities for § and A differ from
the intersection multiplicities, then they cannot be Cohen-Macaulay. Unfortunately we were not
able to calculate these algebraic multiplicities.

For the codimension 1 orbits we study the induced map on the GIT quotients.

7.1. The induced map on the GIT quotients of nets of conics to plane cubics. To
see that the G = GL(U) x GL(V)-equivariant determinant map ¢ induces a map d of the
corresponding GIT quotients we need to check that semistable orbits are mapped to semistable
orbits. It follows from general principles but here is a direct verification. For codimension > 1
orbits of Noc we see this fact from Table 1. (For the plane cubics the semistable orbits are
the smooth curves which are also stable, together with the nodal curve and § and A.) The
codimension 1 orbits A, have a v, , representative with (c¢,g) # (0,0), so for d(v.4) either
a=c—3g%or b=2g(c+ g?) is not zero, therefore the image is semistable.

The traditional parametrization of the GIT quotient S*C?//G is the j-invariant j = % :
S3C3//G — P, where A = 4a3 + 27b% is the discriminant. On the other hand we saw in

2
Section 5.5 that the invariant k = j—g : Noc //G — P* parametrizes the GIT quotient Noc //G.

Using these parametrizations we can calculate d := jodo k™! : P! — P
Using the c-g-form we get (by some abuse of notation)

A= Av.,) = 4a® + 270% = 4a® + 27(4¢%) (a + 49*)* = 4(a + 39*)(a + 12¢%)?,
and we have Js = 24g and Ji2 = —48a, so 483A = (—4Jia + JZ)(=J12 + J2)?. Therefore

Ji2
JZ—4J12)(J2—J12)

jod:( 5 and

d(z:y) = (49° : (z — 4y)(z — y)?).
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The branching points are at the singular points (take the affine chart y = 1, and find the
zeroes of 3(x — 1)(x — 3), the derivative of (z — 4)(x — 1), and an extra branching at x = 00.):

x=1 (A =0, ie., j-invariant is co) corresponds to the semistable point (class of the nodal
curve). It has preimages B with k(B) = 1 and B* with k(B*) = 4. The point B has
multiplicity two. Notice that B and B* represent the two semistable points in Noc //G
(in the GIT quotient B ~ D ~ E and B* ~ D* ~ E*).

x = 0o (j-invariant is 0) corresponds to the degree 4 orbit of elliptic curves defined by a = 0. It

has one preimage (of multiplicity 3): the orbit of nets of conics defined by Ji2 = 0.

x = 3 (j-invariant is 1) corresponds to the degree 6 orbit of elliptic curves defined by b = 0. It
has one preimage with k& = 3 and another one with multiplicity 2, the degree 6 orbit of
nets of conics defined by Jg = 0.

Remark 7.3. For hypersurfaces the intersection multiplicities agree with the algebraic (or
scheme theoretic) multiplicities. To determine these multiplicities in our case it is enough to
compare degrees. One obtains that all algebraic multiplicities are 1, except for B which has
multiplicity 2.
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ERRATUM: MILNOR FIBRATIONS AND THE THOM PROPERTY FOR
MAPS fj

ANNE PICHON AND JOSE SEADE

The main theorem in our article [2] is not correct as stated. Presumably, there exist stronger
hypotheses under which it does hold. This is the case, for instance, when n = 2 and the germs
f,g do not have a common branch (see [1, Proposition 1.4]). We thank Adam Parusiiski for
having pointed out to us this error by sending us two counter-examples. We also thank Mutsuo
Oka for having located the mistake in our proof : It comes from the fact that the equation we
give in page 147 line -5 is not sufficient to define the tangent space T, G. In fact, the normal
space to it is defined by the two real vectors grad u and grad v where fg = u + ¢v, while in our
calculation we considered only the vector wy = 2 grad u + 2i grad v.

Here are the two counter-examples sent to us by A. Parusinski. The first of these was suggested
by comments of M. Tibar. In both examples, the map fg has an isolated critical value at 0 € C,
but fg does not possess the Thom a¢z-property. We reproduce below the arguments given to us
by A. Parusinski.

Example 1. Let fg: C? — C be given by f(z1, 22) = 2122, g(z1, 22) = 22. We have
f9(21,22) = 21| 2)1* = @1 (25 + 3) + i1 (43 + 93) = u + v,
gradu = (;vg + y%, 0,2z129,2x1y2) and gradv = (O,xg + y%, 2y122, 2Yy1Y2)-

Thus, the critical locus of fgis Y = {23 = 0} and 0 is the only critical value of fg. We show
that, for the stratification {(]32 \Y, Y}, the Thom condition asy fails at every point of Y.

Fix P = (p,q,0,0) € Y and (a,b) € R?\ 0 such that ap + bg = 0. Let z = (21, 22) tend to P
and satisfy az1 + by; = 0. Then, at these points,

agradu + bgradv = (23 4+ y3)(a, b, 0,0)

and, hence,
agradu + bgrad v (a,b,0,0)

|la grad w + b grad v|| - I(a,b)]

)

which contradicts the Thom condition.

In fact, we can deduce from the above arguments that there is no stratification of fg satisfying
the Thom condition. Indeed, Y, as it is the critical locus, has to be a union of strata for any
stratification of fg. If P is in a stratum open in Y, we may choose points z = (21, 22) that tend
to P, are in a stratum open in €2, and are close to the points considered above. It suffices to
suppose that they satisfy |az; + byi| < 23 + y3, since then

agradu + bgradv = (23 4+ 43)(a,b,0,0) + (axy + by1)(0,0, 22, 2ys),
and the second term tends faster to 0 than the first one if z5 — 0.

Example 2. Consider fg: C3 — C given by f(21, 22, 23) = 21(22 +232), g(z1, 22, 23) = 22. Write
as before fg = u + iv.
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First we determine the critical locus of f. Since fg is holomorphic with respect to z; and z3,

then for ¢ = 1,3 we have % = 0 and the vectors (gfl , %‘1), ((%’1, 88771) are independent if and
only if 83%1?) # 0. The critical locus is then contained in the set with equations

a(/f9) - a(/f9) _
(1) 92, = (23 + Z?%)Zz =0 ; D23 = 221%Z223 = 0.

The solution set of (1) consists of two components: {2z = 0} and {z; = 23 + 257 = 0}. On the
second one we have 57" = 83—“ = aa—” = g—” = 0, and hence the entire component is included in
. 2 Y2 T2 Y2
the critical set. We write
f9 = hg+ f9,
where f1(21,22,23) = 2122, fa(21, 22,23) = 2123. We write fig = uy + iv1, f2g = ua + iva. On
the set {z2 = 0} we have g;l = % = % = % = 0 and hence on this set we consider only the
. . . — -2 y2 1‘2 y2 . _— . . . .

partial derivatives of fog with respect to x2,y2. Since f>g is antiholomorphic with respect to zo
we get a new set of equations

d(f29) 2

29 =0 and = z123 = 0.
z2

This allows us to conclude that
Crit(fg) ={zm1 =2z +25 =0} U {21 = 20 = 0} U {22 = 23 = 0}.
Note that 0 is the only critical value of fg.

Denote Y = {23 = 23 = 0}. We show that for any stratification of C* the Thom condition
afg fails at a generic point of Y. Fix P = (p,q,0,0,0,0) € Y and (a,b) € R?\ 0 such that
ap +bg = 0. Let z = (21, 29, 23) tend to P and satisfy

Jazy +byi| < 22, lzsll < [lz2]*.
Then at these points
agradu; 4+ bgradv; = ||22]|*(a, b, 0,0,0,0) + o[ z2/|%)
and
| grad uz, grad va|| < [|z3]| = o(||z2|*).
Thus we may conclude as in Example 1.
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Exchange between perverse and weight filtration for the
Hilbert schemes of points of two surfaces

Mark Andrea A. de Cataldo® Tamas Hausel! Luca Migliorinit

Abstract

We show that a natural isomorphism between the rational cohomology groups of the
two zero-dimensional Hilbert schemes of n-points of two surfaces, the affine plane minus
the axes and the cotangent bundle of an elliptic curve, exchanges the weight filtration
on the first set of cohomology groups with the perverse Leray filtration associated with
a natural fibration on the second set of cohomology groups. We discuss some associated
hard Lefschetz phenomena.

1 Introduction

1.1 The main result

The theory of mixed Hodge structures endows the rational cohomology groups H*(Z,Q) of
a complex algebraic variety Z with the increasing weight filtration #%. On the other hand,
given a map f : Z — Z' of algebraic varieties, the theory of perverse sheaves (with middle
perversity) endows the rational cohomology groups H*(Z,Q) with the increasing perverse
Leray filtration 2z (see [12], for example).

In [4], it was proved that the non-Abelian Hodge theory diffeomorphism between the
twisted character variety Mp of representations of a compact Riemann surface C into GLo(C)
and the moduli space Mp,) of rank 2 degree 1 stable Higgs bundles on C' identifies the weight
filtration #pq, with the perverse filtration Zp,,,, induced by the projective Hitchin map
X : Mpol — A. The so-called P = W conjecture, i.e. that this phenomenon should be valid
for other groups, such as GL,(C), has received some evidence in [2] in a string-theoretic
framework.

However, at present, we are unable to use the approach of [4] to attack this conjecture in
the case of GL(n, C) for n > 2. One exception is the case of the moduli space of rank n stable
mirabolic Higgs bundles on an elliptic curve E. Thanks to [18], in this case we have a global
understanding of this moduli space as the Hilbert scheme of n points X[™ on the complex
surface X := TV(FE) ~ E x C the total space of the cotangent bundle of E. Additionally,
the Hitchin map becomes a proper flat map h,, : X[ — C(") ~ C™ of relative dimension n
onto the n-th symmetric product C("™) of C, which can be understood explicitly. In a similar
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vein one can prove that a corresponding character variety is isomorphic to Y™ the Hilbert
scheme of n points of the surface Y := C* x C*, whose Hodge theory is well understood. The
expectation from the P = W conjecture is that the we again have an exchange of filtration
phenomenon.

Indeed the main result of this paper is Theorem 4.1.1 which establishes that there is a
natural isomorphism of graded vector spaces ¢l : H*(X!" Q) ~ H*(Y!", Q) that exchanges
the perverse Leray filtration for the map h,, with the halved weight filtration :

PP yi) = 1 Wy

In words, the inverse of the isomorphism ¢! sends a class of type (p, p) for #5-1) to a class in
in Pxn . Theorem 4.3.2 relates the hard Lefschetz theorem on the products of symmetric
products of the curve E with the relative hard Lefschetz theorem for the map h,, and with
a “curious” hard Lefschetz theorem on the cohomology of Y.

The example dealt with in this paper presents a striking difference with respect to the
one treated in [4]. In the latter case, due to Ngo’s support theorem, most of the perverse
sheaves showing up in the decomposition theorem are supported on the whole target space of
the Hitchin map. On the other hand, in the case treated here, every stratum in C) of the
map h, : X" — C™ contributes several perverse sheaves showing up in the decomposition
theorem.

At the moment, we cannot explain the exchange of filtration phenomena described above,
beyond the fact that we can observe them. In §4.4 we discuss some properties shared by
the example considered in this paper and the one treated in [4], and we speculate on the
possibility of a more general statement regarding the phenomenon of exchange of filtrations.

1.2 Notation

We work over the field of complex numbers C and with singular cohomology with rational
coefficients Q. The results hold with no essential changes over any algebraically closed field
and with Qg-adic cohomology. A variety is a separated scheme of finite type over C.

We employ freely the language of derived categories, perverse sheaves and the decomposi-
tion theorem as well as the language of Deligne’s mixed Hodge structures (MHS); the reader
may consult [1], the survey [11] and the textbooks [15, 21, 23, 26]. For the convenience of
the reader we summarize our notation and terminology below.

Given a variety Z, we work with the full subcategory Dz of the derived category of the
category of sheaves of rational vector spaces on Z given by those bounded complexes K on
Z whose cohomology sheaves H'(K) on Z are constructible; a sheaf on Z is constructible
if there is a partition Z = [[Z, of Y given by locally closed subvarieties such that the
restriction F|z, is locally constant for every a. We denote the i-th perverse cohomology sheaf
of a complex K on Z by PH!(K); it is a perverse sheaf on Z. Given a map f : Z — Z' of
algebraic varieties, we denote the derived direct image functor Rf, simply by f. and the i-th
direct image functor by R'f,.

A filtration F' on a vector space is a finite increasing filtration

finite means that F;V = {0} for i < 0 and F; =V for ¢ > 0. A filtration F on V has type
[a,b] if F,_1V = {0} and F,V =V.
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Given a variety Z, the weight filtration on the cohomology groups H¢(Z,Q) is denoted
by #z. A map f : Z — Z' endows the cohomology groups H¢(Z,Q) with two distinct
filtrations, the Leray filtration £ and the perverse Leray filtration &2.

In this paper, we are concerned with the Hilbert schemes of n points X" and Y™
associated with the two complex surfaces X := TVE ~ E xC, the total space of the cotangent
bundle of an elliptic curve F, and Y := C* x C*. We shall consider a certain natural proper
map h,, : X" — C(™),

2 The Hilbert scheme of a surface and its cohomology
groups

2.1 The decomposition theorem for the Hilbert-Chow map
T, S — g

Let S be a nonsingular connected complex analytic surface S and n > 0 be a non-negative
integer. We refer the reader to [5, 6, 8, 16, 25] for background and references on Hilbert
schemes of surfaces.

We denote by S = S™/G,, the n-th symmetric product of S, i.e. the quotient of
S™ by the obvious action of the n-th symmetric group. A partition of v = {vy,...,1} of
n is an unordered collection of positive integers such that vy + ... + vy = n; the integer
I = I(v) is called the length of v. A point z € S(™ gives rise to a partition v = v(z),
for z admits a unique representation as a formal sum vys; + ... + v;s;, with v; positive
integers adding up to n, and s; € S distinct. The subset Sl(,n) C 8™ of points yielding
the same partition v is a locally closed, irreducible, nonsingular subvariety of S™ and we
have that the symmetric product S(*) is the disjoint union over the set of partitions on n of
these subvarieties: S = 1L, S,S"). A partition v gives rise to a new variety S*) as follows:
represent the partition v as a symbol 1%12%2 . . . n where a; is the number of times i appears
in v; the a; > 0, the length I(v) = > a; and n = ;i a;; finally, define S®) := [, S(@) to
be the indicated product of symmetric product of S. If we define, &, := [[&,,, then
S = Sl(”)/Gu. There is a natural finite map r® . S0 5 §() with image the closure

S5 and the resulting map S®) — 5™ is the normalization of the image.

The Hilbert scheme S of zero-dimensional length n subschemes of S is a connected
complex manifold of dimension 2n and, if S is algebraic, then so is S[™. There is the n-th
Hilbert-Chow map 7, : S} — S sending a scheme to its support, counting multiplicities;
this map is proper and it is a resolution of singularities of the symmetric product.

In view of [8], §2.5, by using the correspondences in S®) x gy S inside ™) x S the
decomposition theorem for the map , yields a canonical isomorphism in the category Dgn):

7 =%, @, i Qse [21(r)] —> mQsin 2], (1)

2.2 The MHS on H*(S", Q)

If S is algebraic, then, by using the compatibility (see [9]) with MHS of the constructions
leading to the isomorphism (1), we obtain a canonical isomorphism of MHS (recall that a
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Tate twist in cohomology (—i) increases the weights by 2i):

A=A @, (H 210 (50),Q) (I(v) — n)) —=> H* (S, Q) . (2)

The fact that the two sides of (2) are isomorphic has been first proved in [17] by using the
theory of mixed Hodge modules.
Given a partition v of n, consider the mixed Hodge substructure

1, ($1,Q) i= my§) = f=2n=10)] (50),Q) (1(v) — ) (3)

so that the isomorphism of MHS (2) now reads as the internal direct sum decomposition

H* (S["],Q) -PH; (5[”1, Q) : (4)

2.3 The map ¢/ induced by a diffeomorphism S, ~ S;

The canonical isomorphism (2) has the following simple consequence. Let S; and Sy be two
nonsingular surfaces and

¢ H*(51,Q) ~ H*(S2,Q) (5)

be an isomorphism of graded vector spaces. By taking tensor products and invariants, the
map ¢ induces, for every partition v, an isomorphism of graded vector spaces

oW H* (S, Q) ~ H*(S{”, Q).

By using the isomorphisms (1), we define the map

o = (3] o (Z w) o (181) s (sP@) = 17 (s.Q) (6)

which is an isomorphisms of graded vector spaces.

If the surfaces S; are algebraic and ¢ is an isomorphism of MHS, then so is (6). However,
in this paper we use this set-up in the case: S; = ExC (F an elliptic curve) and Sy = C* xC*
and ¢ = ®*, where ® : Sy ~ S is a diffeomorphism. In this case, due to the incompatibility
of the weights, ¢ and ¢!} cannot be isomorphisms of MHS.

It is likely that the results in [27] imply that if we have a diffeomorphism Sy ~ S; of
nonsingular algebraic surfaces, then there is a diffeomorphism Sgn] ~ SE"]. At present, we do
not know this and we do not need it here.

3 The surfaces X and Y and the filtrations
@Y[n]

For the remainder of the paper, we fix n > 0, an elliptic curve E and we set

Wy [n] and

1
2

Y :=C* x C*, X =T'E~FExC,
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i.e. X is the total space of the cotangent (canonical) bundle of E. The isomorphism above
is well-defined up to multiplication by a non-zero scalar.

The two surfaces X and Y are noncanonically diffeomorphic: choose E to be C/T" where
I" is the lattice of Gaussian integers; then use polar coordinates to identify X and Y. Let
® : Y ~ X be any diffeomorphism and set ¢ := ®* : H*(X,Q) ~ H*(Y,Q). We are in the
situation of §2.3.(5) so that, for every n > 0, we obtain the linear isomorphism (6) of graded
vector spaces

¢[n] - H* (X[n]7(@> H* (Y'[n]7 Q) ) (7)

As it was observed in §2.3, for n > 1, the two sides are never isomorphic as MHS. In
particular, (7) does not preserve the weight filtrations.

Let us remark that each H?(X!" Q) is a pure Hodge structure of weight d. Since
H*(X,Q) ~ H*(E,Q) is an isomorphism of MHS, we have that the same is true for
H*(X™ Q) ~ H*(E™, Q) for every partition v of n. In view of the splitting of MHS
(4), we have the following canonical isomorphism of MHS

H*(X[n],(@) (é) @H;(X[n],(@) ~ @H*—Q[n—l(u)](E(y)’Q)(l(y) _ n)

Since each H4(E™), Q) is pure of weight d, we conclude that each H4(X[" Q) is pure of
weight d as well. In particular, the weight filtration #y ) on H*(X[™ Q) is simply the
filtration by cohomological degree and this should be contrasted with Proposition 3.1.2.

3.1 The halved weight filtration 1% on H*((C* x ¢*)lM @)

In this section, we first compute the MHS on H*(Y!™, Q) and determine the weight filtration
Wy n) ON H*(Y[”], Q). We then observe that #4-m has no odd weights so that we can define
the halved weight filtration 1 #5 - 4, := #a. on H *(YI", Q) by simply halfing the weights.

Recall that: an MHS is of Hodge-Tate type if the odd graded pieces of the weight filtration
are zero and every even graded piece Grgﬂp is of pure type (p, p); an MHS is split of Hodge-Tate
type if it is isomorphic to a direct sum of pure MHS of Hodge-Tate type.

Lemma 3.1.1 For every partition v of n, the natural MHS on H*(Y("), Q) is split of Hodge-
Tate type and, more precisely,

H¢ (Y(”),Q) is pure of weight 2d and Hodge-type (d,d),

0= Wag_1 C Wag = HY (Y™ Q).

Proof. Since H%(C*, Q) has type (d, d), for d = 0, 1, and it is trivial otherwise, the statement
follows from the Kiinneth isomorphism and the naturality of the mixed Hodge structure for
the inclusion H4(Y ™), Q) € HY(Y'"), Q) coming from the quotient map

v 5 ylv/s, =y®,

The following proposition is an immediate consequence of Lemma 3.1.1 and of the equality
of MHS (4).
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Proposition 3.1.2 The natural mized Hodge structure on H* (Y["] , Q) is split of Hodge-Tate
type. More precisely, in terms of the decomposition (4), we have:

Vo HY (Y1, Q) = d_(ﬂ@?y ))SkHﬁ (Y".Q),  Hor =W

Proposition 3.1.2 allows us to define the halved weight filtration %Wy[n] by setting
%Wy["hk = Wy n 2k-
The halved weight filtration %Wy[n] on H*(Y" Q) has type [0, 2n].
3.2 Decomposition theorem for the Hitchin-like fibration
hy : Xl — c™

Let p : X — C be the induced projection. Recall the notation in §2.2. We have the
commutative diagram

x|l (8)

lﬂ'n
()

Xl(u) _ El(l/) X (Cl(l’) ﬁ) X(V) L X(n)

J/p“") lp(l/) J(p(n)
(v)

clw) /S e T, om)

The maps p'*) and p(*) are of relative dimension (v) and the map p(™) is of relative dimension
n. In particular, note that

dim {p(")il ((Cf,”))} =I(v)+mn, dim {p(”)il ((C,(f’))} = 2l(v).

The fiber of p*) over the general point of C*) is isomorphic to E‘*). All the other fibers
are isomorphic to quotients of E'*) under the action of suitable, not necessarily normal,
subgroups groups of the finite group &,. The fibers over the points in the small diagonal
in C™® are all isomorphic to E) = E'*) /&, so that, by the compatibility with MHS of
Grothendieck’s theorem on the rational cohomology of quotient varieties, we have a canonical
isomorphism of MHS

H (B,Q) = i (E“”),Q)G" : (9)

The map hy, : X[ — C™ is projective of relative dimension n = %dimX["] = dimC™,
flat by [24], Corollary to Theorem 23.1, and, as it is observed above, it has general fiber the
Abelian variety E™.

Remark 3.2.1 We say that h,, is a Hitchin-type map because of the analogy it presents with
the Hitchin map associated with the moduli of Higgs bundles on a curve, where the dimensions
of domain M, target A and fibers F' are related as above: dim M = 2dim A = 2dim F' and
also because our main result Theorem 4.1.1 is analogous to the main result of [4], which deals
with rank two Higgs bundles of odd degree on a curve.
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Due to the commutativity of the diagram (8) and to the functoriality of derived push-
forwards applied to h,, = p(™ o ,, the decomposition theorem (1) for the map 7,, implies
that we have natural isomorphisms

D, & Qo [21(0)] —= @, P Qe [21(1)] — i Qi [201).

By applying Grothendieck’s theorem on the invariant part of push-forwards under a quotient
map under a finite group action, and by recalling that p'®*) is a projection map, we get a
canonical isomorphism

P Q) = (pi(”)@mw)gu = zé(é) (Ripi(y)@)& [—i].
=0

We thus get the distinguished splitting isomorphism in the category Dg(n)

Y @, @2 { [ ()™ | 00 1= - 100 = Qi 21

(10)
Since every r*) is finite, every direct summand in square brackets is an ordinary sheaf
(not just a complex). Moreover, since the functors r{) are t-exact, every summand in

curly brackets is a perverse sheaf, in fact an intersection cohomology complex with twisted

coefficients supported on (Cl(,") cCcm,

It follows that (10) “is” the decomposition theorem for the map h, in the sense that we
decomposed the right-hand-side as direct sum of shifted intersection cohomology complexes
supported on C™ . We note that, unlike the general statement of the decomposition theorem,
we have obtained (10) as a distinguished isomorphism.

In order to simplify the notation, we set

*

R = r(g’) (Ripi(u)(@)gy .

For our purposes, it is convenient to re-write (10) in the following two different ways, where
the former emphasizes the perverse-sheaf-nature of the summands, and the latter emphasizes
the ordinary-sheaf-nature of the summands. One merely needs to apply the appropriate shift
and re-organize the terms. By abuse of notation, we denote the resulting maps with the same

symbol F[;][n] :

I @7 (B niyymt R W]) [0 = ] = b Qi (11)

n 2n i ~
i e, (@H»Z(nfl(u)):k Ri) [—k] — hn . Qxim- (12)

We now turn to the decompositions in cohomology stemming from the isomorphism(s)

F[;][n]. By taking components in (10), we have the equality of maps in the derived category
2l(v)
_ (v) _ ()i
=3 =33
v v =0
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and, by taking the images in cohomology, we set
G (XW,@) =ImI'Y C B (X["],Q) . (13)

By the very construction of the splitting (10), i.e. the fact that is it obtained by pushing
forward (1), we have that

G, (X[”],Q) :(2) ImFgI(j) = Im'y;') (3:): H; (X[n],Q) CH" (X[n]7Q> )

or, in words, the two distinguished splittings of H*(X [”],Q) into v-components arising from
the decomposition theorem for the Hilbert-Chow map 7, and for the Hitchin-like map h,,
coincide.

For every fixed partition v of n and for every 0 < i < 2I(v), we set

H;, (X1,Q) = ¢ By (x17,Q),
so that

2l(v)

o (X[”],Q) - P, (X[”],Q> . (14)
=0

The following lemma shows that in each cohomological degree d, there is at most one
non-zero summand Hl‘f’i(X["LQ) in (14).

Lemma 3.2.2 We have the following

1 (), 1)) { H(BO),Q) if g0,

In particular, for every d, we have that
Hy} (X["]aQ> = HJ g s(n1(v)) (X[n]v@) ~ g2t w) (E(”),Q> -

Proof. We have
He <<c<”>, re) (R"pi(”’Q)6"> = H* <<c<">, (Ripi(”)Q)G"> =1 (C, R"pi(”’Q)G" .

Since C!*) is contractible, the groups above are zero whenever ¢ # 0. In view of (9), for
q = 0 we have:

) S, . S, ,
o ((Cl(l/), (Rzpi(V)Q)) — g (El(v)7(@) — K (E(V)7Q) .
This proves the first statement.
According to (10) and the diagram (8), each summand H,ﬁl)i(X[”hQ) is the subspace of
H(X", Q) injective image of

Hd—Q(n—l(V))—i (C(7z)7r((cl/) (Rzpi(U)Q)6V> _ Hd—2(n—l(l/))—i (C(V), (Rzpi(V)Q)GU> _
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(Hd_z(n—z(u))—i ((Cl(u)’ (Ripi(”)(@)))g” .

The second statement now follows from (14) and from the first statement. O
Summarizing: we have that for every d:

' (x,Q) = @ n; (x,Q) =
DH i) (X[”], Q) ~ () He-2—0) (E@), Q) . (15)

3.3 The perverse Leray filtration &y, on H*(XI" Q)

The theory of perverse sheaves endows H*(X [n] Q) with the perverse Leray filtration &y,
i.e. with the perverse filtration associated with the complex h,,,Qxmi[n]; see [12]. Note
that if we replace h,,Qxn [n] with another shift h,,Qxm[m], the resulting filtrations gets
translated. We have made the choice m = n so that, in view of (11), the result has the same
type [0, 2n] as the one of 1 #y .

While, in general, the perverse (Leray) filtration is canonically defined, there is no natural
splitting of it. In our situation, in view of (11) and of (15), we have that the perverse Leray
filtration is naturally split:

n Q) — Q) — o).
P 1 (X ’Q> teﬁéd—(ng?u)):tHg (X ’Q> d—(ng?w)ﬁpHg (X ’Q) e

Remark 3.3.1 In view of the expression (12), it is straightforward to verify with the aid of
Lemma 3.2.2 that the ordinary Leray filtration .y, on H*(X[ Q) for the map h,, is the
filtration by cohomological degree. In particular, by comparing with (16), it is clear that the
Leray filtration is strictly included in the perverse Leray filtration.

4 The main result, relation with hard Lefschetz, and a
speculation

4.1 “Pym = %Wy[n] ”
We are now ready to state and prove the main result of this paper.

Theorem 4.1.1 For every n > 0, the map ¢!™ (7) is a filtered isomorphism, i.e.

AN Pyim) = L Wyt

2

Proof. By its very definition, the map ¢ is a direct sum map with respect to the v
decompositions (4) for S = X and S =Y, respectively It remains to apply Proposition 3.1.2
and (16). 0

31



We would like to remark on the exceptional circumstance highlighted by Theorem 4.1.1.
In view of the canonical splitting (16), we say that a class a € Hd(X[”], Q) has perversity p
iface @d,(n,l(y)):pHd(X["],Q). Theorem 4.1.1 shows that, regardless of the (7, s) type of a
with respect to the pure Hodge structure H4(X ™, Q), we have that ¢["!(a) € H*(Y", Q) has
type (p, p) and, more precisely, lives in the (p,p) part of the split Hodge-Tate type structure.

The proof of Theorem 4.1.1 is heavily based on the fact that we have constructed the
explicit splitting (16) of the perverse Leray filtration. There is a different approach which is
based on the following geometric description [12] of the perverse Leray filtration: let s > 0
and let A C C™ ~ C” be a general s-dimensional linear section of C”; then

P, e (X[”],@) — Ker {Hd (X["]’Q) S (h;l(Ad_p_l),Q)} )

While we omit the details of this approach, we do point out the basic fact leading to the
identification of the kernel above with the right-hand-side of (16): a general linear section

A4=P=1 avoids the closure of a stratum (Cf,"), which has dimension {(v), if and only if

d—(n—1)) <p.

4.2 The curious hard Lefschetz (CHL) for H*((c* x c*)" Q)
Let (z,w) be coordinates on Y = C* x C*. The 2-form

S 1 dzANdw
YT @in)? zw

is closed and defines an integral cohomology class which we denote with the same symbol.
We have ay € H2(Y,Q) N H*2(Y). Let p; : Y™ — Y be the i-th projection. Set

ayn =Y play € HA(Y",Q)nH>*(Y™).

i=1

Let aym € H2 (Y™ Q)N H*2(Y™) and ayw) € H2(Y™), Q)N H>2(Y ™)) be the naturally
induced classes. Let

Qyin 1= Thaym € HX (Y™, Q) n H22(y ™)

be the pullback via the Hilbert-Chow map 7, : Y — Y7,

Note that because of Hodge type, none of the a-type classes above is the first Chern class
of a holomorphic line bundle on Y. Nonetheless, a simple explicit computation based on
Proposition 3.1.2 shows that cupping with the powers of ay-(n], gives rise to isomorphisms

k
%y [n] Woin

Y, n * n * n
Gry e H* (Y1, @) = Gy, (Y, Q). (17)

These isomorphisms are analogous to the “curious hard Lefschetz” theorem of [19]. Its
curiosity consists of the fact that it is a statement concerning a (2,2) class on a noncompact
variety, instead of a (1,1)-class on a projective variety. This apparently mysterious fact
receives an explanation from the coincidence of the halved weight filtration with the perverse
Leray filtration proved in the main Theorem 4.1.1.
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Question 4.2.1 What corresponds to the CHL (17) under the identification
H* (Y1, Q) ~ H* (X", Q)

given by (7)? We answer this question in Theorem 4.3.2.

4.3 CHL on Y" < the HL on E® < RHL for h,

In this section, we say that a rational cohomology class of degree two on a variety Z is good
(resp. ample) if it is a non-zero (resp. positive) rational multiple of the Chern class of an
ample line bundle on Z. The point of this definition is that the hard Lefschetz theorem holds
for a good class on a nonsingular projective manifold as well as on its quotients by a finite
group acting by algebraic isomorphisms.

Fix any diffeomorphism @ : ¥ = C*xC* ~ X = E'xC. We obtain the linear isomorphism
(7) of graded vector spaces: ¢y, : H*(X" Q) ~ H* (Y™, Q).

Let ax,axn,axm),@xw),axm be the classes obtained by transplanting the a-classes
defined starting from Y in section 4.2 via qb[;b]l

Note that by construction, for every surface S, the inclusion H*(S™, Q) € H*(S™,Q)
is given by the pull-back 7 via the Hilbert-Chow map , : SI" — S In particular, we
have that ax(m = 7 x . This has to be verified in view of the fact that ¢[,) has not been
defined using a diffeomorphism Y ~ X[ between the Hilbert schemes.

Note that ¢, is not a map of MHS (this is already apparent for n = 1). On the other
hand, since H?(X,C) = H*(E x C) ~ H?*(E,C) = H“'(E), we see that all the a-classes
ax,...,axm are in fact in H2(—, Q)N HY1(-).

Moreover, the class ax € H?(X,Q) ~ Q, being non-zero, is automatically good. In fact,
it is ample if and only if the diffeomorphism ® : Y ~ X preserves the canonical orientations
of the complex analytic surfaces.

It follows that the a-classes ax,axn,axm and axw) are good. Since ax () is good, so
is its restriction to the fibers of X(*) — C®). The fibers of this map over points in the dense
open stratum of C*) consisting of multiplicity-free cycles are isomorphic to the product E{*).
Over the remaining points, the fibers are isomorphic to finite quotients E“*) /G, where the
G are suitable subgroups of &, (see section 2.2).

On the other hand, if n > 2, then ay is not good: being a pull-back from X ™, it
is trivial on the positive dimensional projective fibers of the Hilbert Chow birational map
7t X" — X (™) g fact that prohibits goodness.

In view of the identifications of Lemma 3.2.2 and of the fact that a x ) and its restriction
to E() are good, we have that the classical hard Lefschetz isomorphisms for the nonsingular
projective E(*) of dimension (1) reads as follows

ol s HUOI (Xw,@) — )= (Ew),Q) =, g+ (E(m’@) — Hl»+ (Xm,@).
(18)

Remark 4.3.1 Since oy is a pull-back from X (), its action via cup product on

T % QX [n] [271]
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is diagonal with respect to the decomposition into v-summands (1). Moreover, the induced
action on each v-summand is the action via cup product with a ). The same holds after
taking cohomology.

The hard Lefschetz isomorphisms (18) express a property of this cup product action with
axm in cohomology. In fact, (18) is the reflection in cohomology of the fact that the con-
clusion of the relative hard Lefschetz theorem ([1], Theorem 5.4.10; see also [10]) holds for
the map h, : X" — C and for the cup-product action with axm), i.e. that we have
isomorphisms

o PHTI (b Q[20]) =5 PHI (R, Q[20)), (19)

Xn]

where, in view of (10), the perverse cohomology sheaves are

P (hQ20)) = €D R

i~1(v)=j

In fact, the map of perverse sheaves (19) is defined simply because ax € H*(X[M, Q); see
[10]), §4.4. By using the identifications of Lemma 3.2.2, we deduce that the map (19) is an
isomorphism: in fact, in view of the isomorphisms (18), it is an isomorphism on the stalks of
the respective cohomology sheaves.

Recall that oy is not good for n > 2, i.e. it is neither “positive”, nor "negative” on
the fibers of h,,, so that the relative hard Lefschetz theorem does not apply in this context,
yet we have (19). This situation is similar to the one of the paper [7], where the notion of
lef line bundles has been introduced and where it is proved that it is strongly linked to the
hard Lefschetz theorem. The relation with the present situation is that, up to sign, axm is
not ample on the fibers of h,,, but it is lef.

Recalling the expression (16) for the perverse Leray filtration and Remark 4.3.1, a di-
rect calculation using the hard Lefschetz isomorphisms (18) and Theorem 4.1.1 implies the
following result, which answers Question 4.2.1.

Theorem 4.3.2 Under the identification ¢y, : H*(X Q) = H*(YI",Q), the CHL (17)
becomes the (relative) hard Lefschetz (19).

We conclude this section by remarking that the splitting (10) of h,,,Q x = has a remarkable
property. Deligne’s paper [14] implies that once we have the relative hard Lefschetz-type
isomorphisms (19), we can construct three a priori distinct isomorphisms between the Lh.s
and the r.h.s of (10). Each one of these three splittings is characterized by a certain property
of the matrices that express the action of the cup product operations

a/}c{[”] M Qxinl = i Qxin [2K]

with respect to the splitting; see [14], p.118 for the definition of this matrix, Proposition 2.7
for the first splitting, section 3.1 for the second, and Proposition 3.5 for the third. In general,
these three splittings differ from each other, e.g. in the case of the projectivization of a vector
bundle with non trivial Chern classes, projecting over the base.

In our situation, there is the fourth splitting (10). The remarkable fact is that, in view
of Remark 4.3.1, it is a matter of routine to verify that the four splittings coincide.
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4.4 Speculating on where to find the exchange of filtrations

The example treated in this paper and the one considered in [4] have some properties in
common which lead us to conjecture that the exchange of filtration occur for a certain class
of varieties and maps. Let us recall the main theorem of [4]:

Consider the moduli space of semistable Higgs bundles Mp, parametrizing stable rank
2 Higgs bundles (E, ¢) of degree 1 on a fixed nonsingular projective curve C of genus g > 2.
There is the Hitchin proper and flat map h : Mpo — C*973, which gives rise to the perverse
Leray filtration &, By the non-Abelian Hodge theorem, Mpe is naturally diffeomorphic
to the twisted character variety

Mg = {A1,By,..., Ay, By € GLy(C) | AT'By'A1By ... A" B A By = —1} /GLy(C)

where the quotient is taken in the sense of invariant theory. The twisted character variety
Mgy carries a natural structure of nonsingular complex affine variety, with Hodge structure
of Hodge-Tate type, with a natural splitting.

In complete analogy with Theorem 4.1.1, we have the main result in [4], Theorem 4.2.9

Theorem 4.4.1 In terms of the isomorphism H*(Mg) — H*(Mpe) induced by the dif-
feomorphism My — Mpe stemming from the non-Abelian Hodge theorem, we have

Wntg.on H (MB) = Witg 2641 H (MB) = P prtpo .k H (Mbol)-
The varieties Mpo and X[ belong to the following class of varieties Z:

1. Z is a quasi-projective nonsingular variety of even dimension 2m endowed with a holo-
morphic symplectic structure w € H°(Z; A2T*Z) and with a C*-action ¢ : C*x Z — Z,
such that for 3w = Aw for A € C* .

2. The ring T'(Z, Oz) is finitely generated and the affine reduction map
hz : Z — A= Spec'(Z,0z)
is proper with fibres of dimension m.

3. The induced action on A has a unique fixed point o such that lim; ,qty = o for all
ye A

Let us note that, under these hypotheses, the Hodge structure on the cohomology groups
H%(Z,Q) is pure of weight d: the inclusion h~1(0) C Z induces an isomorphism

HYZ,Q) ~ HY(h1(0),Q)

of MHS; since Z is nonsingular, the weight inequalities ([13] Theorem 8.2.4, iii. and iv.)
imply the purity of H*(Z,Q).

Additionally we see that if f and g are functions in I'(A,O04) = I'(Z,Oz) then we can
write them as f =", fiand g = >, , fi and g = >, g; such that ¢3(fi) = A\'f; and
#%(g9:) = A'g;. Then the Poisson bracket satisfies

oy = Y oo = X (63 630} = 3 A9 g5},

4,5>0 i,7>0 2,5 >0
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Because \*h = h for k > 0 and generic A\ € C* only for the zero function, thus we can
conclude {f, g} = 0. Thus hyz is a completely integrable system.

The two examples given in this paper and in [4] lead us to speculate whether it is possible
to associate with every variety Z satisfying the three assumptions above another variety Z
such that:

1. Zisa quasi projective nonsingular variety endowed with a holomorphic symplectic
structure.

2. The affine reduction map h : Z — SpecI(Z, O3) is birational (hence semismall in
view of [22], Lemma 2.11).

3. There is a natural isomorphism ¢ : H*(Z,Q) ~ H*(Z Q).
4. The cohomology groups H *(Z , Q) have a Hodge structure of split Hodge-Tate type.

5. Under the isomorphism ¢, the perverse filtration on Z associated with the map h
corresponds to the halved weight filtration on H*(Z,Q): a class of perversity p on Z
would correspond to a class of type (p,p) on Z.

Let us remark that, if the above were true, then the Hodge structure of Z cannot be
pure. In fact, in view of the relative hard Lefschetz theorem, the class a € H*(Z,Q) of any
h-ample class on Z has necessarily perversity 2. It would then follows that ¢(a) € H 2(2 ,Q)
would have type (2,2). In view of the conditions we have imposed on the affine reduction
maps of the two varieties, i.e. the fact that hyz is a fibration with middle dimensional fibers
and hg is semismall, we like to think that Z is “as complete as possible,” whereas Z is “as
affine as possible.”

At present, we do not know how to attack such a question and we still do not know how
to formulate a principle that would justify the exchange of filtrations.

References

[1] A.A. Beilinson, J.N. Bernstein, P. Deligne, Faisceaux pervers, Astérisque 100, Paris,
Soc. Math. Fr. 1982.

[2] W.Y. Chuang, D.E. Diaconescu, G. Pan “BPS states and the P=W conjecture”. aryiv:
1202.2039

[3] M.A. de Cataldo, “The Hodge theory of character varieties,” to appear in the Proceed-
ings of the conference Classical Algebraic Geometry Today, M.S.R.I. Berkeley, January
25-29, 2009. aryiv: 1011.0784

[4] M.A. de Cataldo, T. Hausel, L. Migliorini, “Topology of Hitchin systems and Hodge
theory of character varieties: the case A;,” to appear on Ann. of Math. aryiv: 1004.1420

[5] M. A. de Cataldo, L. Migliorini, “The Douady space of a complex surface,” Adv. Math.
151 (2000), 283-312. DOI: 10.1006/aima.1999.1896

36


http://arxiv.org/abs/1202.2039
http://arxiv.org/abs/1202.2039
http://arxiv.org/abs/1011.0784
http://arxiv.org/abs/1004.1420
http://dx.doi.org/10.1006/aima.1999.1896

[6]

[10]

[11]

[12]

[15]

[16]

[17]

M.A. de Cataldo, L. Migliorini, “The Chow groups and the motive of the Hilbert scheme
of points on a surface,” J. Algebra 251 (2002), no. 2, 824-848.

M. de Cataldo, L. Migliorini, “The Hard Lefschetz Theorem and the topology of semis-
mall maps,” Ann. Scient. Ec. Norm. Sup., 4¢ série, t. 35, 2002, 759-772.

M. de Cataldo, L. Migliorini, “The Chow motive of semismall resolutions,” Math. Res.
Lett. 11 (2004), 151-170.

M.A. de Cataldo, L. Migliorini, “The Gysin formalism is compatible with mixed Hodge
structures,” Proceedings volume of the CRM Workshop on Algebraic Structures and
Moduli Spaces. AMS-CRM Proceedings series vol. 38,(2004) 133-138.

M.A. de Cataldo, L. Migliorini, “The Hodge Theory of Algebraic maps,” Ann. Scient.
Ec. Norm. Sup., 4¢ série, t. 38, (2005), 693-750.

M.A. de Cataldo and L. Migliorini, “The Decomposition Theorem and the topology of
algebraic maps,” Bull. of the Amer. Math. Soc., Vol. 46, n.4, (2009), 535-633. DOI:
10.1090/50273-0979-09-01260-9

M. de Cataldo, L. Migliorini, “The perverse filtration and the Lefschetz Hyperplane
Section Theorem,” Ann. of Math. 171 n.3 (2010) 2089-2113. DOI: 10.4007/an-
nals.2010.171.2089

P. Deligne, “Théorie de Hodge III”, Publ. Math., I. H. E. S, 44 (1974), 5-77. DOL:
http://dx.doi.org/10.1007/BF02685881

P. Deligne, “Décomposition dans la catégorie dérivée, Motives (Seattle, WA, 1991), 115-
128, Proc. Symp. Pure Math., 55, PArt 1, Amer. Math. Soc., Providence, R.I., 1994.

A. Dimca, Sheaves in topology, Universitext. Springer-Verlag, Berlin, 2004. DOI:
10.1007/978-3-642-18868-8

L. Gottsche, Hilbert schemes of Zero-Dimensional Subschemes of Smooth Varieties, Lec-
ture Notes in Math, vol.1572, Springer Verlag, Berlin, 1994.

L. Gottsche, W. Soergel, ” Perverse Sheaves and the cohomology of the Hilbert schemes of
smooth algebraic surfaces,” Math. Ann. 196(1993), 235-245. DOI: 10.1007/BF01445104

M.Grochenig, ”Hilbert schemes as moduli spaces of Higgs bundles and local systems,”
in preparation.

T. Hausel, F. Rodrigues-Villegas, "Mixed Hodge polynomials of character varieties,”
Invent. Math. 174, No. 3, (2008), 555-624. DOI: http://dx.doi.org/10.1007/s00222-008-
0142-x

A. Tarrobino, Punctual Hilbert schemes Mem. Amer. Math. Soc. 188 1977.

B. Iversen, Cohomology of Sheaves, Universitext, Springer-Verlag, Berlin Heidelberg
1986. DOI: 10.1007/978-3-642-82783-9

37


http://dx.doi.org/10.1090/S0273-0979-09-01260-9
http://dx.doi.org/10.1090/S0273-0979-09-01260-9
http://dx.doi.org/10.4007/annals.2010.171.2089
http://dx.doi.org/10.4007/annals.2010.171.2089
http://dx.doi.org/10.1007/BF02685881
http://dx.doi.org/10.1007/BF02685881
http://dx.doi.org/10.1007/978-3-642-18868-8
http://dx.doi.org/10.1007/978-3-642-18868-8
http://dx.doi.org/10.1007/BF01445104
http://dx.doi.org/10.1007/s00222-008-0142-x
http://dx.doi.org/10.1007/s00222-008-0142-x
http://dx.doi.org/10.1007/978-3-642-82783-9

[22] D. Kaledin ”Symplectic singularities from the Poisson point of view,” J. reine angew.
Math. 600(2006), 135-156.

[23] M. Kashiwara, P. Schapira, Sheaves on manifolds, Grundlehren der mathematischen
Wissenschaften. Vol. 292, Springer-Verlag, Berlin Heidelberg 1990. DOI: 10.1007/978-3-
662-02661-8

[24] H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics
8, CUP, Cambridge 1986.

[25] H. Nakajima, Lectures on the Hilbert Schemes of points on surfaces, University Lecture
Series, vol.18, Amer.Math.Soc. Providence, RI,1988.

[26] C. A. M. Peters, J. H. M. Steenbrink, Mized Hodge Structures Ergebnisse der Mathe-
matik und ihrer Grenzgebiete 3. folge, Vol. 52 Springer-Verlag, Berlin Heidelberg 2008.

[27] C. Voisin, “On the Hilbert scheme of points of an almost complex fourfold,” Ann. Inst.
Fourier (Grenoble) 50 (2000), no. 2, 689-722.

Authors’ addresses:

Mark Andrea A. de Cataldo, Department of Mathematics, SUNY at Stony Brook, Stony
Brook, NY 11794, USA. e-mail: mde@math.sunysb.edu

Tamas Hausel, Section de Mathématiques, Ecole Polytechnique Fédérale de Lausanne, Sta-
tion 8, CH-1015 Lausanne, SWITZERLAND. e-mail: tamas.hausel@epfi.ch

Luca Migliorini, Dipartimento di Matematica, Universita di Bologna, Piazza di Porta S.
Donato 5, 40126 Bologna, ITALY. e-mail: migliori@dm.unibo.it

38


http://dx.doi.org/10.1007/978-3-662-02661-8
http://dx.doi.org/10.1007/978-3-662-02661-8

Journal of Singularities received 30 December 2011

in revised form 2 March 2013
Volume 7 (2013), 39-60 DOI: 10.5427/jsing.2013.7d

THE MULTIPLICITY POLAR THEOREM, COLLECTIONS OF 1-FORMS
AND CHERN NUMBERS

TERENCE GAFFNEY AND NIVALDO G. GRULHA JR.

ABSTRACT. In this work, we show how the Multiplicity Polar Theorem can be used to calculate
Chern numbers for collections of 1-forms.

1. INTRODUCTION

Given a space with singularities, and a geometric invariant defined for smooth spaces, it is
interesting to see whether or not the invariant is well-defined for the singular space, and, if it is,
what are the contributions to the invariant from the singularities.

In a series of papers, Ebeling and Gusein-Zade have discussed the meaning of such invariants
as the index of a differential form [10], various notions of the index of a vector field [7], and the
Chern numbers, and have described the contributions from the singularities in some cases. In
[10], they calculated the radial index of a 1-form on a complete intersection singularity. In [17], it
is shown that, in the case of a differential 1-form with an isolated singularity on X C C™, where
X is a complex analytic space, that the radial index can be computed using the multiplicity of a
pair of modules. The computation of [17] amounts to computing the intersection multiplicity of
the graph of the one form w, which is a subset of the (unprojectivised) conormal bundle of C*
and the cotangent space of X. In contrast to [10], the calculation is valid for any equidimensional
space.

It is clear that this springs from earlier work for vector fields and characteristic classes on
singular spaces by Schwartz and Brasselet, ([4, 25]), MacPherson ([24]) Seade and others (see
for example [2, 27]). The case of a 1-form is analogous to the case of vector fields, and the
indices involved concern the Euler characteristic of the singular variety. This can be regarded as
a particular Chern number, and the work of Ebeling and Gusein-Zade for collections of 1-forms
extends these notions for other Chern numbers.

In [8], Ebeling and Gusein-Zade developed the notion of the Chern number of a singular space
using collections of differential 1-forms. Their numbers are well-defined for any equidimensional
reduced complex analytic germ, but they only compute the number for ICIS singularities. Their
Chern number is again an intersection number. As in the earlier work, the intersection takes
place at the level of conormal spaces; they call the points in X which are the projection of the
points of intersection, special points.

In the case that we have just one 1-form, the Chern number is the Euler obstruction of the
differential form ([7], p. 17). This is related to the Euler obstruction of a set and the Euler
obstruction of a function as defined by Brasselet, Massey, Parameswaran and Seade in [3]. In
[11], the definition of the Euler obstruction of a function was adapted to the case of 1-form,
the Euler obstruction of a function was studied by several authors, in this direction we have for
example the papers [21],[27],[6],[17]. In [1], the authors determine relations between the local
Euler obstruction of an analytic map f defined in [22] and the Chern number of a convenient
collection of 1-forms associated to f.

In this work, we use the multiplicity polar theorem to calculate Chern numbers for any
equidimensional reduced complex analytic germ. This extends the earlier work of [17]. For
the Chern number problem, one must work with a set of collections of differential 1-forms, and
calculate the order of the point where all of the collections are linearly dependent. Since we
want to calculate the number of points at which the forms are linearly dependent after a generic
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perturbation, this is again a problem involving modules. Because we have a collection of forms
we have a collection of modules, so the problem is like a problem in intersection theory, except
the spaces are defined by modules not by ideals.

The computation of the Chern numbers is an example of a problem where the underlying
vector bundle, which is the tangent bundle in the Chern case, is not defined at every point of
X. The set X must be modified; so we pass to the Nash modification of X where the tangent
bundle of X is defined in order to understand the problem fully. This process of modifying a
space to fill in points where a bundle £ fails to be defined works in general, and our process of
calculating intersection numbers also extends. We outline this in the last section. This suggests
the easier problem of calculating Chern numbers when the tangent bundle is well-defined at all
points, and more generally, intersection numbers of modules. We take this up in section two.
The main themes of section four appear in this material.

Also in Section 2, we recall some basic ideas about the theory of integral closure of modules
and the statement of the multiplicity polar theorem.

In Section 3, we recall how Ebeling and Gusein-Zade develop the notion of Chern number in
their paper.

In Section 4, we introduce the notion of a special point for a collection. Roughly speaking,
a point p € X is called a special point of the collection {w§l)} of 1-forms on the variety X if
there exists a point in the fiber of the Nash modification over p such that the restriction of
the 1-forms wy), e ,wfl?kiﬂ to the point are linearly dependent for each i = 1,---,s. We
next see how special points can be viewed as intersections, and, hence, have an associated
intersection number, if isolated. We then begin to solve the “module intersection theoretic
problem” for the computation of the Chern numbers described above. We prove a “Gysin”
type theorem, (Proposition 4.7) that is, under suitable genericity hypotheses, we can do our
calculations on a single space which represents the intersection of all but the last spaces defined
by our collection and use the last module associated with the collection restricted to this space
for our computations. We also prove a genericity result (Proposition 4.10) which shows that
by deforming just the last collection of differential forms, we can ensure the set of collections is
generic in an appropriate sense.

We begin Section 5 by recalling a result of Ebeling and Gusein-Zade (Proposition 5.1) relating
Chern numbers and special points. In Proposition 5.4 we describe in integral closure terms what
it means for € X not to be a special point for a collection of forms. After gearing up to apply
the multiplicity polar theorem.

In Section 6 we show, in Theorem 6.1, that deforming our last collection allows us to split the
contribution of the Chern number from an isolated special point into the multiplicity of a pair
of modules and the intersection number of the new collection. Using this as the inductive step,
we can write the contribution to the Chern number as a sum of multiplicities of pairs (Corollary
6.2).

We next show that if X is an ICIS, then our formula agrees with that of Ebeling and Gusein-
Zade (Corollary 6.3 and the discussion afterwards.)

We close by indicating how our results can be generalized to the case of a bundle E* defined
on a Zariski open, everywhere-dense subset U of an analytic space X, E* a sub-bundle with
k-dimensional fiber of a bundle, F!, where F' is defined everywhere.

The authors thank Steven Kleiman for helpful conversations on the connection between their
work and the intersection multiplicity of Serre.
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2. INTEGRAL CLOSURE OF MODULES

Let (X, z) be a germ of a complex analytic space, X a small representative of the germ, and
let Ox denote the structure sheaf on a complex analytic space X. The study of what it means
for a collection of 1-forms to have a special point on a singular space depends on the behavior
of limiting tangent hyperplanes. The key tool for studying these limits is the theory of integral
closure of modules, which we now introduce.

Definition 2.1. Suppose (X, z) is the germ of a complex analytic space, M a submodule of Og(,r'
Then h € (91;(@ is in the integral closure of M, denoted M, if for all analytic ¢ : (C,0) — (X, z),
ho¢ € (¢*M)O;y. If M is a submodule of N and M = N, we say that M is a reduction of N.

To check the definition, it suffices to check along a finite number of curves whose generic point
is in the Zariski open subset of X along which M has maximal rank. (Cf. [14])

If a module M has finite colength in O’)’(ym, it is possible to attach a number to the module, its
Buchsbaum-Rim multiplicity, e(M, O])D(,w)' We can also define the multiplicity e(M, N) of a pair
of modules M C N, M of finite colength in N, as well, even if N does not have finite colength
in O%.

We recall how to construct the multiplicity of a pair of modules using the approach of Kleiman
and Thorup [23]. Given a submodule M of a free Oxa module F of rank p, we can associate
a subalgebra R(M) of the symmetric Oxa algebra on p generators. This is known as the Rees
algebra of M. If (mq,---,m,) is an element of M, then Y m,;T; is the corresponding element
of R(M). Then Projan(R(M)), the projective analytic spectrum of R(M), is the closure of
the projectivised row spaces of M at points where the rank of a matrix of generators of M is
maximal. Denote the projection to X% by ¢. If M is a submodule of N or h is a section of
N, then h and M generate ideals on Projan R(N); denote them by p(h) and p(M). If we can
express h in terms of a set of generators {n;} of N as > g;n;, then in the chart in which T3y # 0,
we can express a generator of p(h) by Y. ¢;T;/T1. Having defined the ideal sheaf p(M), we blow
it up.

On the blow up B, (Projan R(V)), we have two tautological bundles. One is the pullback
of the bundle on Projan R(NN). The other comes from Projan R(M). Denote the corresponding
Chern classes by cj; and ¢y, and denote the exceptional divisor by Dy, n. Suppose the generic
rank of N (and hence of M) is g.

Then the multiplicity of a pair of modules M, N is:

d+g—2
e(M,N)= Y /DM,N 9T LA
j=0

Kleiman and Thorup show that this multiplicity is well-defined at 2 € X as long as M = N
on a deleted neighborhood of z. This condition implies that Dy, n lies in the fiber over x, hence
is compact. Notice that when N = F and M has finite colength in F' then e(M,N) is the
Buchsbaum-Rim multiplicity e(M,O% ). There is a fundamental result due to Kleiman and
Thorup, the principle of additivity [23], which states that given a sequence of Ox ;-modules
M C N C P such that the multiplicity of the pairs is well-defined, then

e(M,P)=¢(M,N)+e(N,P).

Also if M = N then e(M, N) = 0 and the converse also holds if X is equidimensional. Combining
these two results we get that if M = N then e(M, N) = e(N, P). These results will be used in
Section 5.

In studying the geometry of singular spaces, it is natural to study pairs of modules. In dealing
with non-isolated singularities, the modules that describe the geometry have non-finite colength,
so their multiplicity is not defined. Instead, it is possible to define a decreasing sequence of mod-
ules, each with finite colength inside its predecessor, when restricted to a suitable complementary
plane. Each pair controls the geometry in a particular codimension.
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We also need the notion of the polar varieties of M. The polar variety of codimension k of
M in X, denoted I'y (M), is constructed by intersecting Projan R(M) with X x Hgir_1 where
Hgi 1 is a general plane of codimension g + k — 1, then projecting to X.

Setup: We suppose we have families of modules M C N, M and N submodules of a free
module F of rank p on an equidimensional family of spaces with equidimensional fibers X%**,
X a family over a smooth base Y*. We assume that the generic rank of M, N is g < p. Let
P(M) denote Projan R(M), 7y the projection to X.

We will be interested in computing, as we move from the special point 0 to a generic point,
the change in the multiplicity of the pair (M, N), denoted A(e(M, N)). We will assume that the
integral closures of M and N agree off a set C' of dimension k which is finite over Y, and assume
we are working on a sufficiently small neighborhood of the origin, so that every component of
C contains the origin in its closure. Then e(M, N, y) is the sum of the multiplicities of the pair
at all points in the fiber of C over y, and A(e(M, N)) is the change in this number from 0 to a
generic value of y. If we have a set S which is finite over Y, then we can project S to Y, and the
degree of the branched cover at 0 is mult,S. (Of course, this is just the number of points in the
fiber of S over our generic y.)

Let C(M) denote the locus of points where M is not free, i.e., the points where the rank of
M is less than g, C'(Projan R(M)) its inverse image under myy.

We can now state the Multiplicity Polar Theorem. The proof in the ideal case appears in
[15]; the general proof appears in [16].

Theorem 2.2. (Multiplicity Polar Theorem) Suppose in the above setup we have that M = N
off a set C of dimension k which is finite over Y. Suppose further that

C(Projan R(M))(0) = C(Projan R(M(0))),
except possibly at the points which project to 0 € X(0). Then, for y a generic point of Y,
A(e(M,N)) = mult,I'q(M) — mult,I'4(N),

where X(0) is the fiber over 0 of the family X% M(0) is the restriction of the module M to
X(0), and C(Projan R(M))(0) is the fiber of C(Projan R(M)) over 0.

Now, we show how this machinery can be applied to a module intersection problem. Suppose
we are given modules M; C Fy and My C Fy, F; free Oxa , modules of rank p;, M; generated
by n; generators. Suppose C'(M;) is equidimensional, the codimension of C'(M;) is n; — p; + 1,
and the sum of the codimensions is d, C'(M;) equidimensional. If we deform the generators of
M;, how many points do we expect to see where both modules have less than maximal rank?

We can take this number as the intersection number of the two modules.

As further justification, we relate this number to an intersection number at x. Let M(p,q),
p < g, be the space of p X ¢ matrices with complex entries and let D, , be the subspace of
M(p, q) consisting of matrices of rank less than p. The subset D, , is an irreducible subvariety
of M(p,q) of codimension g —p + 1.

Fix a matrix of generators [M;] of M;.

Then each matrix [M;] defines a section I'pz, of C™ x M(p;,n;) in the obvious way; the pair
defines a section I'pz, az, of C™ x M(p1,n1) X M(p2,n2). We will assume that

X X Z)pl,n1 X l)pz,n2 N Im(er’Mz)

is isolated and lies over z. The intersection number of X X Dy, n, X Dp, n, and Im(T'pz, ar,) at
(x,Tary, 0, (x)) is the number we want to calculate. In this paper we will abbreviate “Zariski
open set” by “Z-open set”.

Theorem 2.3. Suppose each of the sections Iy, is transverse to X9 x Dy, q; on a Z-open
set U; such that U; N C(M;) is Z-open and dense in C(M;). Then the intersection number of
X x Dphnl X Dpzmz and Im(FMth) at (x’FMth (x)) is e(Mlaoc(Mz),I) = e(M27 OC’(M1)¢1?)'
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Proof. X may be singular, so we assume X is stratified with the canonical Whitney stratification
[29]. Then the transversality of I'ys, means transversality to each S; x Dy, 4,, S; a stratum. This
ensures that the generic point of each component of C(M;) is a smooth point of X. It also
ensures that the codimension of O¢(ar,),z is 7 — ps 4+ 1. Since X x Dy, ) X Dy, NVIM(T 01, a1,)
is isolated and lies over x, the sum of the codimensions of the C'(M;) is d.

Let us show that, at (z,Tas a,(2)), the intersection number of X x Dy, n, X Dp, n,
Im(T'az,,01,) s e(M1, Oc(ar),)- The proof of the other half of the inequality is parallel.

Note that the number of generators of M; as a O¢(nr,),, module is

ny = (n1 -m+)+p—1 = d—(’ng—pg—l—l)-i-pl -1 = dimC(M2)+p1 — 1.

Then, by Theorem 1.2 of [18], we can find a perturbation of [M;] by a matrix of generic
constants such that the section induced by the new matrix, [M;], of C(M,) X M(p1,ny) is
transverse to C'(Ms) x D, 4, and the finite number of points at which [M 1) has less than maximal
rank occur at smooth points of C'(M3) and there are e(M1, Oc(as,),.) of them. In particular,
is no longer a point where both sections have less than maximal rank. (It is not hard to see from
the proof of Theorem 2.2 that in fact these lie in the Z-open dense subset of C'(M3) on which the
section I'ys, is transverse to X x Dy, n,.) The transversality conditions on I'y, and T a7, imply
that the section I'yz / is transverse to X X Dy, n, X Dp, n, at all points of intersection. The total
number of such points counted with multiplicity is the intersection number of X x Dy, n, X Dy, n,
and Im(T'ar, ar,) at (2,1 a0, (2)); the transversality statement implies each point occurs with
multiplicity 1.

and

O

Corollary 2.4. Suppose Ox , is Cohen-Macaulay, then the intersection number of X x D,,, », X
D,, n, and Im(T'as, ag,) at (z, Tar, ar, () is the colength of the ideal generated by the maximal
minors of [M;], i =1,2.

Proof. Since Ox , is Cohen-Macaulay and the structure on O¢(ar,),» given by the minors of [Mo)]
is generically reduced, it is reduced and O¢(ar,),» is Cohen-Macaulay. Then e(M1, Oc(ar,),2) s
the colength of the ideal of minors of [M1] in O¢(ar,),, Which gives the result. O

Looking at the proof of the above theorem, in applying the technique of the proof to geometric
problems, we see that we need a description of the desired quantity as an intersection number,
and a theorem about the transversality of a deformation of [M;] by a matrix of generic constants.

If & and & are vector bundles, we may wish to calculate geometric invariants related to
sections of the bundles. If the desired invariant is supported at a point, then locally the sets of
sections of our vector bundles are free modules, and we can look at the submodules generated
by the given sets of sections. Then the last theorem can be used to calculate the contribution
to the invariant at a point where the sections fail to be generic.

In the next couple of sections we will look at a more difficult case, one in which the vector
bundle may only be defined on a Z-open subset of X. This will involve modifying X to produce a
new space on which the bundle is defined, then taking into account the fiber of the modification
over .

Before developing these ideas, we mention the connection between the ideas of this section
and the intersection multiplicity defined by Serre ([28]). Given modules My C Fy and My C Fy,
F; free Oxa , modules of rank p; as above, Serre’s intersection number is the alternating sum of
the lengths of the Tor’(FPt /M, FP2 /Ms).

Corollary 2.5. Under the hypotheses of Theorem 2.3, Serre’s intersection number is the same
as e(M1, Oc(a,) ) = e(Ma2, Oc(ary) )

Proof. This holds because under small deformations of the M; the intersection number does not
change; but then, by a small deformation, we can reduce to the ideal case (i.e., the modules
have rank one less than maximum at common points where they have less than maximal rank).
Then, by Theorem 2.3, the intersection number counts the same points as e(M1, Oc(ag,),z). O
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For the case where Ox , is Cohen-Macaulay more can be said. The following result extends
some theorems of Buchsbaum and Rim ([5] 2.4 p.207, 4.3 and 4.5 p.223).

Corollary 2.6. Suppose Ox , is Cohen-Macaulay, then the colength of the ideal generated by
the maximal minors of [M;], ¢ = 1,2, is the length of FP'/M; ® FP2 /M.

Proof. We claim that the complex used to compute the Tor® is exact, so Serre’s intersection
number is just the length of FP* /M; ® FP2 /My. To see this, consider the complex for O,,P' /M;.
At points where M7 has maximal rank, this complex is exact. Further all the maps have maximal
rank. These assertions follow because O,P'/M; = 0, and the free resolution of 0 is a trivial
complex (lemma 20.1 p491 [13]). Now tensor with 0,72 /M,, and consider the resulting complex.
At points where My has maximal rank we are tensoring with 0, so the complex is exact. At
points, different from the origin, where M5 has less than maximal rank, the complex remains
exact, as it is a trivial resolution and the torsion terms are zero as they are independent of the
resolution. So the origin is the only point where the complex is not exact; but by the acyclicity
lemma, (cf [13] p498) the complex must be exact there as well. The Corollary now follows from
the pervious one, because since X is Cohen-Macaulay, and C(M>) has the right dimension, its
ring is Cohen-Macaulay as well, so
e(My1, Oc(a,),z)

is just the colength of the ideal generated by the maximal minors of [M;], i = 1, 2. O

3. COLLECTIONS OF 1-FORMS

W. Ebeling and S. M. Gusein-Zade studied indices for collections of 1-forms [7, 8], in this
section we will recall some ideas and notation from their papers about these concepts.

If P is a complex analytic manifold of dimension n, then its Euler characteristic x(P) is the
characteristic number

(en(T'P), [P]> = (=1)"(ca(T" P), [P]>,
where TP is the tangent bundle of the manifold P, T*P is the dual bundle, and ¢, is the
corresponding Chern class and [P] the fundamental class of P.

The top Chern class of a vector bundle is the first obstruction to the existence of a non-
vanishing section. Other Chern classes are obstructions to the existence of a linearly independent
collection of sections. There, instead of 1-forms on a complex variety, we consider collections of
1-forms. Further, to calculate intersections of Chern Classes and hence Chern numbers, we will
need collections of collections of 1-forms.

Let m: E — P be a complex analytic vector bundle of rank m over a complex analytic
manifold P of dimension n. It is known that the (2(n — k)-dimensional) cycle Poincaré dual to
the characteristic classe cx(E) (k= 1,---,m) is represented by the set of points of the manifold
P where m — k + 1 generic sections of the vector bundle E are linearly dependent.

We continue to use the notation of section two: Let M(p,q), p < ¢, be the space of p X ¢
matrices with complex entries and let D, , be the subspace of M(p, ¢) consisting of matrices of
rank less than p. The subset D,, 4 is an irreducible subvariety of M(p, ¢) of codimension ¢—p+1.
The complement W, , = M(p,q) \ Dp,q is the Stiefel manifold of p-frames in C? . It is known
that the Stiefel manifold W), , is 2(q — p)-connected and Hyg—p)+1(Wp,q) = Z.

We now develop the notation necessary to handle collections of collections of forms. For the
rest of the paper, we will refer to these objects simply as collections.

Let k = (k1,--- , ks) be a sequence of positive integers with Y_7_, k; = k. Consider the space
M = [1i_; M(m—k; +1,m) and the subvariety Dy, x = [[;_; Dim—;+1,m in it. The variety
Dy, x consists of sets {A;} of (m — k; + 1 x m) matrices such that rk A; < m — k; + 1 for each
i=1,---,s.Since Dy, x is irreducible of codimension k, its complement Wy, x = M, k \ D x 1S
(2k — 2)-connected, Hop—1 (W x) = Z, and there is a natural choice of a map from an oriented
manifold of dimension 2k — 1 to the manifold W, k.

Let (X?,0) C (C™,0) be the germ of a purely n-dimensional reduced complex analytic variety

at the origin. For k = {k;},i=1,---,s,j=1,--- ,d—k; + 1, let {w](-i)} be a collection of germs
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of 1-forms on (C",0). (Note that {wy)} for a fixed value of i, is itself a collection of d — k; + 1
1-forms.) Let € > 0 be small enough so that there is a representative X of the germ (X, 0) and
representatives {w§i)} of the germs of 1-forms inside the ball B.(0) C C™.

The kind of points whose multiplicity we wish to compute is described in the next section.

4. SPECIAL POINTS

Definition 4.1. A point p € X is called a special point of the collection {w§i)} of 1-forms on
the variety X if there exists a sequence p,, of points from the non-singular part X,.; of the
variety X such that the sequence T}, X.c, of the tangent spaces at the points p,, has a limit L

(in G(d,n)) and the restriction of the 1-forms w%i), S ,wé?kiH to the subspace L C T,C™ are

linearly dependent for each s =1,--- ,s. The collection {wj(-z)} of 1-forms has an isolated special
point on (X, 0) if it has no special point on X in a punctured neighborhood of the origin.

Notice that we require each element in the collection to be linearly dependent when restricted
to the same limit plane. Notice also, that if an element of the collection has less than maximal
rank at a point, then it is linearly dependent on all planes passing through the point.

The framework of this section is a variation on the setting used in [7]. In developing the
properties of special points, it is helpful to work on two levels, one of which is based on the Nash
modification. The Nash modification comes into play because the tangent bundle of X is not
defined at singular points of X. However the Nash bundle is an extension of the tangent bundle
on the modified space. We begin to describe this setting.

Let {wj(-l)} be a collection of germs of 1-forms on (X,0) with an isolated special point at the
origin. Let v : X — X be the Nash transformation of the variety X, and T the Nash bundle.
The collection of 1-forms {wﬁz)} gives rise to a section I'(w) of the bundle

s n—k;+1

Tk

- D 7,
i=1 j=1

where i*j are copies of the dual Nash bundle T* over the Nash transform X numbered by indices
i and j. ‘ ‘
Let D C T be the set of pairs (z, {ag»l)}) where € X and the collection {0452)} is such that
(4) (@)

@i’y are linearly dependent for each i =1,--- 5.

Definition 4.2. The local Chern obstruction, ChX,O{w](i) }, of the collections of germs of 1-forms
{w](-i)} on (X,0), at the origin, is the obstruction to extend the section I'(w) of the fibre bundle

T \D— X from the preimage of a neighbourhood of the sphere S = 0B; to X , more precisely
its value, as an element of the cohomology group H?"(v~1(X N B.),v~1(X N S.),Z), on the
fundamental class of the pair (v=1(X N B.), v~ (X N SL)).

In the case of a single 1-form, if this is radial, then we are exactly in the setting envisaged
by MacPherson to define the local Euler obstruction [24], and otherwise this is essentially the
“defect” introduced in [3]. The computation of the local Chern obstruction will be revisited in
section 5.

The other setting for the study of special points is closer to X, and we describe it next. This
setting will allow us to describe the number of special points as an intersection number.

Let X4 C C", £* be the set of collections of 1-forms respecting the partition of k as above
(k= ki +ky+ -+ k), D& C C" x L* be the closure of the set of pairs (, {1}) such that
x € X;eg and the restriction of the linear functions .- ,l;_kﬁ_l t0 Ty Xreg C CN are linearly
dependent for each i =1,--- ,s.

Notice that the fiber of ]D};g' over a regular point x of X can be identified with the elements
of M(d — k; + 1,n) which have less than maximal rank when restricted to T, X. Since T, X is
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defined by n — d equations, the fiber of ]D)’;( is itself a fibration over the singular matrices in
M(d — k; + 1,d), hence the restriction of ]D)’;f to the regular points of X has a stratification by
rank of the collection restricted to T'X;, £ € X;eg.

The collection of 1-forms {wj(-z)} defines a section T, of C" x £F; we will assume in our results
that the image of the projection mx (D% NIm(T,)) is isolated. Note that this implies that the
intersection of Im(I',) and D% is isolated as well, since Tx |im(r,,) is 1—1. We will further assume
that the sets Im(T',,) and D% have complementary dimension viewed as subsets of C" x £*. Thus,
their intersection number is well-defined.

We are interested in computing this intersection number.

As we will see, this amounts to computing the intersection number of a collection of sets defined
by modules. The viewpoint of this paper is to compute this intersection number by successively
restricting to the intersection of £ — 1 elements of the collection. There is a technical condition
which describes the way a “good” collection of these sets meet, given in Definition 4.5, which
needs some preparation.

Definition 4.3. Given a pair (z, P), z € X, P in G(d,n), the pair is degenerate for the collection
{w;},1<j<d—k+1,at z, if {w;}|p is linearly dependent at . Denote the set of degenerate
pairs for {w} by B(w).

Proposition 4.4. Suppose the collection {w} is linearly independent at the origin. Then B(w)
has codimension k in X x G(d,n).

Proof. We can cover G(d,n) with open sets as follows: pick a coordinate plane P of dimension
d and a plane of complementary dimension using the complementary coordinates, which we
denote by P. Clearly, the complementary plane intersects P only at the origin. Consider all
planes which are the graphs of a linear map from P to P. The equations of these graphs give a
unique set of equations describing the plane, and thus associate a matrix of size (n — d x n) to
each plane.

These planes are just the planes that intersect P at the origin, and thus are a Zariski open
subset of G(d, n).

Suppose U is such an open set, then construct the map from U x Hom(n,d — k + 1) to
Hom(n,n—k+1) by combining the 2 matrices - the element of Hom(n,d—k+1) and the matrix
of equations describing points of U.

This matrix has size (n — k + 1 x n) and as a map from

U x Hom(n,d — k+ 1) —» Hom(n,n — k + 1)

is transverse to the rank stratification. So the codimension of the set of pairs which give matrices
of less than maximal rank is (n) — (n —k+1)+1=k.

Working globally, it is clear that the set of degenerate pairs is a fibration over the set of
elements of Hom(n,d — k 4+ 1) of maximal rank. So fixing w we get that the set of degenerate
planes has codimension k. (Also fixing a plane P, the set of L € Hom(n,d — k + 1) for which
the plane is degenerate also has codimension k.) O

If we have a collection of forms {w](»i)} with Y7 k; = k, every element of which is linearly
independent at the origin, then B(w) denotes the planes which are degenerate for every element
of the collection. It has codimension less than or equal to k.

Definition 4.5. Given X¢,0 C C",0 with 0 € S(X) and a collection {wj(-z)}with i ki=k,
k < d such that each element of the collection is linearly independent at 0, we say that the
collection is proper for X< if dim(X (S(X))NB(w)) < d—k—1 where X (S(X)) is the restriction of
the Nash modification of X to S(X), the singular set of X. If this condition holds for a collection
of forms linearly independent at 0, with the exception of components of the intersection over the
origin, we say the collection is proper on a deleted neighborhood of the origin.

If X is smooth at 0, then we ask dim(X(0) NB(w)) <d—k — 1.
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Remark 4.6. The dimension X (S(X)) is at most d — 1; if there is a component of dimension
d — 1, the condition just asks that the component meets B(w) properly. Since the dimension of
all components of XNB (w) is at least d — k, the properness condition implies that a point of
X(S(X)) NB(w) is in the closure of points of the intersection lying over smooth points of X.
Note also that if k = d, and the collection is proper, then X (S(X)) N B(w) is empty.

For the geometric description we need of special points, it is necessary to lift our constructions
to the level of the Nash modification.

On X x LF we can consider triples (z, P, L) where P is a degenerate plane for L. Call the
space of triples D¥. It is clearly a fibration over X.

Thinking of C" x G(d,n) x L as a trivial fibration over C" x G(d, n), we have the section
induced by w which we denote by I',, ¢. Note that, if we restrict I',, ¢ to X then

I, (D" =Bw)NX.

Now, the image of I', ¢ has dimension n+d(n—d), while D* has codimension (n—d)+d(n—d)+k
so the expected dimension of the intersection is d — k. Denote the projection of the intersection
to X by S(w). We can make k a multi-index and make similar constructions; we get the expected
dimension of S(wél)) isd— (k14 -+ k).

Suppose {w(i)} is a collection of 1 forms such that the )" k; = d and 0 is an isolated special
point. Then all of the various S ( ) using different subcollections must have the correct ex-

pected dimension; for if S(w w; )) is too large for one subcollection, the excess dimension will be
passed to the others and 0 will not be isolated.

Denote D* N Im(T,, ) by Sy (w).

We will also be interested in the notion of a restricted special point; given a collection of

1-forms wgi), e ng)k 41 1 <1 <s, we say p is a restricted special point of the collection if

it is a special point, and the sequence of points p,, are in S(w§i)), 1 < i< s—1. In the next
proposition we will prove that if the collection wj(-i)
point is a restricted special point.

, 1 <4< s—1,is proper, then every special

4.1. Setup. Here we describe our assumption about the collections.

Let X4 0 C C",0 and {w;Z)}, a collection of 1-forms with 1 <i<s,1<j<d—k;+1, where
Sk =d.

Assume the collection is arranged so that the first » collections are 1-forms which are linearly
independent at 0. We assume the 1-forms in the remaining collection are all linearly dependent
at the origin. We assume the collection has an isolated singularity at the origin, and that the
generic point of S(w§l)), 1<i<s—1,isin Xyee. If 7 = s we also assume that the collection
made up of the first s — 1 elements is proper for X.

Proposition 4.7. If, m the above set-up, 0 is a isolated special point of the collection, there

exists a curve C on S(w; )) 1 <i < s—1, generically in X,eg, such that {w} is linearly dependent
when restricted to the limiting tangent plane T at the origin, and the origin is the only point on

S (w§i)) with this property.

Proof. There are two cases to consider.

Case 1: Assume r < s, assume a special pomt exists. This is also a special point for the
collection with the first s — 1 elements. Thus S ( )) 1 <i < s—1, has positive dimension and
its generic point is in X,es. For C, use any curve on S(w](-i)), and let T be the limit tangent
plane, T; the tangent plane to X at point ¢ on curve C.

Then {w]( )} 1 <i < s—1, are linearly dependent on 73, since our point is in S(wj); hence,
they are linearly dependent on T
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Since {wés)} is linearly dependent at zero, they are linearly dependent on 7" also.

Clearly, any point for which such a curve exists is a special point, so the origin is the only
such point.

Case 2: r = s. Assume we have a special point then S(w(-l)), i < s —1, has positive dimension
with generic point in X,¢s. Denote the limit tangent plane on which all of our collections restrict
to be linearly dependent by T'.

By the properness assumption, no component of Sy(w), i < s — 1, can lie over S(X); for
every component of Sy(w) must have dimension d — k, k = > k;, 1 < i < s — 1, while by the
properness assumption the points over S(X) must have dimension d — 1 — k or less.

This implies that there exists a curve ¢ : C,0 — X, 0 generically in XregﬁS(w;-) with i < s—1,
such that the limiting tangent plane to X along ¢ is T'.

Now all the members of our collection are linearly dependent on 7" including {wj(.s)}. O

The previous proposition explains why we are interested in collections which are proper. The
properness condition means that if we have a special point, then it is a restricted special point
as we can realize the limiting plane on which the collection is dependent as a limit of tangents to
X along a curve in some S (wy)). This is the key to our ability to study the intersection number
of Im(T,,) and D% by restricting to S(w](-l)).

There is a converse to the proposition which requires a stronger genericity condition.

Proposition 4.8. Suppose in the setup of this section, the collection made up of the first s — 1
elements is proper for X, if the elements of the collection are linearly independent at the origin. If
they are not linearly independent, assume they are proper for X on a deleted neighborhood of the
origin. Suppose the origin is the only point where there exists a curve C' on S(wj(l)), 1<i<s-1,
generically in Xyeg, such that {w} is linearly dependent when restricted to the limiting tangent
plane T at the origin. Then the origin is an isolated special point of the collection.

Proof. Clearly the origin is a special point. If it were non-isolated, then we could apply the
previous proposition to find curves detecting the nearby special points as well. O

These two propositions show that when studying the behavior of special points, with the right
genericity requirements, we can restrict from X to S (w](-l))7 1 < i < s—1, and having done so
consider only the last element of the collection.

The next proposition serves as a “moving lemma”.

This proposition and its corollary, together with the multiplicity polar theorem, will show
that the invariant of the next section computes the intersection number of Im(T,,) and D% . The
argument we give is adapted from that appearing in [18], Theorem 1.2, p. 187.

To prove our proposition we want to consider the map:

0 : DY [, , X M(d— ks +1,n) = M(d — ks + 1,n)
given by
O((z,L), M) = L — (w(z) + M).

If we resolve the singularities of the set ID)I;;

S(w), then the composition @OWDI;{S is a submersion
because of the contribution from the M term.

In resolving these singularities there may be multiple components. For example, for X2 a
surface in C? with an isolated singularity at the origin, then if s = 2 and w consists of two forms
then D]§§|S(w) has (0, M(2,3)) as a component. This follows because the polar curve of X? is
non-empty, which implies that the generic element of M(2,3) has less than maximal rank on a
curve on X2, hence lies in ]D])“(2 along that curve. However, there will be a unique component
for each component of S(w) which surjects onto that component. Denote the components of
]D)I§(| S(w) Which surject onto S(w) by ]D)l;s(w). The fiber of these components over the origin are
those collections of forms which are the limits of forms degenerate along a curve in S(w).
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Let C denote ©71(0) N (D’g*‘@) x M(d — ks + 1,n)) and consider the projection p from C' to
M(d— ks +1,n).
Now
dimC = dim S(w®);<,_1 + dim(generic fiber of D¥s) = k, + [(d — ks + 1)(n) — k).

By hypothesis, we have an isolated singularity at 0, so the dimension of S (w(i))igs must be
0. This implies the dimension of S (w(i))igs_l is ks, the minimum possible, because otherwise,
adding another form to the collection will not lower the dimension of S(w®);<, to 0.

The expression in [ ] above holds because the codimension of D*s in M(,) is just

—[d=ks+1)+(n—d)]+n+1=k,,

so the map C — M(d — ks + 1,n) is a map between equidimensional spaces. Assuming that

0 € X is an isolated special point of the collection, the fiber over 0 of p is a single point w(0).
Earlier in this section, we began to look at the intersection number of Im(T,) and ]D)’)"(.

Restricting to S(w(i))igs,l, we can also look at the intersection number of Im(T, ) and ]D)gs(w).

Our moving lemma will be used to calculate this piece of the intersection number of Im(T,,) and
D .

Definition 4.9. A special point of a collection {w§i)} of germs of 1-forms on X is non-degenerate,
if the section I' ), 1 < < s, meets D’;( transversally at the point.
i

We can now state our proposition.

Proposition 4.10. Given a collection as in the set up of this section, assume that the section
P o, 1<i<s—1, meets ID)’;( transversely on a Z-open subset of S(w(’))igs,l. Then for generic
J

M, the collection {w(s) + tM} meets D?@) transversely at all points close to the origin for t
sufficiently small, t # 0. The number of such points is just the degree of the projection from C to
M(d—ks+1,n) over the origin in M(d—ks+1,n). Further, each such point is a non-degenerate
point of the collection {wj(.i)}, 1<i<s.

Proof. Pick M in the complement of the A(p), the discriminant of the projection from C to
M(d — ks + 1,n), such that the line between 0 and M does not intersect these sets close to 0.

Over the points of this line close to 0, the number of points is the degree of p and p is a
submersion at each point. This implies that the map obtained by fixing the M term in © is a
submersion also. Note that the dimension of the source and target of this map are the same,
hence the map is in fact a diffeomorphism.

We are interested in exploring the consequences of this fact.

Let us first consider the case where at the points on the fiber of p over tM, ¢t small, x is in
the regular part of S(w);<s_1, and the element in D*s has rank one less than maximal when
restricted to TX,. Then the resolution of D¥s S(w) 18 an equivalence at such points because
DFs |s(w) is smooth there, so we can work on the tangent space of DFs |s(w)- At each point this

splits into a direct sum-the part along S(w(”);<,_1, and the part along the fiber. There is a
similar decomposition of the tangent space of the target—the part which can be identified with
the fiber in the source, and the normal space to this. The differential is the identity on the
tangent space to the fiber, so since the differential is surjective, the restriction of the differential
to the tangent space to S(w(i))igs_l must surject onto the normal space to the fiber. In turn
this implies that the section induced from w + tM meets D* transversely. In fact, since for
transversality we just need the tangent vectors to S(w();<s 1, and the other elements of the
collection intersect D% transversely, the collection {(w(");<s_1,w® +tM} meets D% transversely.

In the general case, note that the assumptions we made above coincide with the resolution
being an equivalence. If the resolution is not an equivalence, then some tangent vectors on the
resolution will be in the kernel of the differential of the projection, hence the differential will not
be surjective, contradicting our choice of M. So we only need to consider the above special case.
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O

Remark 4.11. If {w(i)}, 1 < i < r, is the maximal subset of our collections which meet properly
at the origin, then we can choose M so that {w®,w® 4+ tM}, 1 <i < r, also meet properly at
the origin for ¢ # 0. This will be implicit in our application of our moving lemma.

Denote the collection obtained by moving our last element by w. From the last propostion
we have:

Corollary 4.12. In the set-up of last proposition we have

Im(I',) 'Dl)c( = I'(ws) ']D)ks‘s( +Im(I'z) 'Dl)ﬂ('

w(i))iis—l

Proof. The effect of moving {w(*)} is to split off points from the intersection Im(T',) - D% . The
first intersection number on the right is the degree of the projection from C to M(d — ks + 1,n),
and this is the number of points split off from the intersection number on the left hand side of
the equation. Moving {w(*)} ensures that the intersection I'(ws + tM) - DFs
at the origin, i.e., the intersection point at the origin has split into non-degenerate points. The
second term on the right is the remaining points at the origin. O

S(w(i>)iSs—l is void

Corollary 4.13. In the set-up of last proposition, suppose in addition that the collection {w(i)},
1<i<s—1, is proper. Then

Im(T,,) - D% = T(w,) - D

S(w®)i<s 1"

Proof. Since the collection {w(i),w(s)} , 1 <1< s—1,is proper, the intersection of P{wﬁ),@}
and D% is empty.

O

Remark 4.14. If X"~ ! is a hypersurface and w; a collection of forms with (n — 1) — k + 1
elements, which are linearly independent at the origin, then it is easy to check if X (0) N B(w)
has dimension (n — 1) — k — 1.

Suppose dim X (0) N B(w) > (n — 1) — k. To each point in B(w) there corresponds a unique
point in Proj(w), the projectivized row space of w;.

Note that points of Proj(w) corresponding to points of X (0) N B(w) are limiting tangent
hyperplanes to X at the origin, so the set of points of Proj(w) which are limiting tangent
hyperplanes has dimension > (n — 1) — k = dimProj(w) so every point is a limiting tangent
hyperplane.

This is true if and only if JM(f,> a;w;) fails to be a reduction of JM(f) & Ox for all «;.
This can be checked using curves.

Remark 4.15. We continue with the hypersurface isolated singularity case.

Suppose j + 1 collections {w'} 1 < i < j + 1 are in general position i.e., all are linearly
independent at 0 and dim N Proj({w'}) is (n — 1) — Y, k;. Suppose the properness condition
holds for the first j elements but fails for the collection. A dimension count shows that a whole
component of NProj{w’} must lie in the fiber of the Nash modification over the origin. Again
this is easy to check.

5. COMPUTING CHERN NUMBERS

In this section,we will begin to connect the machinery of section 2 to the computation of
Chern numbers of a collection of forms, preparing for the next section which contains our main
results.

Ebeling and Gusein-Zade proved this next proposition.

Proposition 5.1. [7] Let X be a representative of the germ of a complex analytic space, then

the local Chern obstruction ChX’O{wﬁi)} of a collection {wj(-i)} of germs of holomorphic 1-forms
is equal to the number of special points on X of a generic deformation of the collection.
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If X is defined by F' : C* — CP, then the Jacobian module of X denoted JM(X), is the
submodule of O% generated by the partial derivatives of F. Given a collection of 1-forms with r
elements defined on X, form the p +r by n matrix D(F,w) by augmenting the Jacobian matrix
DF at the bottom with the 1-forms from the collection. Call the submodule of the free module

foLiaxk D(F)

%, generated by the columns of , the augmented Jacobian module and denote it

by IM(X,w).

Note that this construction works in general. Given a submodule M of a free module F', one
can select a matrix of generators, and augment the matrix using linear forms. The points at
which the new matrix has less than maximal rank is independent of the choice of generators of
M as the row space does not change.

In the next lemma, we begin to relate the theory of integral closure and the infinitesimal
limiting geometry of our sets of forms.

Lemma 5.2. Let X be a representative of the germ of a complex analytic space, and let

[’:{llvl2a"' 7ls}

be a collection of linear forms. Consider the hyperplanes defined by the forms > a;l;. None of
these hyperplanes is a limiting tangent hyperplane to X,0 at the origin if and only if

TM(X), = IM(X),

where p is a submersion whose kernel is the intersection of the kernels of ly,--- ,ls.
(Here JM(X),, is the submodule of IM(X) generated by %f where the v; span the kernel of p.)

Proof. Let us prove this result in the special case when p is a linear projection on the last s
variables.

If IM(X), is a reduction of JM(X), then so is JM(X);, because ker(h) D ker(p), where
h =>" a;l;. Hence, the hyperplane defined by h is not a limiting tangent hyperplane.

Let us prove now that, if JM(X); = JM(X) for all h, then JM(X), = JM(X).

Let K = ker(p), we will show JM(X), C O% is a reduction of JM(X) C O% if every
hyperplane that contains K is not a limiting tangent hyperplane.

Suppose JM(X),, is not a reduction. This implies that there exist a map ¢ : (C,0) — (X, 0)
and a non-zero [ : C™ — C, such that if N is the matrix of generators of JM(X), and M is the
matrix of generators of JM(X), then the ideal < 71 (t),--- , 1, (t) > generated by the components
of (I-N)oy(t) has larger order than the ideal < my(t),- -, my(t) > generated by the components
of - M o . Denote the order of [ - M o ¢ by k. Then

Hm 1/t" < mq(t), -, mn(t) >
defines a limiting tangent hyperplane. Since m; =ny,---, mp, = 1,, and the order of these terms
is greater than k, it follows that T is a limiting tangent hyperplane which contains the kernel of
.
O

Given a collection of linear forms £ = {l1,la,--- ,ls}, we let JM(X, L) denote the module
whose matrix of generators is gotten by adding as rows {l1,ls, -+ ,ls} to the jacobian matrix
of a set of generators of I(X). In a similar way, let (M, £) denote the module whose matrix of
generators is gotten by adding as rows the {l1,ls,- - ,ls} to a matrix of generators of M.

Proposition 5.3. Let £ ={l1,ls, - ,ls} be a collection of linear 1-forms linearly independent
at the origin. Consider the hyperplanes defined by the forms > a;l;. None of these hyperplanes
is a limiting tangent hyperplane to X,0 at the origin if and only if IM(X, £) = IM(X) & O%.

Proof. Tt suffices to show that JM(X, £) is a reduction of JM(X) & O% if and only if IM(X),

is a reduction of JM(X). Suppose JM(X, L) is a reduction of JM(X) & O%, then JIM(X, L

contains JM(X) & 0. Restricting to curves, this implies JM(X), contains JM(X).
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Suppose JM(X), is a reduction of JM(X). Then JM(X, L) contains JM(X) & 0. Let {v;}
be a collection of vectors such that [;(v;) = §;;, then JM(X, £) contains < D(EF(?)(;)J ) and
JM(X) @ 0, so it contains JM(X) & O%

The previous two propositions can be easily generalized using the same proof. Given M a
submodule of a free module F', Projan R(M) has a canonical projection to X which is a fibration
over the Z-open subset Ujp; of X on which M has maximal rank. The fiber of this map consists
of hyperplanes. Call the planes in the fibers over Uy, M-planes. The planes in the fibers over
C(M) then, are limiting M-planes. Then the analogues of the previous two results are:

Proposition 5.4. Let X be a representative of the germ of a complex analytic space, and let
L =A{l,la,-,ls} be a collection of linear forms linearly independent at the origin. Consider
the hyperplanes defined by the forms > a;l;. Then the following statements are equivalent:

1) None of these hyperplanes is a limiting M-hyperplane to X,0 at the origin.

2) If p is a submersion whose kernel is the intersection of the kernels of ly,- -+ ,ls then
1, = 7.

3) There is an equality of modules:

(M,L) =M ® O%.

Let {wj(-i)} be a collection of 1-forms on the variety X, for simplicity we will denote S (wj(-i))
with 1 <7 < s—1Dby C. (Recall C is the set of points where all of the elements of the collection
{w§i)} with 1 < ¢ < s—1 are singular.) In the next proposition we are interested in characterizing
those collections for which the origin is not a special point or restricted special point.

Proposition 5.5. Let (X,0) be the germ of an equidimensional reduced analytic variety, X a
representative of the germ and {w](.i)} a collection of 1-forms; assume the generic point of each
component of C lies in X,eg. Assume also the last collection {w](s)} is linearly independent at 0.
The origin is not a restricted special point of the collection {wj(-i)} if and only if JM(X,w(S))|c 15
a reduction of IM(X)|c @ O& =+,

If all of the collections are linearly independent at the origin, and we assume the first s — 1
elements are proper, then the origin is not a special point of the collection {wj(-i)} if and only if
IM(X,w®)|¢ is a reduction of IM(X)|c ® OFF*1,

Proof. Let £ ={l1,l2, - ,la—k.+1} be a collection of linear 1-forms such that w;(0) =1;. Asin
Lemma 3.3 of [17], using the integral form of Nakayama’s lemma we have that JM(X,w®))|¢ is a
reduction of JM(X)|c ® OF % if and only if IM(X, £)|¢ is a reduction of JM(X)|c @ O F=*1,
So we can work with L.

Now we apply the previous proposition, where M = JM(X) restricted to C. Then the limiting
M-hyperplanes are just the tangent hyperplanes to X as the generic point of each component
of C is in X,es. If some combination of the wi(0) = {; is a limiting tangent hyperplane to X,
then that combination is zero when restricted to the limiting tangent plane, and the collection
is linearly dependent.

If we assume properness, then since every special point is a restricted special point, the result
follows.

O

We will need a refinement of this result for later. The key point in the above argument, is
that JM(X,w®)|c is a reduction of IM(X)|c ® O2~ %+ if and only if none of the hyperplanes
defined by {w(s) (0)} is a limiting tangent hyperplane to X,0 at the origin along curves on C.
Given the collection {w®)} , we can deform it to {w(®)(0)} by using the linear deformation. This
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fixes the one jet of the collection. Denote this family of collections by {w(Ls)}. Denote the family
of sections defined by fixing the first s — 1 collections and deforming the last one using the linear
deformation by I'qy,, | ,}-

Proposition 5.6. Assume JM(X,w®)|c is a reduction of IM(X)|ec ® O3 *1. Then, the
intersection Im(T'y,,,_, ,}) - D% is constant in the linear deformation.

Proof. Since JM(X,w(®))|c is a reduction of JM(X)|¢ @Og_kSH, the same is true for any member
of the family {w(LS)}. Suppose for some parameter value ¢y that the intersection number changes,
i.e., a point splits off. This gives a curve of points in C, where at each point p, a member of {w(LS)}
is degenerate when restricted to some plane which is a point over p in the Nash modification.
This implies that {w%s)}(to) is degenerate when restricted to some plane which is a point over
0 in the Nash modification. As this plane can be reached through a curve on C, it contradicts
that JM(X, w(Ls)(to))|C is a reduction of JM(X)|c @ OF F= T, O

Definition 5.7. Hy_1(X), by definition, consists of all elements of O% which are in the integral
closure of JM(X?) except at the origin. A related ideal is H._1(X,C¢) where C is a subset of
X of dimension c. It consists of all elements of OF, which are in the integral closure of JM(X)
restricted to C' except at the origin.

In general, H;(X) consists of all elements of O% which are in the integral closure of JM(X)
off a set of codimension ¢ 4+ 1. Sometimes we write H;(JM(X)). The meaning of H;(X,C¢) is
similar.

Proposition 5.8. Let (X,0) be the germ of an equidimensional reduced analytic variety, X a
representative of the germ and {wj(l)} a collection of 1-forms; assume the generic point of each

component of C lies in Xieg. Assume also the last collection {w](s)} is linearly independent at 0.
The origin is at most an isolated restricted special point of the collection if and only if IM(X, L)|c
is a reduction of H.—1(X,C)|c ® O(Ci_kSH except possibly at .

If in addition, the first s — 1 collections are proper on a deleted neighborhood of the origin,
then the origin is at most an isolated special point.

Proof. Suppose the origin is an isolated restricted special point. Let U be a neighborhood of
0 in X such that z is the only restricted special point. Then by proposition 4.7, I' ) misses
T*(X)[c on U\ {0}.

Then JM(X, £)|¢ is a reduction of JIM(X)|c & Of **" at all 2 € U, x # 0 by the previous
proposition.

Hence by definition it is a reduction of H._1(X,C)|c ® Og_k**‘"’l except possibly at x.

On the other hand assume the reduction criterion holds at each point of U — 0. This im-
plies JM(X, £)|c is a reduction of JM(X)|c @ OF " as this last module is a submodule of
H. 1(X,0)|c ® Ogikﬁl. This implies that there are no restricted special points on U except
possibly the origin.

If in addition, the first s — 1 collections are proper on a deleted neighborhood of the origin,
then the lack of restricted special points on U — 0 is equivalent to a lack of special points.

O

The last proposition leaves open the question as to whether the origin is a restricted special
point if the reduction criterion holds. The next proposition settles this point.

Proposition 5.9. Suppose the origin is at most an isolated restricted special point. Then
e(IM(X,w®)e, IM(X)|e @ OFF=+1 o)
= e(IM(X, )¢, Heo1 (X, C) @ OZ7F41 1)
—e(IM(X, L)|¢, He—1(X,C) @ OF 711 0)

where L is a collection of linear 1-forms such that 0 is not a restricted special point for it.
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The origin is not a restricted special point if and only if
e(IM(X,w)|e, Ho—1(X,C) @ OF 11 0)

= e(IM(X, L)|c, He—1(X,C) @ OL k1 0)
where L is a collection of linear 1-forms such that O is not a restricted special point for it.

Proof. Since the origin is at most an isolated restricted special point all three multiplicities are
well-defined. Then, the proof is based on a fundamental result due to Kleiman and Thorup,
the principle of additivity [23]. Given a sequence of Ox modules A C B C C such that the
multiplicity of the pairs is well-defined, then

e(A,C) =e(A,B)+e(B,C).
The result follows by setting A = JM(X,w®))|c, B = IM(X)|c @ O& **! and
C=Hy1(X,0) @ OL T,
Using the fact that 0 is not a restricted special point for £ we have that the multiplicity of
(IM(X, £)|c, Hi1(X)|c ® O %) and (IM(X)|c @ OL T Hy 1 (X)|o ® O %) are the
same.
The origin is not a restricted special point by 5.5 if and only if JM(X,w))|¢ is a reduction
of IM(X)|c @ O% *+*1. The reduction statement holds at 0 if and only if

e(IM(X,w®)|e, Ho_1(X,C) @ OZFT1 0) =0,
which is true if and only if
(s) d—ks+1 _ d—ks+1
e(JM(Xvw )|C7HC—1(XaC)@OC 30) - e(JM(Xvﬁ)‘CaHC—l(ch)@OC 70)a

where L is a collection of linear 1-forms such that 0 is not a restricted special point for it.
O

Our next step to apply the Multiplicity Polar Theorem is to show that the polar curve of
IM(X,w®) 4+ tM)|c is empty.

Proposition 5.10. Let X4, 0 c C",0 and {w} a collection of 1-forms {w](-i)}, 1 <i<s,
1<ji<d-—ki+1, > ki =d. Assume further the collection has an isolated singularity at the
origin, and that the generic point of S(w§i)), 1 <i<s—11s51in Xieg. Then, the polar curve
of the module IM(X,w®) 4+ tM)|c is empty for € = C x C, where M is a collection of generic
linear forms.

Proof. The polar variety of codimension k of M in X denoted T'y(M) is constructed by inter-
secting Projan R(M) with X x Hy 1 where Hyy,_1 consists of the set of hyperplanes which
contain a general plane of dimension g + k — 1, and g is the generic rank of JM(X,w(®) + tM),
then projecting to X. Note that if M has n generators, so that Projan R(M) is contained in
X x P! and the dimension of Projan R(M) is greater than or equal to n + 1 then the polar
varieties of M of codimension n or more are empty, because the codimension of a point in P?~!
isn—1.
With this observation in mind, the next step is to compute the dimension of

Projan R(JM(X,w'™ + ¢tM)|c).

This dimension is the dimension of the base plus the generic rank of minus 1. Now

D(F)
w
the generic rank of the jacobian matrix is n — d, while the generic rank of the jacobian matrix
augmented by the {w5} is (n —d) + (d — ks + 1) = n — ks + 1. This follows because the generic
point of C is a smooth point of X hence the jacobian matrix has maximal rank there. Because
0 is an isolated singularity, it follows that the augmented matrix generically has maximal rank.

Thus we have, since g =n — ks + 1,

dim Projan R(JIM(X,w™ +tM)|¢) =ks+1+(n—ke+1)) —1=n+1.
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Since the dimension of Projan R(JM(X,w(®) +tM)|¢) is greater than or equal to the number
of generators, there is no polar curve for JM(X,w®) + ¢tM).
O

Proposition 5.11. Suppose X is smooth and w is a 1-form such that w has a Morse point at
0, then e(JIM(X,w), IM(X) & Ox,0) = 1.

Proof. Since X is a smooth manifold, the number of equations of X is n — d, so the matrix of
generators of JM(X,w) has n—d+1 rows, n columns, and a matrix of generators of JM(X)® Ox
also has n — d + 1 rows with the same n — d first rows. We may assume the equations for X are
Z1=+=2p_q=0.

Then the Rees algebra of JM(X) @ Ox is Ox|[S1,...,Sn—d, Sn—d+1], while the ideal corre-
sponding to the inclusion of the Rees algebra of JM(X, w) in that of IM(X)@&Ox is (S;, 2j Sn—d+1)
where 1 <i<n—d,n—d < j <n. Now in this example, we know that

1= e(IM(X, f), 0% 1) = e(IM(X, f), IM(X) & Ox) + e(JM(X) & Ox, 0% ™),

while e(JM(X) @ Ox, 0% %) = 0 since the two modules are the same. This uses the addi-
tivity of the multiplicity, the fact that w is Morse on X, and the fact that the multiplicity of
e(JM(X,w), 0% 1) is the colength of its ideal of maximal minors.

Now we want to show that we get the same result even if the number of equations is larger
than n — d. (This happens for example, if we are working at a smooth point of a space which is
singular at the origin.) Suppose our choice of generators for I(X) has p generators, p > n — d.
By a change of coordinates we can assume the equations have the form z; = -+ = x,_4 =
gn—d+1 = -+ = gp = 0, where the matrix of generators of JM(X) must have the last d columns
0. Then the Rees algebra of JM(X) @ Ox is the same as before, as is the ideal induced by
JM(X,w), so the multiplicity of the pair is the same. O

Proposition 5.12. Let {w](-i)} be a collection of 1-forms, with 1 <1 <s,1<j7<d—k;+1,
S ki = d such that, restricted to X9, {w(s)} has a non-degenerate special point at x, x a smooth
point of C and X. Then

e(IM(X,w®)|e, IM(X)|c ® Ogn—r.s1,2) = 1.

Proof. Let us suppose, that X is a smooth manifold and the number of equations of X is n —d

so that the matrix of generators of JM(X,w(S)) has n — k5 + 1 rows, n columns, and a matrix

of generators of JM(X) @ O% *+*1 also has n — k, + 1 rows with the same n — d first rows. We

may assume the equations for X are ;1 = -+ = x,_4 = 0. Since we assume C is smooth at x,

and it has dimension ks, assume that the last ks coordinates on X define C. We may assume

that the collection w(®) has form {dxp_gyi,dh} where 1 <i<d—ks; and h = Zf;l x%ikﬁj.
As in the last Proposition, in this example, we know that

1= e(IM(X,w®)|c, OfF=T1)

= e(IM(X,w®), IM(X)|c ® O¢) + e(IM(X)|c @ OL =Ty, op~k+1)

while e(JM(X)|c @ O% F++1 0% F+1) = 0 since the two modules are the same. This uses the
additivity of the multiplicity, the fact that w is non-degenerate on X, and the fact that the
multiplicity of e(JM(X,w®)), O% %1} is the colength of its ideal of maximal minors, and as in
the last Proposition, the general result follows.

O

6. MAIN RESULT

Before giving our main result, it is useful to consider the difference between the case of a
vector bundle well-defined at all points, and a bundle like the tangent bundle to a singular space
which is not well-defined at S(X). In the second case, we get a special point if X(0) N B(w) is
non-empty. If we alter the last collection of forms, then we can make the last collection generic
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on C, but the singular locus of the modified forms may still be non-empty. In this case the
intersection number Im(T';) and D% may still be non-zero at the origin.

In the first case, the analogue of X (0) consists of a single point, so by altering the last
collection of forms we can ensure that the intersection number Im(T'z) and D% is zero at the
origin.

This phenomena is the reason that the formula for the Chern numbers for the Nash bundle
has many terms, while that of a vector bundle on X has only one.

The next theorem is the key step in the proof of our main result. It allows us to fix each of
the collections in turn, until we are left with collections which are linearly independent at the
origin and which are proper. Of course, this last collection has no special points.

Theorem 6.1. Let (X¢,0) C (C",0) be the germ of an equidimensional reduced analytic variety,
with representative X, {wﬁi)}, a collection of 1-forms with1 < i <s,1<j<d—k;+1,> k; =d.
Assume further the collection has an isolated singularity at the origin, and that the generic point
of S(w§i)), 1<i<s—1, isin Xieg. We have that,

Chy o{wi"} = e(IM(X,w®) e, IM(X)|c ® OF 51, 0) + Im(I'z) - Dk

Proof. Let us consider the family of sets C x C. Let m¢ denote the projection from C x C to C,
and 7; the projection to C. By conservation of number and taking M as in the Proposition 4.10,
D(w®) - T*(X)]c is just
D(w® +tM) - T*(X)|c
for t close to 0, and this is just the number of non degenerate special points of
{(w1<ico 1,0 + M}

for t # 0, and the intersection number Im(I'z) - D%. (Recall that the collection & was defined
before Cor 4.12.) To show that the Multiplicity Polar theorem applies, we must also show that

C(Projan(R(IM(X x C,wt)r,|exc)))(0) = C(Projan(R(IM(X,w)lc))),

except possibly over (0,0) € Cx0. Since N = JM(X)|C><COCXCEB(9§;]“CSH as a family of modules
is independent of ¢, Projan R(N) is a product, hence C(Projan R(N))(0) = C(Projan R(N(0))).
Now, at any point p of C x 0 close to the origin, there exists a neighborhood U of p such
that on U, JM(X X C,w¢)x, |lcxc = N. This implies that over U, Projan R(NN) is finite over
Projan R(JM(X x C,wt)x,|cxc) and, on U N C x 0, Projan R(N(0)) is finite over

Projan R(IM(X,wo)|c)-

Now, since Projan R(JM(X,wp)|c) C Projan R(JM(X x C,wi)r,|exc)(0), the desired equality
follows, for any element of Projan R(JM(X x C, w;)r,|cxc)(0) has a preimage in Projan R(N)(0)
which is Projan R(N(0)), and the last set maps to Projan R((JM(X,wo)|c)). So, the multiplicity
polar theorem applies. Note, that since Projan R(N) is a product, N has no polar curve, and by
5.10 we know that JM(X x C,w;)r, |cxc) has no polar curve either. Now, by Proposition 4.10

we have, Chy o(w'") = T(w® + tM) - T*(X)|c.

J
Then, using the Multiplicity Polar Theorem we have,

Chiy o(w)”) = e(IM(X,0™)]c, IM(X)|c & OF 7, 0) + Im(I'5) - Dk.
O

Suppose the collection is ordered so that the first r collections meet properly and r is the

largest integer for which this is true. Let C; denote C(w™, ..., w® w(®) . . . w(i+2) where

i < s—1, and w( is a collection of generic linear forms so that the collections {w(i)},i <,

{w} meet properly.
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Corollary 6.2. Suppose the collection is ordered so that the first r collections meet properly and
r 18 the largest integer for which this is true. In the setup of the last Theorem, we have that
1=s—1
Chyo(w) = Y e(IM(X,w)c,, IM(X)

=7

d—kit1+1
c, D Oci ,0)

Proof. We prove the Corollary by applying the previous theorem multiple times. First, to
{w® e}, then to {w® V|c._,}. Finally, when all but one of our collections meet properly,

applying the theorem to {w(r‘H) le, } produces only a single term as the intersection number term
is 0.

O

Let C; denote C’(Js/), ..., w2 Then, Cy is related to the polar varieties of X. For

C(w(i*2)) is the polar variety of codimension k(i+2), so Cy is the intersection of the correspond-
ing polar varieties. If X is a hypersurface, then in fact this is the polar variety of codimension
Zf 12 k(7). The hypersurface case is special because since T X, © € Xy has codimension 1, the
kernels of all of the w()) are contained in T'X,, if x € Cj/, hence z is in the polar variety defined
by the union of the kernels.

Corollary 6.3. In the set up of the last proposition we have
i=s—1
Chxo(w) = Y e(IM(X,w*D)le, IM(X)|e, & 0517 0)
i=s5—1 )
= €(JM(X,(,U2+1)|C“Hci_l(X,Ci) @Oé—kul-‘rl’o)
—e(IM(X, w0 Y)e,, He—1(X,C;) @ OF 7 ).
Proof. Apply Proposition 5.9 to expand

e(IM(X, w D) e IM(X)|e, & 08 1+ o).

O

We want to specialize our results to the case where X 0 C C" is an ICIS to compare with
those of [7]. Given a collection of holomorphic forms w with an isolated singular point at 0,
Ebeling and Gusein-Zade define another notion of index in [7]. In the case X, 0 is an ICIS, the
index amounts to smoothing X as well as making the forms general, then counting the number
of singular points of the new collection on the smoothing. This index is an extension of the
GSV-index [20, 28].

This index can be calculated as follows: suppose wj(-l), 1<i<s,1<j<ng+1, >k =d,
augment the jacobian matrix of X for each ¢ with wy), producing s matrices. Form an ideal
in O,, using as generators, the generators of I(X), and the maximal minors of the augmented

matrices. Denote the resulting ideal by I, ). Then the index, denoted indx o({w}) is just the
“
colength of I, ) in Op. ([7], Theorem 20.) Using this index they show that
“

Chix o(w!”) = indx o({w}) — indx o({})

where | = {l](-l)} is a generic collection of forms. ([7] Cor. 4.)

We will see that this formula can be recovered from the last corollary. If X is an ICIS, and
the C; have the minimal dimension then the C; are Cohen-Macaulay, with ideal the ideal of X
and the maximal minors of the augmented matrices. Further, the matrix of generators of JM(X)
has maximal rank except at the origin when restricted to C;. This implies that H.,—1(X,C;)|c,
is free, so e(IM(X,w V)¢, He, _1(X,C;) @ (’)(Ci:k”ﬁ_l,O) = e(IM(X,wl*D)|e,). Since Oc; is
Cohen-Macaulay, the last multiplicity is just the colength of the ideal formed by the maximal
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minors of the augmented matrices formed from JM(X), the collection of forms used to define C;
and w1 Tt follows that

e(IM(X, w ™)) = ind({w®, ..., w® Wit W) L w2},

Now the sum on the right hand side of the last corollary telescopes to

Chxo(w!") = indx,o({w}) — ind({wV, ..., 0™, W), .. wr+D}).

Since the last collection on the right hand side is proper, an argument similar to that of Prop.
5.5 shows that the last term is indx o({l}).
In the case of surfaces it is not hard to compute with our formula, and we give some examples.
As preparation we give two versions of our formula for the case of surfaces which are not ICIS.
The general case of our theorem becomes:

Corollary 6.4. Let (X,0) C (C",0) be the germ of a purely 2 dimensional reduced analytic
variety, with representative X, {w}, a collection of sets of 1-forms {w®} 1 < i < 2, each with
two elements. Assume further the collection has an isolated singularity at the origin, and that
the generic point of S(wj(l)) is i Xyeg. We have that,

Chxo{w!”} = e(IM(X,0®)|c, IM(X)|c & OF ™ F1,0) + Im(T';) - D..
Further,
Chxo{w!”} = e(IM(X,w®)|c,, Ho(X,C1) ® 0%, 0)

—e(IM(X,w®)|¢,, Ho(X,Cr) & O, 0) + e(IM(X,w™M)|¢,, Ho(X,Co) & O, 0)

—e(IM(X,w )¢, Ho(X, Co) & OF %, 0).
Proof. This is Theorem 5.13 and Corollary 5.15 for the surface case. O

Further simplification is possible, if X is a complete intersection.

Corollary 6.5. Suppose in addition X is a complete intersection. Then

Chix o{w!”} = e(IM(X,0®)|c,,0) — e(IM(X,w®)]c,,0)

Fe(IM(X, wD)]e,,0) — e(IM(X, wD)|e, ,0)
=THw®) - THw®) =T @W) . T (@?)

Proof. The first equality holds because X is a complete intersection, and the generic point of
C; lies in the regular part of X, the Jacobian module of X has maximal rank off the origin, so
Hy(X,Cy) @Ogl_d is just Og, so the multiplicity of this pair is just the ordinary Buchsbaum-Rim
multiplicity. Since our curves are reduced their rings are Cohen Macaulay, so the multiplicity of
IM(X,w®)|e, at 0 is just the colength of the ideal generated by the determinant of the matrix
of generators of JM(X,w®)|¢,. This determinant on X defines the union of S(X) and I'' (w(?)
since it does so generically. Thus, this colength is just the intersection of I'* (w™)) with I' (w())
and S(X). Applying this insight to each of the terms of the first equality and canceling terms
results in the next equality. O

We give an example using this result.

Example 6.6. Let (X,0) C C3 be the germ of a singular surface defined by the function
f:C3,0— C,0, where f(z,y,2) = y*> — 3. Take the collection of 1-forms w = {w',w?}, where
wl = {(0,23,2%),(23,0,22)}, and w? = {(y?, 23,0), (0,43, 2%)}. Then the local Chern obstruction
of this collection is 47.
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We will show this using the second equality in the last Corollary. The matrix of generators
of IM(X,w') and JM(X,w?) are respectively,

—322 2y 0 —322 2y 0
0 3 22, y? 220
23 0 22 0 y3 22

Calculating the determinants of the matrix of generators of JM(X,w?) and JM(X,w!), we
get 22(2y% + 32223) and —327 + 22°y. Since we are only interested in the polar curves of w, we
use the defining equation to get the equivalent forms 2222(2xy + 322) and y(—3xy3 + 22°). So
the equations of the polar curves of our collection are 2%(2zy + 32%) = 0 and —3xy? + 22° = 0.
To calculate the intersection multiplicity, pull back to the normalization using the map

n(t,z) = (%, %, 2).

So we want the intersection multiplicity of 22(2t> + 32%) = 0 and —3t'! + 22° = 0, which is
(2)(11)+25=47. Since our underlying space is Whitney equisingular, the polar curves of X are
empty, so the term we have computed is the only term in the corollary, so the local Chern
obstruction of this collection is 47. (Notice that in this example, one component of the polar of
JM(X,w?) is not reduced. Nonetheless, a careful reading of the proof of our main result shows
that in this simple case the main result continues to hold.)

We describe briefly how the work of this section can be generalized. Start with an analytic
space X, and a bundle E* defined on a Zariski open, everywhere-dense subset U of X, E¥ a
sub-bundle with k-dimensional fiber of a bundle, F!, where F' is defined everywhere. Form the
relative Nash transformation N (X, E, F) of X as follows: form the bundle over X of k planes
in the fiber of F, consider the image of the section of this bundle formed from the fibers of E*,
and take its closure. The relative Nash transformation has a canonical bundle £ on it which is
a sub-bundle of the pullback of F! to N(X, E, F), ¢ and the pullback of E to N(X, E, F) agree
restricted to U. By construction and restriction, sections of F'* give sections of E*|U, and £*.
If a collection of sections of E*|U arise in this way from a collection of sections of F*, and the
collection has an isolated special point at x € X, then we can compute the contribution to the
Chern number of the dual from our set of sections (hence to £) as we did in this section to the
dual of the Nash bundle. As in the Nash bundle case, the contribution will be a sum depending
on the polar varieties of F relative to I’ and their intersections. These polar varieties provide
some measure of the geometry of F at its singular points on X.
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TOPOLOGICAL INVARIANTS AND MODULI OF GORENSTEIN
SINGULARITIES

SERGEY NATANZON AND ANNA PRATOUSSEVITCH

ABSTRACT. We describe all connected components of the space of hyperbolic Gorenstein quasi-
homogeneous surface singularities. We prove that any connected component is homeomorphic
to a quotient of R? by a discrete group.

1. INTRODUCTION

In this paper, we study moduli spaces of hyperbolic Gorenstein quasi-homogeneous surface
singularities (GQHSS). Quasi-homogeneous surface singularities and their graded affine coordi-
nate rings were studied in great detail in the 1970’s by Dolgachev, Milnor, Neumann, Pinkham
and others. They described a correspondence between hyperbolic quasi-homogeneous surface
singularities and (singular) complex line bundles on Riemann orbifolds, where a Riemann orb-
ifold is a quotient H/T" of the hyperbolic plane H by a Fuchsian group I'. According to the
work of Dolgachev [Dol83b], hyperbolic GQHSS of level m are in 1-to-1 correspondence with
m-th roots of tangent bundles of Riemann orbifolds, i.e., with (singular) complex line bundles
on Riemann orbifolds such that their m-th tensor power coincides with the tangent bundle. For
more details of this correspondence, see section 2.1. In this paper, we complete the classification
of hyperbolic Gorenstein quasi-homogeneous surface singularities by studying their parameter
space.

We determine the number and describe the topology of connected components of the space
of all hyperbolic Gorenstein quasi-homogeneous surface singularities. We show that the space is
connected if g = 0 or if g > 1 and m is odd and that the space has two connected components if
g > 1 and m is even. We also determine the number of connected components in the case g = 1.
Moreover, we prove that any component is homeomorphic to a quotient of R? by a discrete
group action.

On the other hand, we obtain a description of the topology of the moduli space of higher spin
structures on Riemann orbifolds. Because of their role in the modern models of 2D-gravitation,
moduli spaces of this kind have enjoyed a great deal of interest recently, in particular, in relation
to the Witten conjecture; see [Jar00, JKVO01, FSZ10] and [Wit93]. Classification of classical spin
structures on non-compact Riemann surfaces and the corresponding moduli space were studied

in [Nat91, Nat04].
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a b

Figure 1: 6(ab) =6(a) +6(b) — 1

The main technical tool is the following: We assign (Theorem 5.9) to a hyperbolic GQHSS
of level m with corresponding orbifold P a function on the space of homotopy classes of simple
contours on P with values in Z/mZ, the associated higher m-Arf function.

The higher m-Arf functions are described by simple geometric properties:

Definition: Let P be a Riemann orbifold and p € P. Let w(P,p) be the orbifold fundamental
group of P (see Definition 4.3). We denote by 7°(P,p) the set of all non-trivial elements of
(P, p) that can be represented by simple contours. A (higher) m-Arf function is a function

o :7°(P,p) = Z/mZ

satisfying the following conditions

1. o(bab=1) = o(a) for any elements a,b € 7°(P, p),

2. o(a™t) = —o(a) for any element a € 7°(P, p) that is not of order 2,

3. o(ab) = o(a) + o(b) for any elements a and b which can be represented by a pair of simple
contours in P intersecting in exactly one point p with (a,b) # 0,

4. o(ab) = o(a)+o(b) —1 for any elements a,b € 7 (P, p) such that the element ab is in 7°(P, p)
and the elements a and b can be represented by a pair of simple contours in P intersecting in
exactly one point p with (a,b) = 0 and a neighbourhood of the point p with the contours is
homeomorphic to the one shown in Figure 1.

5. For any elliptic element ¢ of order p we have p-o(c) + 1 = 0mod m.

In order to be able to state our main results we need to give some definitions.

Definition: (For a detailed discussion of Fuchsian groups, signatures and standard sets of
generators, see Section 4.2.) Let I' be a Fuchsian group such that the corresponding orbifold
P =H/T is of signature (g : p1,...,pr). Let o : 7°(P,p) — Z/mZ be a higher m-Arf function.
We define the Arf invariant § = §(P,0) of o as follows: If g > 1 and m is even then we set
0 = 0 if there is a standard set of generators {a1,b1,...,aq,bq,Cq+1,...,Cg4r} of the orbifold
fundamental group (P, p) such that

g

> (1= o(a:)(1 = o(b;)) = 0mod 2

i=1
and we set 6 = 1 otherwise. If ¢ > 1 and m is odd then we set § = 0. If g = 0 then we set § = 0.
If g = 1 then we set
0= ng(mapl - 17 ceey Dr— 1,0’(@1), J(bl))7
where {ay,b1,¢2,...,¢41} is a standard set of generators of the orbifold fundamental group
w(P,p). The type of the higher m-Arf function (P,o) is the tuple (g,p1,...,pr,0), where § is
the Arf invariant of o defined above.

Definition: We denote by S™(¢t) = S™(g,p1,...,pr,0) the set of all GQHSS of level m such
that the associated higher Arf function is of type t = (g,p1,...,pr,9).
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The following theorem summarizes the main results:

Theorem:

1) Two hyperbolic GQHSS are in the same connected component of the space of all hyperbolic
GQHSS if and only if they are of the same type. In other words, the connected components
of the space of all hyperbolic GQHSS are those sets S™(t) that are not empty.

2) The set S™(t) is not empty if and only if t = (g, p1,...,pr,d) has the following properties:

(a) The orders p1,...,p, are prime with m and satisfy the condition
1

(p1--pr) - (Z o (29 —2) —r> = Omodm.
i=1 *°

(b) If g > 1 and m is odd then ¢ = 0.
(c) If g =1 then § is a divisor of ged(m,p; — 1,...,p, — 1).
(d) If g = 0 then § = 0.

3) Any connected component S™(t) of the space of all hyperbolic GQHSS of level m and signa-
ture (g : p1,...,pr) is homeomorphic to a quotient of the space RO976F2" by a discrete action
of a certain subgroup of the modular group (see Section 6.3 for details).

The paper is organised as follows: In Section 2, we explore the connection between hyperbolic
GQHSS, roots of tangent bundles of orbifolds and lifts of Fuchsian groups into the coverings G,
of G = PSL(2,R) (see Definition 2.2). In Section 3, we study algebraic properties of the covering
groups G,,. We describe level functions induced by a decomposition of the covering G,, into
sheets and choosing an enumeration of the sheets and study properties of these functions. In
Section 4, we study lifts of Fuchsian groups into G,,. In Section 5, we define (higher) m-Arf
functions. We prove that there is a 1-1-correspondence between the set of m-Arf functions and
the set of functions associated to the lifts of Fuchsian groups into G,, via the enumeration of
the covering sheets. Hence, these two sets are also in 1-1-correspondence with the set of all
hyperbolic GQHSS of level m. Moreover, we show that the set of all m-Arf functions on an
orbifold has a structure of an affine space, using an explicit description of the generalised Dehn
generators of the group of homotopy classes of surface self-homeomorphisms. In the last section,
we find topological invariants of higher Arf functions and prove that they describe the connected
components of the moduli space. Furthermore, we show using a version of the theorem of Fricke
and Klein [Nat78, Zie81] that any connected component is homeomorphic to a quotient of R?
by a discrete group action.

Part of this work was done during the stays at Max-Planck-Institute in Bonn and at THES.
We are grateful to both institutions for their hospitality and support. We would like to thank
E.B. Vinberg and V. Turaev for useful discussions related to this work. We would like to thank
the referees for their valuable remarks and suggestions.

2. (GORENSTEIN SINGULARITIES AND LIFTS OF FUCHSIAN GROUPS

2.1. Singularities and automorphy factors. In this section, we recall the results of Dol-
gachev, Milnor, Neumann and Pinkham [Dol75, Dol77, Mil75, Neu77, Pin77] on the graded
affine coordinate rings, which correspond to quasi-homogeneous surface singularities.

Definition 2.1. A negative unramified automorphy factor (U,T',L) is a complex line bundle
L over a simply-connected Riemann surface U together with a discrete co-compact subgroup
I' € Aut(U) acting compatibly on U and on the line bundle L, such that the following two
conditions are satisfied:
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1) The action of I' is free on L*, the complement of the zero-section in L.

2) Let [ <T be a normal subgroup of finite index, which acts freely on U, and let E — P be
the complex line bundle E = L/T over the compact Riemann surface P = U/T". Then E is a
negative line bundle, i.e., the self-intersection number P - P is negative.

A simply-connected Riemann surface U can be CP', C, or H, the real hyperbolic plane. We
call the corresponding automorphy factor and the corresponding singularity spherical, Euclidean,
resp. hyperbolic.

Remark. There always exists a normal freely acting subgroup of T' of finite index [Dol83b]. In
the hyperbolic case the existence follows from the theorem of Fox-Bundgaard-Nielsen. If the
second assumption in the last definition holds for some normal freely acting subgroup of finite
index, then it holds for any such subgroup, see [Dol83b].

Remark. In this paper we are going to study the largest class, the class of hyperbolic GQHSS.
See a remark at the end of the paper for more information about the other two classes of GQHSS.

The simplest example of such complex line bundle with a group action is the (co)tangent
bundle of U = CP!, resp. U = H, equipped with the canonical action of a subgroup of Aut(U).

Let (U,T, L) be a negative unramified automorphy factor and I' a normal subgroup of I' as
above. Since the bundle £ = L/f‘ is negative, one can contract the zero section of E to get
a complex surface with one isolated singularity corresponding to the zero section. There is a
canonical action of the group T'/T on this surface. The quotient is a complex surface X (U,T, L)
with an isolated singular point o(U, T", L), which depends only on the automorphy factor (U,T", L).

The following theorem summarizes the results of Dolgachev, Milnor, Neumann and Pinkham:

Theorem 2.1. The surface X (U,T', L) associated to a negative unramified automorphy factor
(U,T, L) is a quasi-homogeneous affine algebraic surface with a normal isolated singularity. Its
affine coordinate ring is the graded C-algebra of generalised I'-invariant automorphic forms

A=PH U L™

m2>=0

All normal isolated quasi-homogeneous surface singularities (X, x) are obtained in this way, and
the automorphy factors with (X (U, T, L), o(U,T, L)) isomorphic to (X, ) are uniquely determined
by (X, x) up to isomorphism.

We now recall the definition of Gorenstein singularities and the characterization of the corre-
sponding automorphy factors.

An isolated singularity of dimension n is Gorenstein if and only if it is Cohen-Macaulay
and there exists a nowhere vanishing holomorphic n-form on a punctured neighbourhood of the
singular point. A normal isolated surface singularity is Gorenstein if and only if there exists a
nowhere vanishing holomorphic 2-form on a punctured neighbourhood of the singular point. For
example all isolated singularities of complete intersections are Gorenstein.

In [Dol83b], Dolgachev proved the following theorem obtained independently by W. Neumann
(see also [Dol83a]).

Theorem 2.2. A quasi-homogeneous surface singularity is Gorenstein if and only if for the
corresponding automorphy factor (U,T, L) there is an integer m (called the level or the exponent
of the automorphy factor) such that the m-th tensor power L™ is I'-equvariantly isomorphic to
the tangent bundle Ty of the surface U.
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Let (U,T', L) be an automorphy factor of level m, which corresponds to a Gorenstein singu-
larity. The isomorphism L™ = Ty induces an isomorphism E™ = Tp. A simple computation
with Chern numbers shows that the possible values of the exponent are m = —1 or m = —2 for
U = CP!, whereas m = 0 for U = C and m is a positive integer for U = H.

2.2. Hyperbolic automorphy factors and lifts of Fuchsian groups. We consider the uni-
versal cover G = PSL(2,R) of the Lie group

G = PSL(2,R) = SL(2,R)/{£1},

the group of orientation-preserving isometries of the hyperbolic plane. Here our model of the
hyperbolic plane is the upper half-plane H = {z € C | Im(z) > 0} and the action of an element

[(*5)] € PSL(2,R) on H is by
. az+b
cz+d

As a topological space G = PSL(2,R) is homeomorphic to the open solid torus St x C, its
fundamental group is infinite cyclic. Therefore, for each natural number m, there is a unique
connected m-fold covering

Gm = é/(m : Z(é))

of G, where G is the universal covering of G and Z(G) is the centre of G. The centre Z (G)
of G coincides with the pre-image of the identity element of G under the covering map G — G.
For m = 2, we obtain G2 = SL(2,R).

Here is another description of the covering groups G,, of G which fixes a group structure. Let
Hol(H, C™) be the set of all holomorphic functions H — C*.

Proposition 2.3. The m-fold covering group G, of G can be described as
{(9,6) € G x Hol(H,C") | 6™(z) = ¢(z) for all z € H}
with multiplication (g2, d2) - (g1,01) = (g2 - g1, (02 091) - 1).

Proof. Let X be the subspace of G x Hol(H,C*) in question. One can check that the space X
is connected and that the map X — G given by (v,d) — « is an m-fold covering of G. Hence,
the coverings X — G and G,,, — G are isomorphic. One can check that the operation described
above defines a group structure on X and that the covering map X — G is a homomorphism
with respect to this group structure. (I

Remark. This description of G,, is inspired by the notion of automorphic differential forms of
fractional degree, introduced by J. Milnor in [Mil75]. For a more detailed discussion see [LV80],
section 1.8.

Definition 2.2. A lift of the Fuchsian group I" into G,, is a subgroup I'* of G,,, such that the
restriction of the covering map G,, — G to I'* is an isomorphism I'* — T'.
Using the description of the m-fold covering group G, of G in Proposition 2.3, we obtain the

following result:

Proposition 2.4. There is a 1-1-correspondence between the lifts of I' into G, and hyperbolic
Gorenstein automorphy factors of level m associated to the Fuchsian group T.
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Proof. Theorem 2.2 implies that a hyperbolic Gorenstein automorphy factor of level m (asso-
ciated to a Fuchsian group I') is an action of the Fuchsian group I' on the trivial complex line
bundle H x C over the hyperbolic plane H given by

g- (th) = (g(Z),(Sg(Z) : t)a
where d, : H — C” is a holomorphic function; for any g € T, we have J;* = ¢’ and, for

any g1,92 € I', we have dg,.9, = (dg4, © g1) - 0g,. Comparing this description of hyperbolic
Gorenstein automorphy factors with Proposition 2.3 yields the result. O

3. LEVEL FUNCTIONS ON COVERING GROUPS OF PSL(2,R)

3.1. Classification of elements in G = PSL(2,R) and its covering groups. Elements of G
can be classified with respect to the fixed point behavior of their action on H. An element is called
hyperbolic if it has two fixed points, which lie on the boundary OH = R U {co} of H. One of the
fixed points of a hyperbolic element is attracting, the other fixed point is repelling. The axzis £(g)
of a hyperbolic element g is the geodesic between the fixed points of g, oriented from the repelling
fixed point to the attracting fixed point. The element g preserves the geodesic £(g). We call a
hyperbolic element with attracting fixed point « and repelling fixed point 8 positive if o < B.
The shift parameter of a hyperbolic element ¢ is the minimal displacement inf,cy d(z, g(z)).
An element is called parabolic if it has one fixed point, which is on the boundary 0H. We call a
parabolic element g with fixed point « positive if g(x) > x for all z € R\{a}. An element that
is neither hyperbolic nor parabolic is called elliptic. It has one fixed point that is in H. Given
a base-point € H and a real number ¢, let p,.(¢) € G denote the rotation through angle ¢
counter-clockwise about the point z. Any elliptic element is of the form p.(y¢), where z is the
fixed point. Thus, we obtain a 27-periodic homomorphism p, : R — G (with respect to the
additive structure on R). Elements of G, resp. G,,, can be classified with respect to the fixed
point behavior of action on H of their image in G. We say that an element of G, resp. Gy, is
hyperbolic, parabolic, resp. elliptic, if its image in G has this property.

3.2. Central elements in covering groups of G = PSL(2,R). The homomorphism
pe : R — G lifts to a unique homomorphism 7, : R — G into the universal covering group.
Since p,(27¢) = id for ¢ € Z, it follows that the lifted element r,(27¢) belongs to the centre
Z(G) of G. Note that the element 7,(27¢) depends continuously on z. But the centre of G is
discrete, so this element must remain constant, thus r,(27¢) does not depend on x. We obtain
that Z(G) = {r.(2m¢) | £ € Z}. Let u = ry(27) for some (and hence for any) x in H. The
element v is one of the two generators of the centre of G since any other element of the centre
is of the form r,(270) = (r,(27))" = u’.

3.3. Definition of a level function. Let A be the set of all elliptic elements of order 2 in G.
Let Z be the complement in G of the set A. The space G is homeomorphic to the open solid
torus S' x C. Jankins and Neumann gave an explicit homeomorphism (see [JN85], Appendix).
The image of the set A under this homeomorphism is {*} x C. From this description, it follows in
particular that the subset = is simply-connected. The pre-image =2 of the subset = in G consists
of infinitely many connected components, each of them is homeomorphic to Z. Each connected
component of the subset = contains one and only one pre-image of the identity element of G,
i.e., one and only one element of the centre of G.

Definition 3.1. If an element of G is contained in the same connected component of the set =
as the central element u*, k € Z, we say that the element is of level k and set the level function s
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on this element to be equal to k. For pre-images of elliptic elements of order 2 we set s(r,(£)) = k
for £ =+ 27k.

Remark. For elliptic elements we have s(r,(£)) =k < £ € (-7 + 2wk, 7w + 27k].

Definition 3.2. We define the level function s,, on elements of G, with values in Z/mZ by
$m(C mod (m - Z(@))) = s(C) mod m for C € G.

Definition 3.3. The canonical lift of an element Cin G into G is an element C in G such
that 7(C) = C and s(C) = 0. The canonical lift of an element C' in G into G, is an element C
in G, such that 7(C) = C and s,,(C) = 0.

3.4. Properties of the level function. In this subsection, we study the behavior of the level
function s, under inversion (Lemma 3.1), conjugation (Lemma 3.2) and multiplication in some
special cases (Lemma 3.3). We shall obtain further statements about the behavior of the level
function under multiplication in Corollary 4.7.

In this section, we shall repeatedly use the following fact: Connected components of the set =
are separated from each other by connected components of the set A of all pre-images of (elhptlc)
elements of order 2. If a path 7 in G avoids all pre-images of elements of order 2, i.e., avoids A,
then it means that the path - remains in the same component of the set = and therefore the
level function s is constant along ~.

Lemma 3.1. The equation s(A~Y) = —s(A) is satisfied for any element A in G with the ex-
ception of the pre-images of elliptic elements of order 2. The equation s, (A™1) = —s,,(A) is
satisfied for any element A in G, with the exception of the pre-images of elliptic elements of
order 2.

Proof. We shall prove the statement about the level function s on G, the statement about the
level function s, on G,, follows immediately. Let A € G and let k = s(A), then A is in the same
connected component of = = as uF. Let v be the path in = that connects A with u*. Let the path o
be given by §(t) = (’y(t)) The path 0 connects A~ U with u=". Since the path 7 remains in
the same component of =, it avoids A. Consequently, the path & also avoids A, i.e., it remains

in the same component of =. Thus the element A~" is in the same connected component of 2
asu™F ie., s(A7Y) = —k = —s(A). O

Lemma 3.2. For any elements A and B in G, we have s(BAB™Y) = s(A). For any elements A
and B in G,,, we have s,,(BAB™!) = s,,(4).

Proof. We shall prove the statement about the level function s on G, the statement about the
level function s,, on G,, follows immediately. An element B € G can be connected to the unit
element in G via a path 8. The path v given by y(t) = B(t)- A- (B(t))~! connects the elements A
and B-A- B~ If Ais not in A then any conjugate 'y( ) of A is not in A, hence the path 5y
remains in the same component of the set 2. If A is in A then any conjugate ~(¢) of A is also
in A, hence the path 5 remains in the same component of the set A. In both cases s is constant
along 7, in particular s(B - A - B™1) = s(A). O

Lemma 3.3. If the azes of two hyperbolic elements A and B in G intersect, then
s(AB) = s(A) + s(B).
If the azes of two hyperbolic elements A and B in G, intersect, then
Sm(AB) = s, (A4) + sm(B).
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Proof. Let £4, resp. fp, be the axes of A, resp. B. Let z be the intersection point of £4
and £p. Any hyperbolic transformation with the axis £4 is a product of a rotation by 7 at some
point y # x on £4 and a rotation by 7 at the point x. Similarly any hyperbolic transformation
with the axis £p is a product of a rotation by 7 at the point z and a rotation by 7 at some
point z # x on £p. Hence the product of any hyperbolic transformation with the axis £4 and
any hyperbolic transformation with the axis £p is a product of a rotation by 7 at a point y # «
on /4 and a rotation by 7w at a point z # x on {pg, i.e., it is a hyperbolic transformation with
an axis going through the points y and z. Thus the product of two hyperbolic elements with
distinct but intersecting axes is always a hyperbolic element.

We shall prove the statement about the level function s on G, the statement about the
level function s, on G, follows immediately. Assume without loss of generality that the ele-
ments A, B € G satisfy the conditions s(A4) = s(B) = 0. We want to show that s(AB) = 0.
Let us deform the elements A and B. If we are decreasing the shift parameters while keeping
the same axes, then the product tends to the identity element. On the other hand, we have just
explained that the product remains hyperbolic, i.e., stays in =. Therefore, the value of s on the
product remains constant, i.e., s(AB) = s(id) = 0. O

4. LEVEL FUNCTIONS ON LIFTS OF FUCHSIAN GROUPS

4.1. Lifting elliptic cyclic subgroups. A lift of the Fuchsian group I into G,,, is a subgroup
I'* of G,,, such that the restriction of the covering map G,, — G to I'* is an isomorphism I'* — T".
In this subsection, we shall discuss the lifts of cyclic Fuchsian groups generated by an elliptic
element.

Lemma 4.1. Let T" be an elliptic cyclic Fuchsian group of order p. The group I" is generated by
an element v = p(2w/p) for some x € H.

1) Let us assume that p and m are relatively prime. Then the lift T* of T into G, exists and is
unique. There is a unique element n € Z/mZ such that p-n+ 1= 0 modulo m. The lift T*
is generated by the pre-image 5 of v = p.(27/p) in G, such that s, (§) = n.

2) If p and m are not relatively prime, then the group I' cannot be lifted into G, .

Proof. To lift I into G,,,, we have to find an element 7 in the pre-image of v in G,,, such that 42 =
1. The pre-image of v in G,, can be described as the coset {u" - r,(27/p) | n € Z/mZ}. For the
element 7, (27 /p), we obtain (r,(27/p))P = r(27) = u. Hence, for an element u" - r,(27/p) we
obtain
(" 14 (21/p))P = u"P (ry (21 /p))P = u"P T

Therefore, (u™ - r,(27/p))P = 1 if and only if n - p+ 1 = 0mod m. There exists an n € Z/mZ
with n-p+1 = 0mod m if and only if the numbers p and m are relatively prime. Hence for not
relatively prime p and m it is impossible to lift I into G,,,. For relatively prime p and m, there
is a unique lift of " into G,,, generated by u™ - r,(27/p) with n- p+ 1 = 0mod m. O

4.2. Finitely generated Fuchsian groups. In this section, we are going to describe finitely
generated (co-compact) Fuchsian groups using standard sets of generators. The following defi-
nitions follow [Zie81]:

Definition 4.1. A Riemann factor surface or Riemann orbifold (P, Q) of signature

(g;lhmlpale :plw")ple)

is a topological surface P of genus g with I, holes and [, punctures and a set

Q= {(3717]01)’ AR (mle7ple)}
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of points z; in P equipped with orders p; such that p; € Z, p; > 2 and x; # x; for ¢ # j. The
set @ is called the marking of the Riemann orbifold (P, Q).

Definition 4.2. Let (P,Q = {(x1,p1),..., (2 ,p1.)}) be a Riemann orbifold. Two curves vy
and 71, which do not pass through exceptional points x; € @, are called Q-homotopic if vy can
be deformed into 1 by a finite sequence of the following processes:

(a) Homotopic deformations with fixed starting point such that during the deformation no ex-
ceptional point is encountered.

(b) Omitting a subcurve of v; which does not contain the starting point of v; and is of the
form §+P¢ where 4 is a curve on P which bounds a disk that contains exactly one exceptional
point x; in the interior.

(c) Imserting into 7; a subcurve which does not contain the starting point of 4; and is of the
form §+P¢, where ¢ is a curve on P which bounds a disk that contains exactly one exceptional
point x; in the interior.

Two curves vy and y; which do not pass through exceptional points x; € @ are called freely

Q-homotopic if the base point may be moved during the deformations.

Definition 4.3. Let (P,Q = {(z1,p1),..., (2, ,p1.)}) be a Riemann orbifold and let p be in
P\{z1,...,x;,}. Then, the set of @-homotopy classes of curves starting and ending in p forms
a group. This group is called the Q-fundamental group or the orbifold fundamental group and
denoted by 7%(P, p) or 7°(P,p) or simply (P, p).

Definition 4.4. Let I' be a Fuchsian group. The quotient P = H/T is a surface and the projec-
tion ¥ : H — P is a branched cover. Let ) consist of the branching points and the corresponding
orders. Then, (P, Q) is a Riemann orbifold. We say that the Riemann orbifold (P, @) is defined
by T.

Proposition 4.2. Let T' be a Fuchsian group, (P,Q) the corresponding Riemann orbifold and
p € P not an exceptional point. Then, (P, p) = T.

Definition 4.5. A canonical system of curves on a Riemann orbifold

(P7Q = {($1,p1)a IR (xle’ple)})

of signature (g; 11,1y, le : 1,...,p1,) is a set of simply closed curves

{dla Blu BRRE) 6~Lg7 Egﬂ ég+17 BERE) én}
based at a point p € P, where n = g + I, + [, + [, with the following properties:
1) The contour ¢44; encloses a hole in P for i =1,...,l;, a puncture for i = l;, + 1,..., 1 + 1,
and the marking point z; fori =1, + 1, +1,...,n —g.
2) Any two curves only intersect at the point p.
3) A neighbourhood of the point p with the curves is homeomorphic to the one shown in Figure 2.
4) The system of curves cuts the surface P into {j, + I, + l. + 1 connected components of which
lp + lc are homeomorphic to a disc with a hole, I}, + 1 are discs. The last disc has boundary
arbiay byt agbgag by .. G
If {as, 51, ..., 0ag, EQ,EQH, ...,Cn} 18 a canonical system of curves, then we call the correspond-
ing set {a1,b1,...,a4,bg,Cg41,...,¢n} of elements in the orbifold fundamental group =(P,p) a
standard set of generators or a standard basis of (P, p).

Definition 4.6. A sequential set of signature (0;1p,l,lc @ p1,...,pr,) with I, +1, + 1. = 3 is
a triple of elements (C1,C2,C3) in G such that the element C; is hyperbolic for i = 1,... 1,
parabolic for i = I, +1, ..., I+, and elliptic of order p; ;, —;, fori = I+l +1,... lh+l+1l. = 3,
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by Qg

by
ay

Cg+1
Cn Cg+1

Figure 2: Canonical system of curves

UACLA™Y)  ((ACRA™Y) U(AC5AY)

LN LN N

Figure 3: Axes of a sequential set of signature (0;3,0,0)

their product is Cy -Cy-C3 = 1, and for some element A € G the elements {C] = AC;A™'}i_1 23
are positive, have finite fixed points and satisfy C] < C% < C%. (Figure 3 illustrates the position
of the axes of the elements C] for a sequential set of signature (0;3,0,0), i.e., when all elements
are hyperbolic.)

Definition 4.7. A sequential set of signature (0;1n,1p,lc @ p1,...,p1.) is a tuple of elements
(C1,...,Cl41,41.) in G such that the element C; is hyperbolic for i = 1,...,l;, parabolic
fori =1 +1,...,ln +1, and elliptic of order p; ¢, —, for i =l +1,+1,...,ln +1, + I, and for
any i € {2,...,lp + 1, +lc — 1} the triple (Cy --- Ci—1,Cy, Ciq1 - Cyy, 11, 11.) is a sequential set.

Definition 4.8. A sequential set of signature (g;1p,1p,le = p1,-..,p1,) is a tuple of elements
(A17 BREE) Ag7 Bl> s 7Bg7 Cg+17 BERE) Cg+lh+lp+le)

in G such that

(1) the elements A4,...,A,, By, ..., By are hyperbolic,

(2) the element C,y; is hyperbolic for ¢ = 1,...,1,, parabolic for ¢ =1, +1,...,1; +1,, and
elliptic of order p;_y, 1, for i =1p +1, +1,... 0 +1p + 1,

(3) and the tuple

(A1, BiAT' BT, Ay BoAT By Coia, o, Cgtyty41.)
is a sequential set of signature (0;29 + lp,lp,le : p1,...,p1.)-

The relation between sequential sets, standard bases, canonical systems of curves and Fuchsian
groups was studied in [Nat72]. Details for the case of Fuchsian groups with elliptic elements can
be found in [Zie81]. We recall here the results:

Theorem 4.3. Let V be a sequential set of signature (g;ln,lp,le i p1,...,p1,). Fori=1,... 1
let y; € H be the fixed point of the corresponding elliptic element of order p; in V. Let P =
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H/T and let ¥ : H — P be the natural projection. Let Q = {(¥(y1),p1),---, (¥(y.),p1.)}
Then the sequential set V' generates a Fuchsian group I' such that the Riemann factor surface
(P =H/T,Q) is of signature (g;ln,lp,le : p1,...,p1,). The natural projection U : H — P maps
the sequential set V' to a canonical system of curves on the factor surface (P, Q).

Theorem 4.4. Let T’ be a Fuchsian group such that the factor surface P =H/T is of signature
(g;lnslpsle i1, yp1,) with 1y, + 1, + 1. =n. Let p be a point in P which does not belong to the
marking. Let U : H — P be the natural projection. Choose ¢ € ¥W~1(p) and let ® : T — 7(P,p)
be the induced isomorphism. Let

v ="{a1,b1,...,8g,bg,Cg11,--sn} = {d1,. .. dgin}

be a canonical system of curves on P, then

V==0"(v)={2 ([d]),..., 2 ([dgsn]))}
is a sequential set of signature (g;ln,lp,le : P1,. .., D1.)-
4.3. Lifting Fuchsian groups of genus 0.

Lemma 4.5. Let (051,10, 1lc : p1,...,p1,) with I, +1, + 1. = n be the signature of the sequential
set (Cy,...,Cpn). Fori=1,...,n, let C; be the canonical lift of C; into G, resp. Gy,. Let u be
the generator of the centre Z(G), resp. Z(Gp), defined in section 3.2. The element u is given
by the element r,(m), resp. its projection into G.,. Then, the elements Ci,...,C, satisfy the

following relations: C’ﬁf‘ﬂpﬂ =ufori=1,...,1l cmd Cyp--Cp=un2,

Proof. A canonical lift C‘thp_H- of an elliptic element C‘thp_H- is of the form r,(27/p;) for
some x. Hence, Clh+l =
due to Mlln0r_[1\/11175] Let IT be the canonical fundamental polygon for the group generated by
the elements C1, ..., C, such that the generators C; can be described as products C = 0,041
of reflexions o1, ..., 0, in the edges of the polygon II (suitably numbered). Then, o7 = id and,

therefore,

= (ry(27/p;))P = r4(27) = u. We will now use a geometric approach

Cy-+-Cp = (0102)(0203) -+ (Op—104)(0p01) = id.

Lifting the elements C; to their canonical lifts C; in G, it follows that the product C;---C,

belongs to the centre Z (G) As we vary the polygon IT contmuously, this central element must
also vary continuously. But Z (G) is a discrete group, so Cy ---C, must remain constant. In
particular, we can shrink the polygon II down towards a point z. In the course of this contin-
uous deformation of the fundamental polygon II, the hyperbolic and parabolic elements of the
sequential set will become elliptic. As we continue shrinking the polygon IT towards the point x,
the angles of the polygon tend to the angles pi,...,8, of some Euclidean n-sided polygon.
Thus, the element C; € G tends towards the limit r.(25;), while the product C,---C, tends
towards the product r,(281) - 7:(28,) = r.(281 + -+ + 28,). Therefore, using the formula

Bi+- 4 Bn=(n— 2)7r for the sum of the angles of a Euclidean n-sided polygon we see that
the constant product C - - - C,, must be equal to r,(2(n — 2)7) = u"~2. Thus Cth i =uand
Cy---C, = u™2. Projecting into G,, we get the corresponding statement in G, O

Lemma 4.6. Let (Cq,...,C,) be an n-tuple of elements in G,, such that their images
(Ch,...,Cy) in G form a sequential set of signature (0;1p, Ly, le = p1,...,p1,) with I +1,+1. = n.
Then, Cy---Cy, =€ if and only if > i | $m(C;) = —(n — 2) modulo m.
Proof. For i = 1,...,n, let C; be the canonical lift of C; into G,,. The elements C; can be
written in the form C Ci cysm(C ) therefore, the product C7 - - C’n is equal to

(01 e Cn) S (C)FFsm (Cn)
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Using Lemma 4.5, we obtain that this product is equal to u?~2+sm(C1)++sm(Cn)  Hence, the

product Cy ---C, is equal to e if and only if the exponent of u in the last equation is divisible
by m, i.e., if >0 | $,(C;) = —(n — 2) modulo m. O

Corollary 4.7. Let (C1,C2,C3) be a triple of elements in Gy, with Cy - Cy-C3 =e. Let C; be
the image of the element C; in G. Let (C1,C,C3) be a sequential set of signature

(051, lpy le 15 - -5 11,),
with lp + 1, + 1. = 3. Then,
S$m(C1 - C2) = 8, (C1) + $m(Ca) + 1, if the element Cs is not of order 2,and
S$m(C1 - Cy) = =5, (C1) — s (C2) — 1, if the element Cs is of order 2.
Proof. According to Lemma 4.6 the elements C; satisfy
$m(C1) + $m(C2) + 8 (C3) = —1mod m.
On the other hand, C1C5C3 = e implies C1Cy = 03_1; hence,
$m(C1C2) = 5, (C51) = —8m(C3) = 8, (C1) + 5 (Ca) + 1,
if the element Cj is not of order 2, and
$m(C102) = 5(C5 1) = 5 (C3) = =8 (C1) — 8 (C2) — 1,
if the element Cj is of order 2. O

4.4. Lifting sets of generators of Fuchsian groups.

Lemma 4.8. Let I' be a Fuchsian group of signature (g;lp,lp,le : p1,...,p1,) generated by
the sequential set V.= {A1,B1,...,Ay,By,Cys1,...,Cpn}, where n = g + 1l + 1l + l.. Let
V ={A1,B1,..., Ay, By,Cyi1,...,Cpn} be a set of lifts of the elements of the sequential set V
into G, i.e., the image of A;, By, resp. Cj, in G is A;, B;, resp. C;. Then, the subgroup I'* of
G, generated by V is a lift of I’ into G, if and only if

[A1, Bi] -+ [AgaBg] “Cygt1---Cp =, cy

9l +lpti = € fori=1,...1l.

Proof. For any choice of the set of lifts V', the restriction of the covering map G,, — G to the
group I'* generated by V is a homomorphism with image I'. If the conditions of the lemma hold
true, then the group I'* satisfies the same relations as the group I'; hence, this homomorphism
is injective. (I
Lemma 4.9. Let {4, Bi,...,Ag, By, Cyy1,.. -, Cy} be a tuple of elements in G, such that the

images {A1, By, . .. yAg, By, Cyi1,...,Ch} in G form a sequential set of signature

(g;lh’lp’le ‘P, 7ple)7
with g +Ip, + 1, +1c =n. Then,

g n n
[Ai, B;] - H Cj=e = Z sm(C) = (2 —2¢9) — (n — g) mod m.
i=1 Jj=g+1 Jj=g+1
(in the case n = g, this means 2 — 2g = 0mod m) and, for anyi =1,...,1,

Cpi

gt 4i = € = Di 5m(Cg1,41,+i) +1 = 0mod m.



TOPOLOGICAL INVARIANTS OF GORENSTEIN SINGULARITIES 73

Proof. The case g = 0 was discussed in Lemma 4.6. We shall now reduce the general case to the
case g = 0. By definition of sequential sets, the set

(Ay, BLAT'By Y.L A, BQA;IBgl, Cyi1y---,Cn)
is a sequential set of signature (0;2g + Ip, 1, le); hence,
g n g n
[Az,Bl] . H Ci = H (Az . B,Al_lBl_l) . H Ci =€
= i=1

1 1=g+1 1=g+1

7

if and only if

Y (sm(A) +sm(BiAT B + D simlCi) = —(29+ (n = g) — 2)
i=1 i=g+1

=(2—-2¢9) — (n— g)mod m.
Invariance of the level function s,, under conjugation (Lemma 3.2) implies that

sm(BiAi_lBi_l) = sm(A_l).

Since A; is not an element of order 2, s,,(A; ') = —s,,(A;) and, hence,
Sm(Az) =+ Sm(BZAZ_le_l) = Sm(Ai) — Sm(Ai) = 0
The last statement of the lemma follows from Lemma 4.1. d

Proposition 4.10. Let T be a Fuchsian group of signature (g : p1,...,pr). Let
V ={A1,B1,...,Ay,By,Cyi1,...,Cp}

be a sequential set that generates I'. Then, there exist lifts of I' into G, if and only if the signature
(9:p1,...,pr) satisfies the following liftability conditions: ged(p;,m) =1 fori=1,...,r and

1

(p1--pr)- (Z P —(2g-2) —r) = Omod m.
i=1

Moreover, if the liftability conditions are satisfied, then any set of lifts {Ai, Bi} of i/L-,Bi}

into G, can be extended in a unique way to a set {A;, B;,C;} of lifts of {A;, B;,C;} that

generates a lift of T into G,,; hence, there are m?9 different lifts of T' into G,,.

Proof. In this proof all congruences will be modulo m. Let us first assume that there exists a lift
of I into G.,. Let {A4;, B;,C;} be aset of lifts of V as in Lemmas 4.8 and 4.9. Let n; = $,,,(Cyopi)-
Then according to Lemma 4.9 we have p; -n; +1=0fori=1,...,7 and

.
29—-2)+7+> ni=0.
i=1
The congruence p; - n; + 1 = 0 implies that p; is prime with m for ¢ = 1,...,r. Furthermore,
since
p1-Pr

pl.-.p .nE .p-.n- 57. . .
( r) i i (i - :) i i

we obtain that

(p1---pr)- <Z¥(2g2)r> =—(p1pr)- (Zm+(2g2)+r> = 0.

=1
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Now, let us assume that the liftability conditions are satisfied. We want to construct a lift
of T" into G,,,. Since p; is prime with m, we can choose n; € Z/mZ such that p; -n; +1 =0
fori=1,...,r. Then,

1
(p1"'pr) Ny = —(pl"'pr) : ;

and, hence,

(p1-~-pr)-<(29—2)+r+2m>E( pr) - ((29—2 +r—zpl>z

i=1

K T
Since p; - - - p, is prime with m, we conclude that (2g—2)+r+>_ n; =0,ie., > n; = (2—2g)—
i=1 i=1

Let V = {A;, B;,C;} be any set of lifts of V such that $m(Cyyi) = my for ;1, ...,r. We have

K

pi-ni+1=0fori=1,...;,r and > n; = (2 —2g) — r. Hence, according to Lemma 4.9,
i=1

the set V' generates a lift of I' into G,,,. Since Lemma 4.9 does not impose any conditions on

the values s,,(4;) and s,,(B;) for i = 1,..., g, any of m?9 choices of these 2g values leads to a
different lift of I' into G,,. ([

5. HIGHER ARF FUNCTIONS

In [NP05, NP09], we introduced the notion of a higher Arf function and used it to study moduli
spaces of higher spin bundles on Riemann surfaces. In this section, we will introduce higher Arf
functions on orbifolds, and study their connection with Gorenstein automorphy factors.

5.1. Definition of higher Arf functions on orbifolds. In this subsection, we will define
higher Arf functions on orbifolds (compare with subsection 4.1 in [NP09]).

Let I be a Fuchsian group of signature (g;lp,lp,le : p1,...,p,) and P = H/T the correspond-
ing orbifold. Let p € P. Let ¥ : Hl — P be the natural projection. Let m(P,p) be the orbifold
fundamental group of P (see definition 4.3). Choose ¢ € ¥~!(p) and let ® : T' — (P, p) be the
induced isomorphism. Let I'* be a lift of I' in G,,

Definition 5.1. Let us consider a function 6p« : n(P,p) — Z/mZ such that the following
diagram commutes

r ——=. r*

o [

(P, p) _ore Z/mZ

Lemma 5.1. Let o, 8 and vy be simple contours in P intersecting pairwise in exactly one point p.
Let a, b and ¢ be the corresponding elements of w(P,p). We assume that a, b and ¢ satisfy the
relations a,b,c # 1 and abc = 1. Let (-,-) be the intersection form on w(P,p). Then for 6 = ép~

1. If the elements a and b can be represented by a pair of simple contours in P intersecting in
exactly one point p with (a,b) # 0, then 6(ab) = &(a) + &(b).

2. If ab is in 7°(P, p) and the elements a and b can be represented by a pair of simple contours in
P intersecting in exactly one point p with {a,b) = 0 and a neighbourhood of the point p with
the contours is homeomorphic to the one shown in Figure 4, then 6(ab) = 6(a) +6(b) + 1 if
the element ab is not of order 2, and 6(ab) = —6(a) — 6(b) — 1 if the element ab is of order 2.
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a b

Figure 4: 6(ab) = 6(a) +6(b) +1

3. If ab is in ™ (P,p) and the elements a and b can be represented by a pair of simple contours in
P intersecting in exactly one point p with {a,b) = 0 and a neighbourhood of the point p with
the contours is homeomorphic to the one shown in Figure 1, then &(ab) = 6(a) 4+ 6(b) — 1.

4. For any standard set of generators v = {a1,b1,...,a4,bg,Cq11,...,cn} of m(P,p), we have

n

Z G(c;) =(2—2g9) — (n— g) mod m.

i=g+1

5. For any elliptic element cgiy, 11,4i, t = 1,...,le, we have p; - &(Cg+lh,+lp+i) + 1 =0mod m.

Proof. According to Theorem 4.4, either the set V = {®~1(a),®~1(b),®71(c)} or the set V! =

{27 a™ 1), @ 1(b71), &7 (c1)} is sequential. This sequential set can be of signature (0 : *, x, x)

or (1:%).

e If V is a sequential set of signature (1 : *), then according to Lemma 3.3 we obtain 5(ab) =
d(a)+ o(b).

e If V is a sequential set of signature (0 : x, *, *), then according to Corollary 4.7 we obtain

&(ab) = 6(a) + 6(b) + 1 if ab is not of order 2,
&(ab) = —6(a) — 6(b) — 1 if ab is of order 2.
e If V1 is a sequential set of signature (0 : *, *, %), then according to Corollary 4.7 we obtain,
g ta ) =6(a) + (b)) + 1if ab is not of order 2,
o~ ta ) = —6(a™) —6(b71) — 1 if ab is of order 2.
Therefore, for the element ab not of order 2, we obtain
6(ab) = —6((ab)™') = —=6(b"ta™) = —(6(a™H) +6(b7 1) + 1)
=6 -6 -1=6(a)+6(0b) -1
and, for the element ab of order 2, we obtain
o(ab) = 6((ab) ™) =a(b"ta )= —6(a™) —6(b") =1 =6(a) +6(b) — 1.
To prove properties 4 and 5 of &, we apply Lemma 4.9. (I
We now formalize the properties of the function ¢ in the following definition:

Definition 5.2. We denote by 7°(P, p) the set of all non-trivial elements of 7(P, p) that can be
represented by simple contours. An m-Arf function is a function

o : 7P, p) = Z/mZ
satisfying the following conditions

1. o(bab=1) = o(a) for any elements a,b € 7°(P, p),
2. o(a™1) = —o(a) for any element a € 7°(P, p) that is not of order 2,
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3. o(ab) = o(a) + o(b) for any elements a and b which can be represented by a pair of simple
contours in P intersecting in exactly one point p with (a,b) # 0,

4. o(ab) = o(a)+o(b) —1 for any elements a,b € 7V (P, p) such that the element ab is in 7°(P, p)
and the elements a and b can be represented by a pair of simple contours in P intersecting in
exactly one point p with (a,b) = 0 and a neighbourhood of the point p with the contours is
homeomorphic to the one shown in Figure 1.

5. For any elliptic element ¢ of order p, we have p-o(c) + 1 = 0mod m.

The following property of m-Arf functions follows immediately from Properties 4 and 2 in
Definition 5.2:

Proposition 5.2. Let a and b be elements of 7°(P,p) such that the element ab is in 7°(P,p) and
the elements a and b can be represented by a pair of simple contours in P intersecting in exactly
one point p with {a,b) = 0 and a neighbourhood of the point p with the contours is homeomorphic
to the one shown in Figure 4. Then,

olcice) = o(er) +o(ce) + 1,if creo = cgl is not of order 2,
o(crea) = —o(c1) —o(ee) — 1,if crea = cgl s of order 2.

Lemma 5.3. Let T' be a hyperbolic polygon group of signature (0 : p1,...,pq), 7 > 3. Let
{c1,..., ¢} be a standard set of generators of T'. Then, the element cicq is not elliptic.

Proof. Let II be the canonical fundamental polygon for the group generated by the elements
€1,...,¢. such that the generators ¢; can be described as products ¢; = o;0;41 of reflex-
ions o1, ...,0, in the edges of the polygon II (suitably numbered). Then,

Ci1Cy = (010'2)((720'3) = 0103.

The product of two reflexions o103 is an elliptic element if and only if the axes of the reflexions
intersect in H. Since r > 3, the sides of the polygon II that correspond to the reflexions o1 and o3
are not next to each other. Let us assume that the axes intersect and let () be the hyperbolic
polygon enclosed between by the axes and the polygon II. All angles of the polygon II are acute.
One angle of the polygon @ is the angle between the intersecting axes, two angles are larger
than /2, all other angles of @ are larger than 7. Hence, the sum of the angles of @ is larger
that it should be for a hyperbolic polygon. (I

Proposition 5.4. For any standard set of generators

v = {al,bl,...,ag,bg,cg+1,...,cn}

of m(P,p) withn =g+1, +1, + l., we have

n

Z o(c;) =(2—-29) — (n— g) mod m.

Jj=g+1
Proof. We discuss the case g = 0 first and, then, we reduce the general case to the case g = 0.

e Let ¢ = 0. We prove that the statement is true for lifts of sequential sets of signature
(0:p1,...,pr) by induction on r. In the case r = 3, Proposition 5.2 implies

o(cica) = o(c1) +o(ca) + 1if crep = 3 ' is not of order 2,
o(cica) = —o(c1) — o(ca) — 1if crep = c3 ' is of order 2.

If the element cs is not of order 2, then Property 2 of m-Arf functions implies o(cic2) =
o(c3t) = —o(c3). Combining o(cic2) = o(c1) + o(cz) + 1 and o(ciez) = —o(c3), we ob-
tain o(c1) + o(ca) + o(cz) = —1. If the element c3 is of order 2, then o(cicz) = o(czt) =
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o(c3). Combining o(cic2) = —o(c1) — o(c2) — 1 and o(cic2) = o(cs), we obtain that
o(e1) + o(ez) + o(es) = —1. Let us now assume that the statement is true for r < k — 1
and consider the case r = k. By our assumption,

o(cr-ca)+o(es)+-+o(eg)=2—(k—1)=2—-k)+ 1L
Moreover, according to Lemma 5.3, the element c¢;co cannot be of order 2. Hence, by Propo-
sition 5.2, we have o(cica) = o(c1) + o(cz) + 1. The last two equations imply that
olc1)+ - +o(ek) =2—k.
e We now consider the general case. The set
(a1, blaflbfl, coyQg, bgag_lbg_l, Cgtly-vsCotlpntlptle)
is a standard set of generators of an orbifold of signature (0 : 29+ 15,1y, le : p1,...,pi.); hence,

gHln+ip+le

Z o(a;) +o(bia; by h)) + Z o(c;)

i=1 i=g+1
=2—2g+l+1l,+1l)=(2-29)— (I +1, + ).

Properties 1 and 2 of m-Arf functions imply that o(b;a; 'b; ') = o(a; ') = —o(a;) and, hence,

7

o(a;) +o(bia; b ') = 0. O

Definition 5.3. Let 6« : w(P,p) — Z/mZ be the function associated to a lift I'* as in Defi-
nition 5.1, then the function or- = Gr«[ro(pyp) is an m-Arf function according to Lemmata 5.1,
3.1 and 3.2. We call the function o+ the m-Arf function associated to the lift T*.

5.2. Higher Arf functions and self-homeomorphisms of orbifolds. Let I be a Fuchsian
group of signature (g : p1,...,p,) and P = H/T the corresponding orbifold. Let p € P. Let
U : H — P be the natural projection. Choose ¢ € ¥~1(p) and let ® : I' — (P, p) be the
induced isomorphism. Let I'* be a lift of I' in G,,,. Consider the following transformations of a
standard set of generators v = {a1,b1,...,a4,bg, Cgt1,--.,Cqir} of T'(P,p) to another standard
set of generators v’ = {a}, b}, .. aq,bq,ch oy Cyr )
1. a’l = albl.
2. d) = (a1az)a1(aras) 7t
b/l = (alag)al_laglbl(alag)*l,
a’2 = alagal_l,
by = byay tart.
3. ay= (b;109+1)bg_1(bg;1cg+1)_1a
b; = (b;109+1bg)6;i1bgagb;1(bg;lcgﬂbg)Aa
i1 = by cgr1by.
4. ay = apq1, by = brgr,
a1 = (Gpren)an(cipree) ™
1 1 _
;c+1 = (Ck+1ck)bk(ck+1ck) !

/ / —1
9. € = Ckt1, Cpy1 = Chop1CkCh+1-
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Here, ¢; = [a;,b;] for i =1,...,g; in (4), we consider k € {1,...,¢g}; in (5), we consider
ke{g+1,...,9+71}
such that ord(cy) = ord(cr+1). If a}, b}, resp. ¢}, is not described explicitly, this means a} = a;,

bl = by, resp. ¢, = ¢;.

We will call these transformations generalised Dehn twists. Each generalised Dehn twist
induces a homotopy class of self-homeomorphisms of the orbifold P, which maps elliptic fixed
points to elliptic fixed points of the same order. The group of all homotopy classes of self-
homeomorphisms of the orbifold P is generated by the homotopy classes of generalised Dehn
twists as described above (compare [Zie73]).

Now, we will compute the values of an m-Arf function o on the standard set of generators v’
from the values of ¢ on the standard set of generators v for each of the generalised Dehn twists
described above.

Lemma 5.5. Let o : 7°(P,p) — Z/mZ be an m-Arf function. Let D be a generalised Dehn
twist of the type described above. Suppose that D maps the standard set of generators

v = {a17b17 s aagabg7cg+1a .. '7Cg+7‘}
into the standard set of generators
v' = D(v) = {a}, by, ... a0, ¢y, s Coy )
Let oy, Bi, i, Tesp. o, Bi,v, be the values of o on the elements of v, resp. v'. Then, for the
Dehn twists of types 1-5, we obtain

1. o =a1+ B

2. fl=Ph—om—ax—1, By=Pr—ax—oy—1L

3. ay=—By, By=ay—7g41— L

4. o =ows1, B =Brr1, Ok =k, B = B
5. Y = Vht1s ’Yllc+1 = Vk-

Proof. We assume that the Dehn twist D belongs to one of the types described in the def-
inition above. In the following computations, we illustrate the position of the contours on
the surface with figures showing the position of the axes of the corresponding elements in T'.
Let {A1,B1,...,A4,Bg,Cgt1,...,Cqyr} be the sequential set corresponding to the standard
set of generators v. In the first case, according to Property 3 of m-Arf functions, we obtain
o(a)) = o(arby) = o(ar) + o(by).

In the second case, according to Property 1, we obtain
a(a}) = o((araz)ai(araz) ™) = o(ar),
o () = o((araz)ay tay 'bi(araz) ") = o(ay 'ay 'br)
= o(ai(ay ay br)ay ') = o(ay brar ).
The mutual position of the axes of the elements A;' and BjA7' is as in Figure 5; hence,

Property 4 implies o(b}) = o(ay " - (hay')) = o(ay') + o(bra;!) — 1. According to Property 3,
we have o(bja; ') = o(by) + o(ayt). Thus, using Property 2, we obtain

a(b)) = o(agl) +o(by) + a(al_l) —1=0(by) —o(a1) —o(az) — 1.

Similarly, we show that o(a}) = o(az) and o(b}) = (b)) — o(az) — o(a1) — 1.
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71

Figure 5: Axes of B; A" and A"

A, B, BgAgB;! Coh
OO N Y

Figure 6: Axis of BgAng_1 and fixed point of ngrll

In the third case, we obtain according to Properties 2 and 1
o(al) = o((by "cqr1)by (b "egun) ™) = o (b5 ") = ~o(by),
o(by) = U((b;109+1bg)0;i1byagb;1(b;ICngbg)_l) = U(C;ilbgagbg_l)a
U(Clg-i-l) = U(bglcg-&-lbg) = 0(cg41)-

The actions of the elements Cg_+11 and BgAng_1 on H are illustrated in Figure 6. According to
Properties 4 and 1, we obtain

a(by) = o(cgidy - (bgaghy*)) = olcgiy) + o(bgaghy ') — 1 = a(cgy) +olag) — 1.

In the fourth and fifth cases, computations are easy; we use only Property 1 of m-Arf functions.
O

5.3. Correspondence between higher Arf functions and hyperbolic Gorenstein au-
tomorphy factors. Let I be a Fuchsian group of signature (¢ : p1,...,p,) and P = H/T' the
corresponding orbifold. Let p € P. Let ¥ : H — P be the natural projection. Choose ¢ € ¥~1(p)
and let ® : T' — 7%(P,p) be the induced isomorphism.

Lemma 5.6. The difference o1 — o3 : 7°(P,p) — Z/mZ of two Arf functions o1 and oo induces
a linear function € : Hy(P;Z/mZ) — Z/mZ.

Proof. The proof is analogous to the proof of the corresponding statement for higher Arf func-
tions on Fuchsian groups without torsion (see Lemma 4.5 in [NP09]). The main observation is
the fact that according to Lemma 5.5 the action of the generalised Dehn twists on the tuples of
values of a higher Arf function on elements of a standard set of generators are by affine-linear
maps; therefore, the action on the tuples of differences of values of two higher Arf functions is
by linear maps. (]
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Corollary 5.7. The set Arf?™ of all m-Arf functions on 7O(P,p) has the structure of an affine
space, i.e., the set {o — ag | o € ArfP™} is a free module over Z/mZ for any oq € Arf5™,

Corollary 5.8. An m-Arf function is uniquely determined by its values on the elements of some
standard set of generators of ™ (P, p).

Theorem 5.9. Let T' be a Fuchsian group of signature (g : pi1,...,pr) and P = H/T the
corresponding orbifold. Let p € P. There is a 1-1-correspondence between

1) hyperbolic Gorenstein automorphy factors of level m associated to the Fuchsian group T.

2) lifts of T into G,.

3) m-Arf functions o : 7°(P,p) — Z/mZ.

Proof. According to Proposition 2.4, there is a 1-1-correspondence between hyperbolic Goren-
stein automorphy factors of level m associated to the Fuchsian group I' and the lifts of I" into

G, In Definition 5.1, we attached to any lift I'* of I" into GG, an m-Arf function o+ on P. On
the other hand, we can attach to any m-Arf function o a subset of G,,

L7 ={g€Gn|m(g) €L, smlg) = o(@(n(9)},
where 7 : G,,, — G is the covering map. It remains to prove that this subset of G,, is actually
a lift of I'. Let
v=A{a1,b1,...,ag9,bg,Cq41,- -, Cgqr} ={d1,...,dogsr}
be a standard set of generators of m(P,p) and let
V= {(Ijil(dl)a R ¢71(d29+r)}

be the corresponding sequential set. Let {D;};=1, . 24+, be a lift of the sequential set V,ie.,
m(D;) = ®~1(d;), such that s,,,(D;) = o(d;). Then, we obtain according to Proposition 5.4 that

gtr gtr
Z sm(Cy) = Z a(c;) = (2 —2g) — rmod m.
i=g+1 i=g+1

Hence, by Lemma 4.9, we obtain

g g+r
i=1 i=g+1
This, and the fact that, for any i =1,...,r,

Di - Sm(Cgyi) + 1 =p; - 0(cg4i) +1 = 0mod m,

imply, according to Lemma 4.8, that the subgroup I'* of G, generated by V is a lift of I into
Gy, Let us compare the corresponding Arf function op- with the Arf function 0. We have
or«(d;) = sm(Dj) = o(d;) for all j, i.e., the Arf functions op+ and o coincide on the standard
set of generators v. Thus, by Lemma 5.6 the Arf functions op- and ¢ coincide on the whole
7O(P,p). From the definition of or« and T'%, we see that this implies that T'* = T'%; hence, I'%
is indeed a lift of I into G,,. It is clear from the definitions that the mappings I'* — op« and
o — I'? are inverse to each other. (]

Corollary 5.10. Let P be a Riemann orbifold of signature (g : p1,...,pr). Let

v="{a1,b1,...,a4,bg,Cq41,...,Cqtr}

be a standard set of generators of w(P,p). An m-Arf function on 7°(P,p) ewists if and only
if the signature (g : p1,...,pr) satisfies the liftability conditions described in Proposition 4.10.
Moreover, if the liftability conditions are satisfied then any possible tuple of 2g values in Z/mZ
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can be realised in a unique way as a set of values on a;,b; of an m-Arf function on 7°(P,p),
hence there are m29 different m-Arf functions on 7w°(P,p).

Proof. The statement follows immediately from Theorem 5.9 and Proposition 4.10. O

6. MODULI SPACES OF (GORENSTEIN SINGULARITIES

We study the moduli space of Gorenstein quasi-homogeneous surface singularities (GQHSS).
Using Proposition 2.4, we define the moduli space of GQHSS of level m as the space of conjugacy
classes of subgroups I'* in G,,, such that the restriction of the covering map G,,, - G = PSL(2,R)
to I'* is an isomorphism between I'* and a Fuchsian group I'. The projection I'* +— I" from the
moduli space of GQHSS of level m to the moduli space of Riemann orbifolds is a finite ramified
covering.

6.1. Topological classification of higher Arf functions. There is a 1-1-correspondence (see
Theorem 5.9) between automorphy factors of level m and m-Arf functions on 7°(P,p). This
correspondence allows us to reduce the problem of finding the number of connected components
of the moduli space of GQHSS of level m to the problem of finding the number of orbits of
the action of the group of self-homeomorphisms on the set of m-Arf functions. We describe
the orbit of an m-Arf function under the action of the group of homotopy classes of surface
self-homeomorphisms.

Let P be a Riemann orbifold of signature (g : p1,...,p,). Let p € P.

Definition 6.1. Let o : 7°(P,p) — Z/mZ be an m-Arf function. We define the Arf invariant
0 =0(P,0) of o as follows: If g > 1 and m is even, then we set 6 = 0 if there is a standard set of
generators {a1,b1,...,aq,bq,Cq41,- .., Cgyr} Of the orbifold fundamental group 7(P, p) such that

g

> (1 —0(a:)(1 = o(b;)) = 0mod 2

i=1

and we set 6 = 1 otherwise. If ¢ > 1 and m is odd, then we set § = 0. If g = 0, then we set § = 0.
If g =1, then we set 6 = ged(m,p1 —1,...,p, — 1,0(a1),0(b1)), where {a1,b1,c2,...,¢r11} IS A
standard set of generators of the fundamental group 7 (P, p).

Remark. It is not hard to see that § does not change under the transformations described in
Lemma 5.5, i.e., it is indeed an invariant of the Arf function.

Proof. Let D, v, v', oy, Bi, Vi, &, Bi, 7i be as in Lemma 5.5. Let us first consider the case g > 1:

77

For a Dehn twist of type 1, we have
(1—a)(1=p1) =1~ (ar+ 1)1~ )
= (1 — 041)(1 — 51) - 51(1 — 51) = (]. — Oél)(]. — Bl)mod 2.

For a Dehn twist of type 2, we have

(1 —ay)(1=B1) + (1 —a3)(1 = 53)

= (170(1)(17/81+041+062+1)+(170&2)(17524’0&14’0&24’1)

=(1-a)(1-p1)+ 1 —a)(l—pB2)+(2— (a1 +a2))((a1 + a2) + 1)

=(1-—a1)(1—01)+ (1 —a2)(1— F2)mod 2.
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For a Dehn twist of type 3, since m is even and p; - 7441 + 1 = O0mod m, we have that 41 is
odd. Then, v441 +1=0mod 2 and 1 + 3, =1 — 3, mod 2 imply

(1—ap)(L=By) = 1+ Bg)(1 = ag+ (Y941 + 1))
=1+ 6g)(1 —ay)=(1—-5g)(1 —ay)mod 2.
Dehn twists of type 4 do not change ¢ since they only permute (o, 8x) with (ag11, Sr+1). Dehn
twists of type 5 do not change J since they only permute ~;.
Let us now consider the case g = 1: Dehn twists of types 2 and 4 involve pairs a;, b; and a;, b;,

i.e., they are not applicable in the case ¢ = 1. Dehn twists of type 5 do not change 4 since they
do not change «;, 5;. For a Dehn twist of type 1, we obtain o = 1 + 1 and 3] = 1. Thus,

ged(af, B) = ged(an + B, 1) = ged(ax, Br)

and, therefore, ged(m,p1 — 1,...,p. — 1,04, 81) = ged(m,p1 — 1,...,p» — 1,1, B1). For a Dehn
twist of type 3, we obtain o} = —f; and 5] = a; — 2 — 1. Let d be a common divisor of
m,p1 — 17 ceey Dr — 1,&1,51, ie

m=a; = =0modd, p=---=p, =1modd.
We know that p; - 72 + 1 = 0mod m, but m = Omod d; hence, p; - 72 + 1 = Omod d. Since
p1 = 1mod d, we obtain that v + 1 = 0mod d. Hence, d is a common divisor of

m,p1 71""5p7“717a/1 = 7517ﬂ1 = 7(’724’1)

Similarly, every common divisor of

m,p1 — 1,...,p. — 1,04, 81

is a common divisor of m,p; —1,...,p-—1, a1, f1. Thus, the greatest common divisors coincide.
O

Definition 6.2. By the type of the m-Arf function (P, o), we mean the tuple (g,p1,...,pr,0),
where § is the Arf invariant of o defined above.

Lemma 6.1. Let o : m°(P,p) — Z/mZ be an m-Arf function.
(a) If g > 1, then there is a standard set of generators

v = {alablv"'aag7bgvcg+17"'7cg+'r’}

of m(P,p) such that (o(a1),0(b1),...,0(aq),0(by)) = (0,&,1,...,1) with & € {0,1}. If m
18 odd then the set of generators can be chosen in such a way that & = 1, i.e., so that
(0(a1),0(b1),...,0(ay),0(bg)) =(0,1,1,...,1).

(b) If g = 1, then there is a standard set of generators v = {ai,b1,c2,...,cq11} of m(P,p) such
that (o(ay1),0(b1)) = (0,0), where § is the Arf invariant of o.

Proof. The proof is along the lines of the proofs of Lemma 5.1 and Lemma 5.2 in [NP09]. Using
generalised Dehn twists of types 1, 2 and 4, we can show that a set of generators can be chosen
in the desired way. The last step in the proof of Lemma 5.1 in [NP09] was to show that, if m
and o(cg4;) were even, then we could transform a set of generators with

(0(ar),o(by), ... o(ag),a(by)) = (0,0,1,...,1)

into a set of generators with (o(a1),0(b1),...,0(aq),0(by)) = (0,1,1,...,1). However, in the
situation we are considering now, we know that o(cy;) satisfies the equation p; - o(cg4:)+1=0
modulo m. Therefore, if m is even then o(cy;) must be odd. Hence, this last reduction step is
not possible in the case considered here. [l



TOPOLOGICAL INVARIANTS OF GORENSTEIN SINGULARITIES 83

Theorem 6.2. A tuple t = (g,p1,...,pr,0) is the type of a hyperbolic m-Arf function on a
Riemann orbifold of signature (g : p1,...,pr) if and only if it satisfies the following conditions:

(a) The liftability conditions: The orders pi,...,p, are prime with m and satisfy the condition

1

(p1--pr)- (Z p—(29—2)—r> = O0modm.
i=1 "

(b) If g > 1 then ¢ € {0,1}.

(¢) If g > 1 and m is odd then § = 0.

(d) If g =1 then § is a divisor of ged(m,p; — 1,...,p, — 1).

(e) If g =0 then § = 0.

Proof. Let us first assume that the tuple ¢ is a type of a hyperbolic m-Arf function on an orbifold
of signature (g : p1,...,pr). Then, according to Corollary 5.10, the signature (g : p1,...,pr)
satisfies the liftability conditions. If g > 1 and m is odd, then, according to Lemma 6.1, there is
a standard set of generators

{alabla c '7ag7bgacg+17 s acg-‘rr}

of 7°(P, p) such that

(o(a1),0(b1),...,0(ay),0(bg)) = (0,1,1,...,1).

Hence, §(P, o) = 0 by definition. If g = 1, then ¢ is a divisor of m,p; — 1, ..., p, — 1 by definition.
If g =0, then § = 0 by definition.

Now, let us assume that ¢t = (g, p1,...,pr,d) satisfies the conditions (a)-(e). Let P be a Riemann
orbifold of signature (g : p1,...,p,) and let

{a1,b1,.. . ag,bg, 4155 Coir}

be a standard set of generators of 7°(P,p). According to Corollary 5.10, any tuple of 2g values
in Z/mZ can be realised as a set of values on a;,b; of an m-Arf function on 7%(P,p). In
particular, if g > 1, then, for any § € {0,1}, there exists an m-Arf function ¢® such that
(0°(a1),0°(b1),...,0%(ay),0°(by)) = (0,1 —6,1,...,1) and, if g = 1, then, for any divisor § of
m,p1 — 1,...,p, — 1, there exists an m-Arf function o such that (0°(ay),a?(b1)) = (6,0). Let
g > 1. If § = 0, then the equation J(c") = 0 is satisfied by deﬁnition If § =1 and m is even,

it remains to prove that §(o!) = 1. To this end, we recall that Z (1 =0(a;))(1 = o(b;)) mod 2

is preserved under the Dehn twists and, hence, is equal to 1 modulo 2 for any standard set of
generators. Now, let g = 1. Then, §(c?) = gcd(m7p1 1,...,pr—1,6,0) =, since 4 is a divisor
of ged(m,py — 1,...,p — 1). O

6.2. Teichmiiller spaces of Fuchsian groups. We recall the results on the moduli spaces of
Fuchsian groups from [Zie81]. Let I'y,p, . . be the group generated by the elements

v={a1,b1,...,a4,bg,Cq41, - Cqtr}
with defining relations
Y g+r
[Tlosbd IT =1 = =dp =1
=1 i=g+1

We denote by T,.p, p,. — Aut(H) such that

...........

P(v) = {al by, ...al bl ey, el
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is a sequential set of signature (g;p1,...,p.). For (g;p1,...,pr) to be a signature of a group of
T

hyperbolic isometries, we have to assume that > 1% < r+ (29 — 2). The group Aut(H) acts
i=1 "

on Tg;m,wpw- by conjugation. We set Ty, . p.
Tg;pl,..‘,pr by the fixed points and shift parameters of the elements of the sequential sets 1 (v).
We use here the following analogue of a version [Nat78, Nat04] of the Theorem of Fricke and
Klein [FK65]:

= Tg;phm}pr/Aut(H). We parametrise the space

Theorem 6.3. The space Ty.p, ... p, @5 diffeomorphic to an open domain in the space RO9-6+2r
which is homeomorphic to R69672",

For an element v : Ty, . — Aut(H) of Ty.p, . ., We write
e~ —— -
Mod = MOdg;pl,..‘,pT» ={ac Awt(Tgip, .. p,) | poae Tg;pl,m,pr}-
—~ —~ —~
One can show that Mod does not depend on v; hence, we write Mod instead of Mod . Let
IMod be the subgroup of all inner automorphisms of I'g.,, ... . and let
Modgip,.....p, = Mod = Mod/IMod.

We now recall the description of the moduli space of Riemann orbifolds

7

Theorem 6.4. The group Mod = Modg.p, ... p, and the group of homotopy classes of orientation
preserving self-homeomorphisms of the orbifold of signature (g : p1,...,pr) are naturally isomor-
phic. The group Modg,p, .. p, acts naturally on Ty, . p. by diffeomorphisms. This action is
discrete. The quotient set of Tg.p, ... p. by the action of Modg,p, ... . can be identified naturally
with the moduli space Mg, . ,. of Riemann orbifolds of signature (g : p1,...,pr).

6.3. Connected components of the moduli space.

Definition 6.3. We denote by S™(t) = S™(g,p1,-.-,pr,0) the set of all GQHSS of level m and
signature (g : p1,...,p,) such that the associated m-Arf function is of type t = (g, p1,.-.,0r,9).

Theorem 6.5. Lett = (g,p1,...,pr,0) be a tuple that satisfies the conditions of Theorem 6.2,
i.e., the space S™(t) is not empty. Then, the space S™(t) is homeomorphic to

m
T9§P17~--7P7~/MOdg;pl,...,pT(t)v
. - 6g—6-+2r m
where Tg.p, ... p,. 15 homeomorphic to R and Mody?, . (t) acts on Ty, . p,. as a sub-

group of finite index in the group Modgp,. . p. .

Proof. Let us consider an element 1 of the space Tg.p, ... p,., i.e., consider a homomorphism
Y :Tgp . p. — Aut(H). To the homomorphism v, we attach an orbifold Py = H/¢¥(Tg.p,.. p.)s
a standard set of generators

vy =(v) = {alf,blf, . mé",b}f’,céﬁl, .. .,cgﬂrr}

of w(Py,p) and an m-Arf function o on this surface given by
(oy(a}), op(})) = (5,0) if g=1,
(ou(al),op b)), 00(a8), au(by),- .. ou(ay), ou(by))
=(0,1-4,1,...,1) if ¢g>1.

By Theorem 5.9, the m-Arf function o, on the orbifold P, corresponds to a lift of ¢(Ty;p, .. p,.)
into G,,. This correspondence defines a map Ty,p,, . p. — S™(t). According to Theorem 6.2,



TOPOLOGICAL INVARIANTS OF GORENSTEIN SINGULARITIES 85

this map is surjective. Let Mody’, . (t) be the subgroup of Aut(Py) = Mody.p, ., that

9;P15---
preserves the m-Arf function oy. For any point in S™(t), its pre-image in Ty,,, . consists of
an orbit of the subgroup Mody:,  (t). Thus, S™(t) = Ty.p, ... p./Mody’, . (). O

Summarizing the results of Theorems 6.2 and 6.5, we obtain the following:

Theorem 6.6.

1) Two hyperbolic GQHSS are in the same connected component of the space of all hyperbolic
GQHSS if and only if they are of the same type. In other words, the connected components
of the space of all hyperbolic GQHSS are those sets S™(t) that are not empty.

2) The set S™(t) is not empty if and only if t = (g,p1,...,pr,0) has the following properties:

(a) The orders pi,...,p, are prime with m and satisfy the condition
1

(p1--pr)- (Z P (29 — 2) —r) = Omod m.
i=1

(b) If g > 1 and m is odd, then § = 0.
(c) If g =1, then § is a divisor of ged(m,p1 — 1,...,p — 1).
(d) If g =0, then § = 0.
3) Any connected component S™(t) of the space of all hyperbolic GQHSS of level m and signa-
ture (g : p1,...,pr) is homeomorphic to

R6976+27‘/ Mod™ (t),

GiP15sDr
where Mody?, — (t) is a subgroup of finite index in the group Modg.p, ., and acts dis-
cretely on RO976F27,

7. CONCLUDING REMARKS

1) Higher Spin Structures on General Riemann Orbifolds: Combining the results in
this paper on moduli spaces of higher spin structures on compact Riemann orbifolds with
the results on moduli spaces of higher spin structures on Riemann surfaces with holes and
punctures in [NP09], we obtain a description of moduli spaces of higher spin structures on
Riemann orbifolds with holes and punctures.

2) Q-Gorenstein singularities: A normal isolated singularity of dimension at least 2 is Q-
Gorenstein if there is a natural number r such that the divisor r-Kx is defined on a punctured
neighbourhood of the singular point by a function. Here, Kx is the canonical divisor of X.
According to [Pra07], hyperbolic Q-Gorenstein quasi-homogeneous surface singularities are
in 1-to-1 correspondence with groups of the form C* x I'*, where C* is a lift of a finite
cyclic group of order r into G,, and I'* is a lift of a Fuchsian group I' into G,,,. The lift of
a finite cyclic group is unique; hence, hyperbolic Q-Gorenstein quasi-homogeneous surface
singularities are in 1-to-1 correspondence with lifts of a Fuchsian group into G,,. Thus, the
moduli space of hyperbolic Q-Gorenstein quasi-homogeneous surface singularities coincides
with the moduli space of hyperbolic Gorenstein quasi-homogeneous surface singularities as
described in Theorem 6.6.

3) Spherical and Euclidean Automorphy Factors: For a spherical Gorenstein automorphy
factor (CP',T, L), the group of automorphisms is Aut(U) = Aut(CP') = PSU(2). The finite
subgroups of SU(2) are the cyclic groups, the dihedral groups and the symmetry groups of the
regular polyhedra, i.e., the tetrahedral, octahedral and icosahedral groups. The corresponding
singularities are Ay, Dy, Fg, F7, Es. For a Euclidean Gorenstein automorphy factor (C,T', L),
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the group I is contained in the translation subgroup of Aut(C) and can be identified with a
sublattice Z - 1 + Z - 7 of the additive group C, where 7 € C and Im(7) > 0, see [Dol83b].
The corresponding singularities are Fg, Er, Es. All GQHSS other than Ay, Dy, Eg, Er, Es,
Es, Er, Es belong to the class of hyperbolic GQHSS, which is studied in this paper.
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BRIANCON-SPEDER EXAMPLES AND THE FAILURE OF WEAK
WHITNEY REGULARITY

KARIM BEKKA AND DAVID TROTMAN

1. INTRODUCTION

In [3, 5] we introduced a weakened form of Whitney’s condition (b), motivated by the work
of M. Ferrarotti on metric properties of Whitney stratified sets [11, 12]. The resulting weakly
Whitney stratified sets retain many properties of Whitney stratified sets, in particular they are
locally topologically trivial along strata [26, 16], because they are Bekka (c)-regular (see section
5) and so they have the structure of abstract stratified sets [3, 4], and thus are triangulable [14].
Weakly Whitney stratified sets also have many metric properties known to hold for Whitney
stratified sets [7]. Orro and Trotman [20], Parusiniski [23], Pflaum [24], and Schiirmann [25] have
described and developed further useful properties of weakly Whitney stratified sets.

There are real algebraic varieties with weakly Whitney regular stratifications which are not
Whitney regular, and we give such an example in section 3 below. No examples are known
among complex analytic varieties however, so that the natural question arises : do Whitney
regularity and weak Whitney regularity coincide in the complex case? As a test, in this paper
we study the weak Whitney regularity of the well-known Briancon-Speder examples, consisting
of Milnor number constant families of complex surface singularities in C® which are not Whitney
regular [9], although they are (c)-regular because they are weighted homogeneous with constant
weights.

We investigate systematically all of these (infinitely many) Briangon-Speder examples, and
establish in particular that none of the examples are weakly Whitney regular. We determine all
the complex curves along which Whitney (b)-regularity fails and all the complex curves along
which weak Whitney regularity fails. It turns out that for each example there are a finite number
of curves ~; with the property that weak Whitney regularity fails along every curve tangent to
one of the ~; at the origin, while weak Whitney regularity holds along all other curves. For
example, the classical Briangon-Speder example

fi(z,y,2) = 2® +tay® +yTz + 2"
for which p(f:) = 364, has 16 such curves =1, ..., 716, where each 7;(s) is of the form
(s%,as° 4a7"s%, —5a~%s?) € C4,

with a'® = —8 (hence the 16 distinct complex solutions).

It should be of interest to interpret these curves in the light of other studies of the metric
geometry of singular complex surfaces, for example the recent work of Birbrair, Neumann and
Pichon characterising their inner bilipschitz geometry [8], and the work of Neumann and Pichon
characterising outer bilipschitz triviality [19], or the work of Garcia Barroso and Teissier on the
local concentrations of curvature [13].

Further evidence that weak Whitney regularity and Whitney regularity might be equivalent
for complex analytic stratifications, at least for complex analytic hypersurfaces, comes from a


http://dx.doi.org/10.5427/jsing.2013.7f

WEAK WHITNEY REGULARITY 89

recent result of the second author with Duco van Straten [29] that equimultiplicity of a family
of complex analytic hypersurfaces follows from weak Whitney regularity.

The second author acknowledges the support of the University of Rennes 1 during several
visits to Rennes, when much of the work in this paper was done.

2. DEFINITIONS.

We start by recalling the Whitney conditions.

Let X,Y be two submanifolds of a riemannian manifold M and take y € X NY.
Condition (a): The triple (X,Y,y) satisfies Whitney’s condition (a) if for each sequence of
points {x;} of X converging to y € Y such that T,,X converges to 7 (in the corresponding
grassmannian in TM), then T,,Y C 7.
Condition (b): The triple (X,Y,y) satisfies Whitney’s condition (b) if for each local diffeomor-
phism A : R”™ — M onto a neighbourhood U of y in M and for each sequence of points { (z;,y;)} of
h=1(X)xh=1(Y) converging to (h~1(y), h~1(y)), such that the sequence {T,,h~1(X)} converges
to 7 in the corresponding grassmannian and the sequence {Z;y; } converges to £ in P*~(R), then
LCr.
Condition (b™): The triple (X,Y,y) satisfies Whitney’s condition (b™) if for each local diffeo-
morphism h : R — M onto a neighbourhood U of y in M and for each sequence of points
{x;} of h~1(X) converging to h~!(y), such that the sequence {T,,,h~1(X)} converges to 7 in the
corresponding grassmannian and the sequence {x;7(x;)} converges to £ in P"~1(R), then ¢ C 7.

One says that (X, Y) satisfies condition (a) (resp.(b), (b™)) if (X,Y,y) satisfies (a) (resp. (b),
(b™)) at each y € X NY.

Remark 2.1. Tt is an easy exercise to check that condition (b) implies condition (a) [16]. Also
() is equivalent to both (a) and (™) holding [18].

We now introduce a regularity condition (d), obtained by weakening condition (b).
Given a euclidean vector space V', and two vectors vy,ve € V* =V — {0}, define the sine of
the angle 6(v1, v2) between them by :

: [ A val|
sinf(vy,vg) = ————
’ [va][-[]v2]
where v1 A vg is the usual vector product and ||.|| is the norm on V' induced by the euclidean

structure. Given two vector subspaces S and T of V' we define the sine of the angle between S
and T by :
sin@(S,T) = sup{sinf(s,T) : s € S*}
where
sinf(s,T) = inf{sinf(s,t) : t € T*}.
If 77 : V — T is the orthogonal projection onto the orthogonal complement of T, then

sinf(s,T) = W

The definition for lines is similar to that for vectors - take unit vectors on the lines.
One verifies easily that :

sin 0(v1, v3) < sinf(vq, va) + sin §(vg, v3)
for all vy,vq,v3 € V*, and
sinf(Sy + S2,T) < sinf(S1,T) + sin6(S2, T),
for subspaces S1,.5, T of V such that S; is orthogonal to Ss.
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Condition (6): We say that the triple (X,Y,y) satisfies condition (J) if there exists a local
diffeomorphism A : R™ — M to a neighbourhood U of y in M, and there exists a real number
8y, 0 < &, < 1, such that for every sequence {z;,y;} of h='(X) x h™'(Y) which converges
to (h=(y),h~1(y)) such that the sequence Z;y; converges to [ in P*~1(R), and the sequence
T, h =1 (X) converges to 7, then sinf(l,7) < §,.

Remark 2.2. Clearly condition (b) implies () : just take é, = 0.

Definition 2.3. A weakly Whitney stratification of a subspace A of a manifold M is a locally
finite partition of A into connected submanifolds, called the strata, such that :

(1). Frontier Condition : If X and Y are distinct strata such that X NY # 0, that is X and
Y are adjacent, then Y C X.

(2). Each pair of adjacent strata satisfies condition (a).

(8). Each pair of adjacent strata satisfies condition (9).

Examples. (1). Every Whitney stratification is weakly Whitney regular.
(2). Let X be the open logarithmic spiral with polar equation,

{(r,0) eR?|r = - t(mod 27m)} where 0 < 8 < g}

and let Y = {0} C R%. Condition (a) is trivially satisfied for (X,Y,{0}), and condition () is

also satisfied, but condition (b) fails because the angle 6(x0,7,X) = 3 is constant and nonzero

for all  in X. So this is a weakly Whitney regular stratification which is not Whitney regular.
(3). If X is the open spiral with polar equation

{(r,t) e R?|r = e Vit > 0}
and Y = {0} C R?, then the stratified space X UY is not weakly Whitney.

Remark 2.4. In the definition of weakly Whitney stratification, we could further weaken condition
() as follows : If 7 is a local C* retraction associated to a C'* tubular neighbourhood of Y near
y, a condition (0™) is obtained from the definition of (§) by replacing the sequence {y;} by the
sequence {m(z;)}. Clearly (b™ implies (™). Recall that (b) <= (b™) + (a) [18], as noted above
in Remark 2.1.

Lemma 2.5. (§) + (a) < (07) + (a).
Proof. Clearly (6) = (6™), so it suffices to show that (™) + (a) = (9). In the definition of

(0) decompose the limiting vector [ as the sum of a vector [; tangent to Y at y, and a vector Iy
tangent to 7~ 1(y) at y. Then

sinf(l,7) =sinf(ly + la,7) < sinf(ly, 7) + sin(le, 7).

By condition (a), sinf(l;, 7) = 0, hence sin (I, 7) < sinf(l2, 7), which is less than or equal to dy
by hypothesis, implying (). O

Using Lemma 2.5 will make checking weak Whitney regularity easier.

3. REAL ALGEBRAIC EXAMPLES.

Because many of the important applications of Whitney stratifications arise in real algebraic
geometry and real singularity theory, it is necessary to know how weak Whitney regularity
compares with Whitney regularity for semi-algebraic or real algebraic stratifications, as well as
for complex algebraic/analytic stratifications. The following simple example illustrates that weak
Whitney regularity is strictly weaker than Whitney regularity for real algebraic stratifications.
No such example is currently known in the case of complex algebraic stratifications, and this
will be the motivation for the calculations in sections 7, 8 and 9 of this paper.
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Example 3.1. Let V = {(x,y,t) € R3|y® = 522 + 25}, let Y denote the t-azis, and let
X =V \Y. One can check that the triple (X,Y,(0,0,0)) satisfies conditions (a) and (5), but
not condition (b). See [6] for details.

The following example illustrates the independence of the conditions (a) and (§) in the case
of real algebraic stratifications.

Example 3.2. Let V = {(x,y,t) € R3|y?® = t12® + 219} let Y denote the t-axis and let
X =V \Y. Then the triple (X,Y,(0,0,0)) satisfies condition (§), but not condition (a). For
details see [6].

4. SOME PROPERTIES OF WEAKLY WHITNEY STRATIFIED SPACES.
Like Whitney stratified spaces, weakly Whitney stratified spaces are filtered by dimension.

Proposition 4.1. Suppose that a triple (X,Y,y), y € Y N X, satisfies conditions (a) and (9).
Then dimY < dim X.

Definition 4.2. If (A,X), (B,Y') are weakly Whitney stratified spaces in M, then (A,Y) and
(B,Y) are said to be in general position if for each pair of strata X € ¥ and X' € ¥/, X and
X' are in general position in M, i.e. the natural map :

T.M — T,M/T, X & Ty M/T, X'
is surjective for allz € X N X'.

Proposition 4.3. Let V be a submanifold of M in general position with respect to (A,X). Then
(ANV,XNV) is weakly Whitney regular, if (A,X) is weakly Whitney regular.

A proof is given in [6]. A stronger statement, in the case of two stratified sets transverse to
each other, is given in [22].

If A is locally closed and (A, Y) is weakly Whitney (without assuming the frontier condition)
then the stratified space (A, X.), whose strata are the connected components of the strata of X,
automatically satisfies the frontier condition. See [3, 4] for the (¢)-regular case, which includes
the case of weakly Whitney stratifications, as remarked below.

Proposition 4.4. Let f: M — M’ be a C* map, and let (A, ) be a weakly Whitney stratified
space in M'. If f is transverse to each stratum X € %, then the pull-back (f=(A), f~1(%)) is
weakly Whitney stratified.

See [6] for proofs.

5. (¢)-REGULARITY OF WEAKLY WHITNEY STRATIFICATIONS.

In this section we recall the fact that weakly Whitney stratified spaces are (c)-regular. It
follows [3, 4] that they can be given the structure of abstract stratified sets in the sense of Thom-
Mather [16], implying in particular local topological triviality along strata and triangulability
[14].

Let (U,¢) be a C! chart at y for a submanifold Y C M where dimY = d,

¢: (U,UNY,y) — (R",R? x {0}"7%,0).
Then ¢ defines a tubular neighbourhood Ty of U NY in U, induced by the standard tubular
neighbourhood of R% x {0}"~¢ in R" :

- with retraction 7y, = ¢! o w4 0 ¢ where 74 : R" — R9 is the canonical projection,

- and distance function p, = po ¢ : U — R* where p : R” — R™ is the function defined by
p(mlﬁ T 7'7571) = E?:d+15612'
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It is well-known (see [16, 27, 28]) that if a pair (X,Y") of submanifolds of M satisfies Whitney’s
condition (b) then for any sufficiently small tubular neighbourhood Ty of Y in M, the map

(7TY7PY)|XOTY XNTy — Y xR

is a submersion. In fact this property characterises (b)-regularity [27]. For comparison, when
the pair (X,Y) is weakly Whitney, there exists some tubular neighbourhood Ty such that the
map

(ﬂ-Y,pY)|XﬂTY : XNTy — Y xR

is a submersion.

Proposition 5.1. Let X,Y be two submanifolds of M, such that Y C X and lety € Y. If the
triple (X,Y,y) satisfies the weak Whitney conditions, then there exists a C' chart (U, $) at y for
Y in M and a neighbourhood U of y, U' C U, such that (74, p)|lunx is a submersion.

Corollary 5.2. Let X,Y be two submanifolds of M such that Y C X and the pair (X,Y)
satisfies the conditions (a) and (§). Then there exists a tubular neighbourhood Ty of Y in M
such that (my,py)|x : X NTy — Y x R is a submersion.

Proposition 5.3. FEvery weakly Whitney stratified space is (c)-regular, and hence is locally
topologically trivial along strata.

For the proofs see [6]. We note that, when weak Whitney regularity holds, the control function
in the definition of (¢)-regularity can be chosen to be a standard distance function arising from a
tubular neighbourhood. This means that weak Whitney regularity is a much stronger condition
than mere (c¢)-regularity, for which the control function may be weighted homogeneous or even
infinitely flat along Y.

6. COMPLEX STRATIFICATIONS.

In Example 3.1 we saw an example of a weakly Whitney regular real algebraic stratification
in R3 which is not Whitney (b)-regular. We are now interested in comparing weak Whitney reg-
ularity and Whitney regularity of complex analytic or complex algebraic stratifications, the main
question being whether the extra ‘rigidity’ of complex analytic varieties prevents the existence
of weakly Whitney complex analytic stratifications which are not Whitney regular.

Let F' be an analytic function germ from C™ x C to C, defined in a neighbourhood of 0,

F: C"xC,0 — C,0
(z,t) > F(z,t)

where F(0,t) = 0. We denote by 7 the projection on the second factor, and let V = F~1(0),
Y = {0}" xC and V; = {& € C"| F(x,t) = 0}. We assume that each V; has an isolated
singularity at (0,¢), the critical set of the restriction of 7 to V is Y, and X = V'\ 'Y is an analytic
complex manifold of dimension n.
For each point (z,t) € X we have

N OF oF rad )
T X = {(u,we@"xc ;”iaw’””at“’“:o} - (G
Let gradF = (%7,,,,%, 95, grad, F = (%7...,%) and

" OF
d, F|* = — %
l|grad, F| ;:1 ”axi”

The following characterisations of conditions (a), (b™) and (6™) are straightforward.
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Whitney’s condition (a)
The pair (X,Y) satisfies Whitney’s condition (a) at 0 if and only if

o
P B G210 M W
(@.)—0 \ [lgrad, F(z,t)|| '

(z,t)eX

Whitney’s condition (b™)
The couple (X,Y") satisfies Whitney’s condition (b™) at 0 if and only if

( Z?:lxi%(xvt) > —0
)

[z [lllgrad, F(z,t)

im
(z,t)—0
(z,t)eX

Condition (67)
The pair (X,Y) satisfies the (0™) condition at 0 if and only if there exists a real number

0 <6 < 1 such that
o xie—(x,t
( Zz_l 8;1;1( )) S 6

]l lgrad, F(x, t)

(z,t)—0
(z,t)eX
Recall that Whitney’s condition (b) implies (a) 4 (67).
Question. Is the converse true in the complex hypersurface case, i.e. does (a) 4 (6™) imply (b)
or, equivalently, does (a) + (™) imply (b™) ?

Remark 6.1. Because weak Whitney regularity implies local topological triviality along strata,
if we wish to decide whether weak Whitney regularity and Whitney regularity are equivalent for
complex hypersurfaces, we can restrict to studying families of isolated singularities of complex
hypersurfaces with constant Milnor number (Milnor number is a topological invariants). But we
know by the fundamental result of Lé Dung Trang and K. Saito [15] that a family of complex
hypersurfaces with isolated singularities has constant Milnor number if and only if

OF
TR B 1 CkO N I
(@.)—0 \ |lgrad, F(z,t)|| ’

The following lemma due to Briangon and Speder [10] gives an equivalent condition to (b™)
when (a) is satisfied.

Let 7 : ([0,1],0) — (C™ x C,0), be a germ of an analytic arc and v the valuation along v in
the local ring O,,41,0.
Notation. Let v(z) := inf{v(z;)|1 <i < n} and v(J,(F)) := inf{y(g—i\l <i<n}.

which implies condition (a).

Lemma 6.2. The following statements are equivalent:
(1) the pair (X,Y) satisfies (b™) at 0,
(i)

t9L (1 ¢
lim or (1) =0
(2.0 \ [|z[||grad, F'(z, t)|
(z,t)eX

In other words, the following statements are equivalent:

(i) v(3i @i Gy ) > v(z) + v(Ju(F))

(i) v(t) + I/(%—f) > v(x) + v(J(F))

where v is the valuation along germs of analytic arcs v : [0,1] — X.
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Proof. For s € [0,1], v(s) = (z1(s), ..., zn(s),t(s)).
Since F o~ =0, we have

> el T s) = (975 o), ¥

i=1

If a = v(z) and b = v(J,(F)), there exist two non zero vectors of C", A and B, such that
(21(8), ... xn(s)) = As® + ...

and

OF o~ OF o~ b
e, ————— =B e
O S
We suppose () holds. Then since

FO’V a+b
le B, (s) = (A,B)s

we must have (A4, B) =
From (*) we have

t(s)aF07 Z 81;;” (5) = —a(A, Bys™ =1 4

Then
()ﬂ(%F) u(t'(s)ag”)ﬂ>(a+b—1)+1=a+b.
i) h

We suppose now that (ii) holds. Then since

oF
#'(s) 3: T = (A, B)s 4
we must have again (A, B) = 0, which is exactly condition (i). O

7. THE BRIANGON AND SPEDER EXAMPLE WITH p = 364.

In this section we study the original example, due to Briangon and Speder [9], of a topologically
trivial family of isolated complex hypersurface singularities which is not Whitney regular. The
examples of Briangon and Speder given in [9] were the only such examples known, until very
recently.

Initially we shall carry out explicit calculations for the most well-known example of Briangon
and Speder, analysed in their celebrated note of January 1975 :

F(iC,y,Z7t) = Ft($7yaz) = x5 + txy6 + y7Z —+ 2,’15
for which p(F;) = 364 for all ¢ near 0.

Theorem 7.1. The Briancon and Speder example F(z,y, z,t) = x® + tay® + y72 + 215 is not
weakly Whitney regular.

Proof. Let F(z,y,2,t) = 2% +txy®+y 2+ 2. Then F is a quasihomogenous p-constant family
of type (3,2,1;15). Thus the stratification (F~1(0) \ (0¢), (0t)) is (a)-regular by Remark 6.1
We shall construct an explicit analytic path v(s) = (z(s), y(s), z(s),t(s)) contained in F~1(0)

such that oF
n
> | Tigy (x,y,2,t)
[z|llgrad, F(z,y, 2, )|

Az, y,z,t) = (
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tends to 1 when (z,y, z,t) tends to 0 along y(s). This means that condition (67) is not satisfied
at 0, by the characterisation given in section 6. By Lemma 2.4 it then follows using (a)-regularity
that (§) is not satisfied at 0, so that weak Whitney regularity fails.

Following [9] and [27] we take

z(s) = 58
y(s) = as®
4.5
z(s) = ?/\s
5
t(s) = —ESQ

with a # 0.
For 7(s) to lie on F~1(0) we must have that

() = (1 = 5% +40 + () PAP5)6% =,

so that A
G(\,8) = —4+4)\+ ( =)A= 0.

ince ﬁ()\ 0) =4 # 0, it follows by the implicit functlon theorem that \ is a function of s for s

near 0.
Note that A(0) =1

Then we have along ~(s) near s = 0,

oF 5
— = b5t 4 ty6 =552 - Z 8432 = 0,
Oz ab
F - 2
a— = Gtay® + TyS2 = <30 + 8)\> $3°,
y a a
oF 4 5
9 = y 41521 = a"s% 4 15(?)14)\14570 ~a’s%,
Because A(0) = 1, the limit of the orthogonal secant vectors
(zy,2)
1z, y, 2l

is 4
(O:azﬁ):(O:agzél),

and the limit of the normal vectors
grad, F(z,y, z,t)
llgrad, F(z,y, z,t)]

is
-2

(0: —=:a")=(0:-2:a%).
a
Then A(v(s)) tends to 1 if and only if (0:a®:4) = (0: —2:a®), i.e.
a8 =2 16
Z == ais = a = —8&.

It follows that (6™) is not satisfied along « if and only if a'® = —8. Choosing a to be one of these
16 complex numbers, we have the desired conclusion, i.e. that (07) fails. It follows as above that
weak Whitney regularity fails, proving the theorem. ([
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Note that in the proof above we cannot exclude the possibility that there are other curves on
which (§™) fails. To clarify the situation, in the next section we make a systematic study of all
curves v(s) on F~1(0) and passing through the origin.

A similar calculation as in the theorem above for the simpler p-constant family

F(x,y,2,t) = 2° + toy® + y'z + 2%,

for which p = 56 (also due to Briangon and Speder [9]), shows that (§™) fails for this example too.
Our systematic study to determine all curves on which (67) fails for this simpler example will be
extended to a more general study, given in section 9 below, of an infinite family of examples, of
which 23 + txy? +y*2 + 22 is the first, again defined by Briancon and Speder in their celebrated
1975 note [9].

In what follows we determine the initial terms of all curves along which condition (9) fails, or
equivalently along which (6™) fails, by Lemma 2.5.

8. FAILURE OF WEAK WHITNEY REGULARITY: A COMPLETE ANALYSIS.
Take again
F(z,y,2,t) = 2° + tayS +y 2 + 215,

Let v : ([0,1],0) = (F~(0),0) C (C" x C,0) be a germ of an analytic arc and let v be the
valuation along ~.
Let X = (z,y, 2) and
OF OF OF

JIxF = (%’ E

).
We will use the notations
v(X) = inf{v(z),v(y),v(2)},

and

v(Jx(F)) := inf{y(g—i), 1/((?,)—5)7 1/(%—1;)}

We begin by determining the curves along which condition (b™) holds (because (a)-regularity
holds, by Remark 6.1, we know that (b™) is equivalent to (b), by Remark 2.1).
By Lemma 6.2, the p-constant property and the Lé-Saito theorem (see Remark 6.1), if
v(t) > v(X) then
OF oF
)+ o) 2 v +n5))
> v(X) +v(Jx(F))),

so that (b™) holds by Lemma 6.2, and hence Whitney’s condition (b) holds also.
We can therefore suppose from now on that v(t) < v(X).
If

u(g—i) = inf{4v(z),v(t) + 6v(y)} (1)

we have:
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(1). when 4v(z) > v(t) + 6v(y), so that v(zx) > v(y), then

When however oF
V(%) > inf{4v(z),v(t) + 6v(y)}
then we must have
dv(z) = v(t) + 6v(y).
Because F' oy =0, we have that

x5+ tgcy6 = —y7z — 28,

On the other hand
2+ tylr = —42° + xa—F
Ox
and (2) imply that
v(x® + ty®z) = 5u(x).
Hence, by (4),
Sv(z) > inf{7v(y) + v(z), 15v(z)}
and, unless v(y) = 2v(z), it follows that
Sv(z) = inf{7v(y) + v(z), 15v(z)}.
(i) If v(y) > 2v(z), it follows that v(x) = 3v(z). Then, by (1) and using that
OF

7 14
oy 415
0z yo+ 1oz

it follows that
v(t) + V(%—ZZ) =v(t) + v(x) + 6v(y)
> v(t) + 15v(2)
> 15v(z)

and hence (b™) holds.
(ii) If v(y) = 2v(z2),

(a) and v(z) = 3v(z), then from (3) we obtain
12v(z) = v(t) + 12v(2),

i.e. v(t) = 0, which is impossible;

97
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(b) and v(z) > 3v(z), then
v(y" + 2 > 14u(z)
and from (6) it follows that

1/(%—};) = 14v(z)

so that
() +(25) = vt + v(a) + ou(y)
> v(t) + 15v(2)
> 15v(z)

so that (b™) holds, using Lemma 6.2 again.

(iii) If v(y) < 2v(z), we have from Equation (5) that

Sv(z) = Tv(y) + v(z).
Subtracting (2) from (7) gives
v(z) +v(t) = v(y) + v(2).
We can suppose now that
v(z) +v(t) = v(y) +v(z)
and
v(y) < 2v(z).
We carry on with the last cases:
(D) If v(z) > v(y) we have

so that

and we have that (b™) holds, by Lemma 6.2.
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(I1) If 2v(2) > v(y) > v(z), then

W(OE) = T(y) > 6uty) + (2),

so that
oF
o = 6tayS + 7y 2 = 6tay’ — 7(x® + tay® + 21%)
or
F
z—y = —72% —tayS — 7215, (10)

Now because 2v(z) > v(y) we have that
15v(2) > v(z) 4+ Tv(y),

= v(z) + v(t) + 6v(y) (by (8))
= v(tzy®). (11)
Also by (2)
oF

l/(%) > 4v(x).
This means that
v(5z* + ty®) > dv(z)
which implies in turn that
v(=7x5 — tay®) = v(tzy®). (12)
It follows from (10), (11) and (12) that

u(—i) = v(txy®). (13)

Then

) +v(2) (by (13))

and again (b™) holds, by Lemma 6.2
Résumé: a germ of arc (z(s),y(s),z(s),t(s)) along which Whitney condition (b) is
not satisfied must fulfil the following conditions:
o v(z)>v(y) =v(z) > vt)
o v(z)+v(t) =rv(z)+vy)
o 4u(x) =v(t) + 6v(y).
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Resolving these equations we find that
S5v(x) = 8v(y) and 5u(t) = 2v(y),
so that the set of germs of analytic arcs along which Whitney condition (b) is not satisfied is

contained in the set

A= {7(s) = (2(s),y(s), 2(5), t(s)) : [0,1] = C" x C|

z(s) = ars™ +
y(s) = aas™® +
z(s) = azs™® +
t(s) = ags™* +

with bay = 8a, ag = a3 = o, bay = 2a, « = 0[5], and a; € C*satisfying some conditions }

It remains to characterize the subset of arcs along which the (&) condition is not satisfied, or
equivalently along which the (§™) condition is not satisfied, using (a)-regularity and Lemma 2.5.
Let v € A. We may suppose a; = 1, and write ay = a,a3 = b and a4 = ¢.Then

Forn(s)=(s54..) + (c.a®s® 4+ ...) + (a"bs® +..) + (b5s5* + .. ) =0
so that

514 cal +a"b+s(...+bB5s L4 ) =0,
and we must have
1+ ca®+a"b=0.
Thus along 7(s) near s = 0 we have,
OF
. = 52* + 18 :s%“(5+ca6)+...
OF
T 6tzy® + TyS2 = a®(6c + Tab)s™ + ...
OF
e y 1521 =0T L 14bMste
z
But now, using (2), #(%£) > 32 imposes the condition 5 + ca® = 0. It follows that
5 4
=t E
and 5
a®(6c + Tab) = ==,
a
The limit of orthogonal secant vectors
(z,y,2)
Iz, y, 2)I
is
(0:a:b)=(0:a%:4),
and the limit of normal vectors
llgrad, F(x,y, z,t)|]
is 9
(0:a°(6c+Tab):a")=(0:—=:a") = (0:—2:a®).
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As at the end of section 7 we deduce that (6™) is not satisfied along ~ if and only if

(0:a%:4)=(0:-2:a%),

or equivalently when a'® = —8. Choosing a to be one of these 16 complex numbers, we have the

desired conclusion, namely that (™) fails precisely on those curves

v(s) = (2(s), y(s), 2(s), t(s))
whose initial terms are
(5%, as° 4a7"s%, —5a"%s?).
By Lemma 2.5 and (a)-regularity, these are precisely the curves on which (0) fails, that is to
say we have identified all of the curves on which weak Whitney regularity fails to hold.

9. OTHER BRIANCON AND SPEDER EXAMPLES
We perform similar calculations for the infinite family of examples, also due to Briangon and
Speder [9] :
F(x,y,2,t) = 2% + tay® + y° 2 + 2%,
where o > 3 and 3a = 28 + 1.
The functions fi(z,y,2) = Fi(z,y,2) are quasihomogenous of type («,2,1;3«) with isolated
singularity at the origin, for each ¢, and so each
i = (30— 1)(3a — 2) = 2828 - 1),
by the Milnor-Orlik formula [17]. Thus f; is a py-constant family.
We are again hunting for analytic arc germs where condition (9) fails.

Clearly

oF

D 3 2 t (e

Oz Tty

oF

— =atzy* 4+ By’

dy

OF

5 = yP + 3037 = ¢f + 30228,
z

Let v : ([0,1],0) — (F~1(0),0) C (C"x C,0), be a germ of an analytic arc and v the valuation
along ~.

As above we let X = (z,y,2) and JxF = (‘g—i, %—Z, %—5), then write

v(X) := inf{v(z), v(y),v(2)}

and
VI (F)) = int (v G0 () (G0

T

We begin by determining along which curves condition (b™) holds. Note that again Remark
2.1 implies that for the examples studied here (b™) is equivalent to Whitney’s condition (b),
because Whitney’s condition (a) holds by the Lé -Saito theorem (Remark 6.1).

Suppose that v(t) > v(X). Again by the u-constant condition and Remark 6.1,
oF oF
v(t) + Z/(E) > v(t) + V(%)

so that, since v(t) > v(X),

) > u(x) + (25,

v(t) + u(aF 5

ot
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so that

v(t) + V(%—?) > v(X) +v(Jx (F))

and by Lemma 6.2 (b™) holds, and Whitney’s condition (b) holds using (a) and Remark 2.1.
We shall assume from now on that v(¢) < v(X).

V(aa—i) = inf{2v(z),v(t) + av(y)} (14)

we have:
(1) either 2v(z) > v(t) + av(y), and then we must have v(z) > v(y) and

oF

v(t) + V(E) =v

X)+v(5) (by (14)

so that as in section 8 we obtain that (b™) holds, using Lemma 6.2;

(2) or we have 2v(z) < v(t) + av(y), and then

7)+ () (by (149)

and again (b™) holds by Lemma 6.2.
It follows that from now on we are reduced to studying the case when
oF

V(%) > inf{2v(z),v(t) + av(y)}, (15)
and hence that
2u(z) = v(t) + av(y). (16)
Now we are assuming that F oy =0, i.e.
2 tay® = —yPz — B (17)
Write 5
F
3+ toy® = =223 + z—.
Ox

Then (15) implies that
v(x® + tey®) = 3v(x).
Using (17) we see that
3v(z) > inf{Bv(y) + v(z),3av(2)}
and that
3v(z) = inf{Bv(y) + v(z),3av(2)} if v(y)# 2v(z), (18)
using that 3o — 1 = 20.
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(i) If v(y) > 2v(z) then, by (18), v(z) = av(z). Also

v(OF) = (30— 1)u(2) (19)
Then
oF
WD)+ v(T0) = (1) + () + anly)
> v(t) + 3av(z)
> () + (2 (by (19)
>v(X)+v(Jx(F))

so that (b™) holds by Lemma 6.2.

(i) If v(y) = 2v(z), then from (16) it follows immediately that v(z) > av(z).

Now
U(Ge) = n{v(t) + i) + (0 = Do), (3 = Vi) + (=)}
= inf{3v(x) —v(y), (28 — v (2)} (by (16))
= inf{3v(z) — 2v(2), (Ba — 2)v(2)} (since v(y) = 2v(2))
= (3a —2)v(2) (since v(z) > av(z).)
Then
u(t) + (00 = u(t) + v(a) + anly)
— 3u(a) (by (16))
> 3awv(z)
=v(z) + (3a—1)v(z)
> v+ ()

= v(X) +v(Jx(F)),
and (b™) holds by Lemma 6.2.
(iii) If v(y) < 2v(z), we have
3v(x) = Br(y) + v(2),

and (16) gives
v(z) +v(t) = (8 —a)v(y) +v(z).

Thus we can suppose from now on that
v(z) +v(t) = (B — a)v(y) + v(z) (20)

and
v(y) < 2u(z).

We carry on with the last cases:
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If v(z) > v(y) we have

so that oF
WO5) = puty)
Then
(1) + () = ult) + () + avly)
= v(2) + Buly)

and (b™) holds by Lemma 6.2

If 2v(2) > v(y) > v(z), then
(2271 = (%) > v(y”)
so that

Now
— = atzy® + ByPz
Y
= atzy® — B(x® + toy® + 25%)

= —pz’ — (B — ajtay® — B>,

B, oF a
- g(%)) — B2*

= x(ty”

since 3a = 28 + 1.
Also
v(2**) = 3av(z)
=v(z) +20v(2)
>v(2) + B(y)
= v(tzy®)
so we have that
v(23%) > v(ty®).
From (15) and (16),
WOD) > w(t) + avty).
Using (21), (22) and (23) we find that

OF .
V(yafy) = v(tzy"),

and thus
oF

U5y = v(tay® ™).

(on F1(0))

(21)

(by (20))

(22)

(23)

(24)
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Then

5+l (by (24)

and again (b™) holds by Lemma 6.2.

Résumé: a germ of arc along which Whitney condition (b) is not satisfied must
fulfil the following conditions:
o v(z)>v(y) =v(z) > v(t)
o v(z)+v(t) = (F -y +v(z)
e 20(x) = v(t) + av(y)
Finally the set of germs of analytic arcs along which Whitney condition (b) is not satisfied is
contained in the set

A= {7(s) = (x(s),4(s), 2(s),£(5)) : [0,1] = C" x C]|

z(s) = ars™ +
y(s) = azs™ +
z(s) = azs™ +
t(s) = ags™* +

3oy = (B+1)m,as = a3 = m,3a4 = m,a = 0[3],a; € C* satisfying some conditions } .
It remains to characterize the subset of arcs along which the (4) condition is not satisfied.
Let v € A. We may suppose a; = 1, and write as = a,a3 = b and a4 = c.
Now

Fonr(s) = (sPm 4 )4 (c.a®sPHI™ 4 )+ (@PosPHI™ 1) 4 (B350 4 )
0,

so then
B (1 e+ adPb+s(.. .+ 03P 4+ )) =0,
and we must have
14 ca® +b.ad® =0.
Hence along ~y(s) near s = 0 we have,

oF

E = 32? + ty® :swa(3+caa)+...
2—5 = atey®t + By’ 1z = (aa® ! + Bb.aP )P
aj — P 3a—1 _ B 28 _ B Bm 28) ¢(28)m
5, — Y + 3az =9y” +3az*” =ad’s"™ 4+ ...+ (20)b"s +....
However, the condition
1/(2—5) > fBm

implies that
3+ca“=0
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and it follows that
3 2

=@ v=
and so
ac.a® V4 Bt = —=
The limit of orthogonal secant vectors

(z,y,2)
[(z,y, 2|
is thus

2
(O:a:b):(O:a:a—B),
and the limit of normal vectors

llgrad, F(x,y, z,t)||

is
1
(0:ac.a® 4+ pba’ 1 :ad?)=(0: - a?).
It follows that (J) is not satisfied along ~ if and only if

a2 = 9,

Choosing « to be one of these 25+ 2 = 3a+ 1 complex numbers, we have the desired conclusion,
i.e. that (9) fails.

10. OTHER EXAMPLES.
A Milnor number constant family,
Fy(z,y,2) = 2 + 2y’z + ty?2® + 2° + o,

with g = 166, which is also not Whitney regular over the t-axis, was studied by E. Artal Bartolo,
J. Fernandez de Bobadilla, I. Luengo and A. Melle-Hernandez in a recent paper [2]. Also a series
of Milnor number constant but non Whitney regular families, depending on a parameter ¢, was
given by Abderrahmane [1] as follows:

Fl(z,y,2) = 2% + 42 + 22595 + %8 + 1220103 + 2,
for integers ¢ > 7. Here u = 153( + 32, while p?(Fp) = 260 and p?(F;) = 189, according to

Abderrahmane. We do not yet know whether weak Whitney regularity holds or fails for these
examples.
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ON THE CLASSIFICATION OF RATIONAL SURFACE SINGULARITIES

JAN STEVENS

ABSTRACT. A general strategy is given for the classification of graphs of rational surface
singularities. For each maximal rational double point configuration we investigate the possible
multiplicities in the fundamental cycle. We classify completely certain types of graphs. This
allows to extend the classification of rational singularities to multiplicity 8. We also discuss
the complexity of rational resolution graphs.

INTRODUCTION

The topological classification of complex surface singularities amounts to classifying resolution
graphs. Such a graph represents a complex curve on a surface, and the simplest case is when
this curve is rational; then the singularity is called rational and the graph in fact determines the
analytical type of the singularity up to equisingular deformations.

Classification of singularities tends to lead to long lists, but making them is not a purpose on
its own. Sometimes one wants a list to prove statements by case-by-case checking. If the lists
become too unwieldy, as in the case on hand, their main use will be to provide an ample supply
of examples to test conjectures on. With this objective the most useful description of rational
resolution graphs is as a list of parts, together with assembly instructions, guaranteeing that the
result is a rational graph. For a special class of rational singularities, those with almost reduced
fundamental cycle, such a classification exists [13, 4].

As prototype of our classification and to fix notations we first treat the special case. The
fundamental cycle ([1], see also Definition 1.5) can be seen as divisor on the exceptional set
of the resolution, with positive coefficients (and it is this divisor which should be rational as
non-reduced curve). It is characterised numerically as the minimal positive cycle intersecting
each exceptional curve non-positively, and can therefore be computed using the intersection form
encoded in the graph. The fundamental cycle is called almost reduced if it is reduced at the
non-(—2)’s. So higher multiplicities can only occur on the maximal rational double point (RDP)
configurations. The classification splits in two parts: one has to determine the multiplicities on
the RDP-configurations and how they can be attached to the rest of the graph. The explicit list
of graphs can be found in the paper by Gustavsen [4]. Blowing down the RDP-configurations to
rational double point singularities gives the canonical model or RDP-resolution. Its exceptional
set can again by described by a graph. Our classification strategy in general is to first find
the graphs for the RDP-resolution, and then determine which rational double point (RDP)
configurations can occur.

The first new results in this paper are on graphs, where each RDP-configuration is attached
to at most one non-reduced non-(—2). The possible graphs for the RDP-resolution are easy to
describe, but here a new phenomenon occurs, that not every candidate graph can be realised
by a rational singularity. In particular, if the graph contains only one non-(—2), this vertex has
multiplicity at most 6 in the fundamental cycle. These considerations apply to all multiplicities,
but only for a restricted class of singularities; they cover all singularities of low multiplicity.
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Our result extends the classification of rational singularities of multiplicity 4 [14], and allows to
recover the classification by Tosun et al. for multiplicity 5 [16].

Multiplicity 6 necessitates the study of RDP-configurations, connecting two non-reduced non-
(—2)’s. We first determine the conditions under which the multiplicities in the fundamental cycle
become as high as possible. We do this for each RDP-configuration separately. The existence
depends on the rest of the graph. Then we use the same computations to treat the case that
the non-(—2)’s have multiplicity exactly two. This allows us to complete the classification of
rational singularities of multiplicity 6. The same methods work for multiplicity 7 and 8, but we
do not treat these cases explicitly, except for one new case, of three non-reduced non-(—2)’s,
with which we conclude our classification.

We do not claim that it is feasible to treat all multiplicities with our methods. Our last
result, on multiplicity 8, gives a glimpse of what is needed in general. To use induction over
the number of non-(—2)’s, one needs detailed knowledge on the graphs for lower multiplicity,
and it does not suffice to compute with RDP-configurations separately. We include (at the end
of the first section) a non-trivial example of a rational graph, of multiplicity 37; the graph of
the canonical model is rather simple. This example comes from a paper by Karras [6], which
maybe contains the deepest study of the structure of resolution graphs in the literature. He
proves that every rational singularity deforms into a cone over a rational normal curve of the
same multiplicity. My main motivation for taking up the classification again lies in the same
direction. The ultimate goal is to study the Artin component of the semi-universal deformation.
Over this component a simultaneous resolution exists (or, without base change, a simultaneous
canonical model). This is one motivation of our classification strategy of first finding the graph
for the RDP-resolutions. The analytical type of the total space over the Artin component (up to
smooth factors) is an interesting invariant of the singularity. In his thesis [13] Ancus Réhr turned
the problem of formats around and defined the format as just this invariant. He showed that
the format determines the exceptional set of the canonical model of the singularity. Examples
in this paper cast doubt on our earlier conjecture that the converse holds.

RDP-configurations can be of type A, D and E. Our computations show that one cannot
reach high multiplicities in the fundamental cycle using configurations of type D and E. With
this goal it suffices to look at configurations of type A. Indeed, the picture which arises from
our classifications, is that for most purposes it suffices to look at rather simple configurations of
type A.

One answer to the question how complex a graph can be is that of Lé and Tosun [10], who take
the number of rupture points (vertices with valency at least 3) as measure. We give a simplified
proof of their estimate, that this number is bounded by m — 2, where m is the multiplicity of the
singularity. Our argument shows that the highest complexity is attained by graphs with reduced
fundamental cycle.

The structure of this paper is as follows. In the first section we review some properties of
resolution graphs. The next section gives the classification of singularities with almost reduced
fundamental cycle. Section 3 is about complexity in the sense of [10]. Then we discuss the for-
mat of a rational singularity, following [13]. Our computations use a special way to compute the
fundamental cycle, which we explain in Section 5. The case, where each RDP-configuration is
attached to at most one non-reduced non-(—2), is treated in Section 6, while the following section
describes RDP-configurations on general graphs. In the final section we complete the classifica-
tion for multiplicity 6 and treat the case of three non-reduced non-(—2)’s in multiplicity 8.



110 JAN STEVENS

1. RATIONAL GRAPHS

In this section we review some properties of resolution graphs. References are Artin [1],
Wagreich [17] and Wall [18], and for rational singularities in addition Laufer [8].

The topological type of a normal complex surface singularity is determined by and determines
the resolution graph of the minimal good resolution [12]. A resolution graph can be defined for
any resolution.

Definition 1.1. Let 7: (M, E) — (X, p) be a resolution of a surface singularity with exceptional
divisor E = |J._, E;. The resolution graph T is a weighted graph with vertices corresponding to
the irreducible components E;. Each vertex has two weights, the self-intersection —b; = EZ, and
the arithmetic genus p,(FE;), the second traditionally written in square brackets and omitted if
zero. There is an edge between vertices if the corresponding components E; and E; intersect,
weighted with the intersection number E; - E; (only written out if larger than one).

Other definitions, which record more information, are possible: one variant is to have an edge
for each intersection point P € E; N E;, with weight the local intersection number (E; - E;)p.
These subtleties need not concern us here, as the exceptional divisor of a rational singularity is
a simple normal crossings divisor.

We call the vertices of the graph I' also for E;. This should cause no confusion. From the
context it will be clear whether we consider F; as vertex or as curve. In fact, we use E; also in
a third sense. The classes of the curves E; form a preferred basis of H := Ho(M,Z). Following
algebro-geometric tradition the elements of H are called cycles. They are written as linear
combinations of the E;.

The resolution graph (as defined above) is also the graph of the quadratic lattice H :=
H5(M,Z), in the sense of [11]. The intersection form on M gives a negative definite quadratic
form on H. Let K € H*(M,Z) = H* be the canonical class. It can be written as rational cycle
in Hy = H ® Q by solving the adjunction equations F; - (E; + K) = 2p,(E;) — 2. The function
—x(A) = $A-(A+K), A € H, makes H into a quadratic lattice [11, 1.4]. We prefer to work with
the genus p,(A4) = 1 — x(A4). Note that the genus function determines the intersection form, as

Pa(A+ B) =py(A)+pa(B) +A-B—1.

The data (H,p,) is equivalent to (H,{E; - E;},{pa(E:)}), encoded in the resolution graph I'.
Sometimes we identify H with the free abelian group on the vertex set of I', and talk about
cycles on T

Definition 1.2. A cycle A = > a;E; (in H or Hg) is effective or non-negative, A > 0, if all
a; > 0. There is a natural inclusion j: H — H#, given by j(A)(B) = —A - B (note the minus
sign, because of negative definiteness). A cycle A is anti-nef, if j(A) > 0in H#, ie., A- E; <0
for all i. The anti-nef elements in H form a semigroup £ and one writes £ for € \ {0}.

If A is anti-nef, then A > 0. Indeed, write A = A, — A_ with A, A_ non-negative cycles
with no components in common. Then 0 < —A-A_ = A2 — A, - A_ < A%, so by negative
definiteness A_ = 0. Furthermore, if A € £T, then A > E, where £ = _ E; is the reduced
exceptional cycle. Indeed, if the support of A is not the whole of F, then there exists an F;

intersecting A strict positively, as A > 0, and F is connected.

Definition 1.3. Given two cycles A = > a;F;, B = > b;E;, their infimum is the cycle
inf(A, B) = ¢;E; with ¢; = min(a;, b;) for all ¢. This definition extends to subsets of &.

Lemma 1.4. Let W C £T be a subset. Then inf W € ET.
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Proof. Let W = inf W. Fix an i and choose A € W with a; minimal. Then
0>E,-A=E;-(A-W)+E,-W>E;-W,

as A — W > 0 with coefficient 0 at E;. So W - E; <0 for alli. As A > FE for all A € W, also
W >FE > 0. O

Definition 1.5. The fundamental cycle Z is the cycle inf £7.

In other words, the cycle Z is the smallest cycle such that F; - Z < 0 for all . It can be
computed with a computation sequence [8]. Start with any cycle Zy known to satisfy Zy < Z;
one such cycle is E. Let Zy be computed. If Zy # Z, then there is an Ej() with Z - Ej,) > 0.
Define Zyy1 = Zx + Ej). Then (Z — Zi) - Ejay < 0, so Ej(,y lies in the support of Z — Zj,
giving Ejx) < Z — Zy. Therefore Z; 1 < Z.

The fundamental cycle depends of course on the chosen resolution, but in an easily controlled
way. Therefore it can be used to define invariants of the singularity [17].

Let 0: M’ — M be the blow-up in a point of E, with exceptional divisor Ej. The exceptional
divisor of M" — X is E' = E{+ Y _._, E!, where the E!, i > 1 are mapped onto the E;. For a
cycle A =5 a;E; on M the pull-back o*A is defined as

T
0*A=aoEy+ A%, where A* = ZaiEg and E)-0*A=0.
i=1
In fact, ag is the multiplicity of A in the point blown up. The main property of the intersection
product in this connection is that 0* A-¢* B = A-B. This product is then also equal to o* A- B#.
The canonical cycle on M’ satisfies K’ = 0*K + E{. This gives that

0c*A-K'=0*A-(6c* K+ E)) =0"A-0c*K=A"-K
and therefore p,(c*A) = p,(A).

Lemma 1.6. The fundamental cycle Z' on M’ is 0*Z, the pull back of the fundamental cycle
on M.

Proof. One has Ej - Z' = 0, for otherwise Z' — E is anti-nef. Therefore Z' = ¢*Y for some
cycdleYandY - E; = 0*Y - 0*E; = Z/ - E{ < 0,80 Z < Y. On the other hand, 0*Z € &', so
Y =7 <o*Z. (]

Corollary 1.7. The genus po(Z) and degree —Z* of the fundamental cycle are invariants of the
singularity.

Definition 1.8. The fundamental genus of a singularity is the genus p,(Z) of the fundamental
cycle.

A singularity has also an arithmetic genus [17] (the largest value of p,(D) over all effective
cycles D), but this is a less interesting invariant. More important is the geometric genus, which
is h'(Opr), and also the largest value of h*(Op) over all effective cycles D.

Rational singularities were introduced by Artin [1] using the geometric genus of singularities.
He proved the following characterisation, which we take as definition.

Definition 1.9. A normal surface singularity is rational if its fundamental genus p,(Z) is equal
to 0.

Artin also proves that the degree —Z?2 of the fundamental cycle is equal to the multiplicity m
of the singularity. The embedding dimension of X is m + 1, which is maximal for normal surface
singularities of multiplicity m.
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Theorem 1.10 (Laufer’s rationality criterion). A resolution graph represents a rational singu-
larity if and only if

e cach vertex E; has po(E;) =0,
e if a cycle Zy occurs in a computation sequence and if Zy, - E; > 0, then Zy - E; = 1.

For the ‘if’-direction it suffices to have the second property for the steps in one computation
sequence, starting from a single vertex. The criterion follows from the fact that the genus cannot
decrease in a computation sequence, as po(Zx + E;) = pa(Zi) + pa(Ei) + Zx - E; — 1.

All irreducible components of the exceptional set have to be smooth rational curves, pairwise
intersecting transversally in at most one point. This shows that minimal resolution of a rational
singularity is a good resolution.

Following Lé-Tosun [10] we call the minimal resolution graph of a rational singularity a
rational graph. Tt can be characterised combinatorically as weighted tree (with only vertex
weights —b; < —2), representing a negative definite quadratic form, such that the genus of the
fundamental cycle is 0.

The main invariant of a rational graph is its degree —Z2. It is related to the canonical degree
Z-Kby —Z%=27-K+2,as p,(Z) =0. Let Z =3 2E;, —b; = E?. Then

So the degree is determined by the coefficients z; of the fundamental cycle at non-(—2)-vertices
E;.

As example of a rational graph we show the one (of degree 37) occurring in the paper of
Karras [6]. Every Bis a (—3)-vertex. The numbers are the coefficients of the fundamental cycle.

2. ALMOST REDUCED FUNDAMENTAL CYCLE

As the lists in the classification become unwieldy, we first treat a simple special case, where
only (—2) vertices can have higher multiplicity in the fundamental cycle. Its classification is
contained in the thesis of Rohr [13] as part of more general results. The explicit list (Tables 1,
2 and 3) of graphs of RDP-configurations can be found with Gustavsen [4].
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TABLE 1. RDP-configurations, attached to one curve

Ak. 1 k—1 k k k—1 1
In2. 2 2 1
Dk' ._37
Il
HDk . k 2k—2 2k—3 1
ok u * o o - o
@ i1
HD}2€k+1: k 2k—1 2k—2 1
n—e o—o— - —o©
<@k
EZ: 2 3 4 3 2
[ | @ @ @ 3
2
E3I 3 4 5 6 4 2
7 [ 3 e o )

Definition 2.1 ([9]). A rational singularity has an almost reduced fundamental cycle if the
fundamental cycle Z = Y z;E; on the minimal resolution is reduced at the non-(—2)’s, i.e.,
zi =11if b; > 2.

We also talk about rational graphs with almost reduced fundamental cycle.

One can compute the fundamental cycle starting from the reduced exceptional cycle by only
adding curves occurring in rational double point configurations. The computation can be done
for each configuration separately. Therefore we start with these configurations.

Theorem 2.2. A mazximal rational double point configuration on a rational graph with almost
reduced fundamental cycle occurs in Tables 1, 2 or 3.

Proof. By rationality at most one vertex in a rational double point configuration can have valency
three in the resolution graph. Furthermore, a non-(—2) can only be attached to a vertex with
multiplicity one in the fundamental cycle of the rational double point. One then computes for
a graph satisfying these restrictions the fundamental cycle. The lists show that all possibilities
occur. O

Remark 2.3. The list of configurations attached to two curves is obtained from the list of Table
1 by replacing a vertex with multiplicity one by a non-(—2).

The numbers on the graphs in the Tables indicate the coefficients in the fundamental cycle.
The squares are not part of the configuration, but stand for the non-(—2)’s, to which the config-
uration is attached. The arrow indicates the curve which intersects the fundamental cycle strict
negatively.
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TABLE 2. RDP-configurations, attached to two curves

AL, 1 1

142,
11 4k,2.
n . I $ . . . .
k+1,2,
Dyl k+1 2k 2k 1 2
DE:2. _1 2k—2 2
2k (_I *— - —0e—1H
TABLE 3. RDP-configurations, attached to three curves
A2,k,2.

2 k—1 k k k—1 2

Our notation is a combination of that in [14] and Gustavsen’s naming scheme [4], which is
based on that of De Jong [5], who gave the list of Table 1, of configurations attached to only
one curve. Our ID,% is called D,IC there. Our upper indices give the multiplicity at the vertices,
which are connected to non-(—2)’s. For the D-cases we could do without the upper left I or IT,
except that D? can have two meanings.

By blowing down all RDP-configurations on the minimal resolution M — X one obtains
the canonical model, or RDP-resolution, X — X. The only singularities of X are rational
double points. The reduced exceptional set has two types of singularities, normal crossing of
two curves, and three curves intersecting transversally in one point. The last case occurs for an
A2F:2 _configuration. Again one can form a dual graph I', which in this case is a hypertree with
edges for the normal crossing points and T-joints for three curves meeting in one point. The
canonical model does not determine the multiplicities of the fundamental cycle on the minimal
resolution. Therefore we add this multiplicity as second weight (we do not write the weight if it
is equal to 1).

We want to draw ordinary graphs. Observe that given a hypertree I" for a canonical model,
there exists a smallest ordinary tree (i.e., having minimal number of vertices) giving rise to this
hypertree: one replaces each T-joint by an A%’2’2-conﬁgura’cion7 i.e., by a single (—2)-vertex.
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TABLE 4. Minimal representatives up to degree 6

m=3 m=4 m=2>5 m==6
-3 —4 -5 -6
| | | |
-3 -3 -3 —4 -3 -5
B—a B—u A
—4 —4
A
-3 -3 -3 -3 -3 —4
A B —u—n
-3 —4 -3
B —u—n
-3 -3 -3 -3
-3 —4
-3 -3 -3 -3
| L L L
-3 -3 -3
-3
-3 -3 -3
| L L

In Table 4 we list the graphs of the minimal representatives up to degree m = 6. Such a
graph has to have an almost reduced fundamental cycle. The necessary and sufficient condition
is that for a non-(—2) vertex E; the sum of its valency v(i) and the number of (—2)’s attached
to it, is at most b;.

Classification (of graphs with almost reduced fundamental cycle). First classify all hypergraphs
of RDP-resolutions with all multiplicities equal to 1, and canonical degree > (b; —2) = m — 2.
Each hypertree with b; at least the valency of E; occurs. Let then I be such a hypergraph. Replace
a T-joint by an A%2F2 configuration, replace any number of edges by configurations from Table
2 and attach configurations from Table 1 to vertices, in such a way that the total multiplicity in
the fundamental cycle of the neighbours of any verter v; does not exceed b;. The resulting graph
is a rational graph with almost reduced fundamental cycle, and all graphs can be obtained this
way.

3. COMPLEXITY

Lé and Tosun [10] used the number of rupture points (i.e., vertices with valency at least three,
stars in the terminology of [7]) as a measure of the complexity of a rational graph. They showed
that it is bounded in terms of the degree m = —Z? of the graph (that is, the multiplicity of a
corresponding rational singularity), more precisely by m — 2, if the degree m is at least 3. We
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give here a simplified proof for a sharpened version. It shows that the most complex graphs are
already obtained from singularities with reduced fundamental cycle.

Definition 3.1. The complexity of a rational graph is the weighted number of rupture points,
where each rupture point is counted with its valency minus two as multiplicity.

Theorem 3.2. The complexity of a rational graph of degree m at least 3 is at most its canonical
degree m — 2.

The proof uses the following observation [10, Thm. §].

Lemma 3.3. The graph, obtained from a rational graph, by making some vertexr weights more
negative, is again rational and the fundamental cycle of the new graph is reduced at the changed
vertices.

Proof. We can obtain the new graph as subgraph of the graph of the resolution of the original
singularity, blown up in smooth points of the relevant exceptional curves. Its fundamental
cycle can be computed by first computing the fundamental cycle of the subgraph. By Laufer’s
rationality criterion the remaining curves intersect this cycle with multiplicity one. O

Proof of Theorem 3.2. Step 1: reduction to the case of almost reduced fundamental cycle. Con-
sider the cycle Y, which has multiplicity 1 at the non-(—2)’s and multiplicities on the RDP-
configurations as in Tables 1, 2 and 3. A vertex F; with E; -Y > 0 is a non-(—2) and has
coefficient z; > 1 in the fundamental cycle. For those F; we increase b; by one. By the previous
lemma we get the same underlying graph with the same complexity, but with almost reduced
fundamental cycle, namely Y. The contribution of E; to the canonical degree Z - K changes
from z;(b; — 2) to b; — 1 and (b; — 1) — 2z;(b; — 2) = 1 — (2; — 1)(b; — 2) < 0 with equality if and
only if z; = 2 and b; = 3. So the degree does not increase.

Step 2: reduction to the case of reduced fundamental cycle. Consider a RDP-configuration,
where Z is not reduced. Make the self-intersection of the unique rupture point in the configu-
ration into —3. This increases the canonical degree by 1. For all non-(—2)’s E; to which the
configuration is connected we increase the self-intersection by 1 (decrease b; by 1). This decreases
the canonical degree by at least 1 (here we use that m > 2). If b; was equal to 3, then E; might
be connected to at most one other RDP-configuration, but without rupture point. The result
is a longer chain of (—2)’s. Proceeding in this way we obtain without increasing the degree the
same underlying graph, but with reduced fundamental cycle.

Step 3. For a graph with reduced fundamental cycle the valency of a vertex is at most b;. So
the complexity is bounded by > (b; —2) = Z - K. O

4. THE FORMAT OF A RATIONAL SINGULARITY

If a singularity is not a hypersurface, its equations can be written in many ways, some of
which have a special meaning. The standard example is the cone over the rational normal curve
of degree four, whose equations are the minors of

20 <1 R2 23
21 2y z3 z)

but also the 2 x 2 minors of the symmetric matrix
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In fact, perturbing these matrices gives two different ways of deforming the singularity, leading
to the two components of the versal deformation. We say that we can write the total spaces in
a determinantal format. In a naive interpretation a format is a way of writing or coding (effi-
ciently) the equations of a singularity. Another point of view is that we have a high-dimensional
variety (like the generic determinantal), from which the singularity is derived by specialising the
equations. This will lead us to the definition of a format, given by Ancus Rohr [13]. We start
with:

Definition 4.1 ([2]). Let Y C C¥ be a singularity. A germ X C CM is a singularity of type Y,
if there exists a map ¢: CM — C¥, such that ¢*(Y) = X, which induces a complete intersection
morphism ¢: X — Y.

For a singularity X of minimal multiplicity (in particular, for a rational surface singularity) of
multiplicity at least 3 the existence of a complete intersection morphism X — Y already implies
that X is of type Y [13, 2.4.2]. The singularity Y has the same minimal multiplicity. Indeed, X
is cut out by equations with independent linear part, for otherwise the multiplicity increases.

Deformations of type Y of X are obtained by unfolding the map ¢: for every map

®: CM x (8,0) = CV,

extending ¢, the map 7: ®*Y — (S,0) is flat [2, 4.3.4]. In general such deformations will not
fill out a component of the deformation space, but one can turn the problem around and start
from the total space of the deformation over a smooth component. This total space is then rigid
[15, p. 101].

A rational singularity has always a smoothing component with smooth base space. This is the
Artin component, over which simultaneous resolution exists after base change. This simultaneous
resolution is a versal deformation of the resolution M of X. A base change is not needed, if one
considers instead deformations of the canonical model X — X.

We therefore concentrate on the Artin component. As it is smooth, the singularity X itself
is cut out by a regular sequence from the total space Y of the deformation over the Artin
component. Therefore the singularity is of type Y. By a result of Ephraim [3] one can write
every reduced singularity Y in a unique way (up to isomorphism) as product of a singularity F
and a smooth germ of maximal dimension.

Definition 4.2 ([13]). The format F(X) of a rational surface singularity X is the unique germ F
in a decomposition Y = F x C*, with k maximal, of the total space Y over the Artin component
of X.

Let 7: (X ,Z) — (X,p) be the RDP-resolution of a rational singularity X of multiplicity
m; it can be obtained by blowing up a canonical ideal. It gives an embedding of X < ]P’%i2
over X and with it an embedding of the exceptional set Z = 7~ 1(p) in P2, as arithmetically
Cohen-Macaulay scheme of genus 0 and degree m — 2 [13, 2.6.3]. Rohr calls the cone over Z the
canonical cone of X. One can also obtain Z by blowing up a canonical ideal of F. This implies
that the canonical cone of a rational surface singularity is determined up to isomorphy by its
format. We conjectured that the converse also holds. This would imply that the singularities in
Remark 6.8 have the same format.

Rohr proves that quasi-determinantal singularities can be recognised from the resolution graph
[13, Satz 4.2.1]. The condition is that the graph contains the graph of a cyclic quotient singularity
of the same multiplicity. Equivalently one can say that the graph I' of the canonical model is a
chain, with everywhere multiplicity 1. The proof is based on a criterion for RDP-configurations
to be deformed on the resolution without changing the format [13, Satz 3.3.1]. This criterion also
applies to rational singularities with almost reduced fundamental cycle: all RDP-configurations
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can be deformed away, except A?’Z’Q. The graph of the resulting singularity is the minimal tree
for the given hypertree I'. Note that the canonical cone can have moduli, so also the formats.
The graph can therefore at most determine an equisingularity class of formats.

5. COMPUTATION OF THE FUNDAMENTAL CYCLE

In this section we describe, following Rohr [13, 1.3], a special way to compute the fundamental
cycle, for a given rational graph. We single out a vertex Fy, which we call central verter. The
computation is done in steps, where each time the multiplicity at Fy is increased by one.

We decompose the complement of a vertex Ey in a rational graph I' in irreducible components:
'\ {Eo} = U¥_,T;. We suppose that k > 1; the case k = 1 can be reduced to it by blowing up
a point of the curve Ej.

We construct the fundamental cycle inductively. To start with, let Fy + Yi(l) be the funda-

mental cycle on {Ey} UT;; as k > 1, the support of Yi(l) is I';: one can compute Z starting from
Ey+ Yi(l), so the coefficient at Ey is one. Define Z(1) = By + ZYi(l). Then Z( - E; <0 for all
i # 0.
’ #Let Z) be constructed with Z(*) -E; <0 for all j # 0, with coefficient s at Ey and satisfying
Z0) < 7. 1f Z) . Ey <0, then Z®) is the fundamental cycle Z. Otherwise, consider the set of
vertices E; ; € T; such that Z(*) - E; ; = 0 and let I‘ESH) be the connected component of this set
adjacent to Fy. Let Egy + Yi(sH) be the fundamental cycle on {Ey} U ngH). As Yi(sﬂ) < Y;(l),
the support of Yi(sH) does not contain Fy. Now define

Z(s+1) _ Z(S) +E0 + Zy;(s) .

Then Z(+1) . E; < 0 for all j # 0, the coefficient at Ey is s+1 and Z(+) < Z; indeed Z+1) can
be constructed from Z(%) by first adding Ey and then continuing in the manner of a computation
sequence without ever adding Fy again.

This construction ends with the fundamental cycle.

If £k = 1, we blow up a point of the curve Ejy, introducing a I's. But this can be avoided,
as in fact the same description as above holds, with the only difference that for £ = 1 the
cycle Ey + Yl(s) is not the fundamental cycle on {Ey} U ng) (in particular, Ey + Yl(l) is not the
fundamental cycle on T'), but Yl(s) is the cycle constructed from ZG—1 4+ Fy in the manner of a
computation sequence without ever adding FEj.

Let mgs) < mgl) be the coefficient of Yi(s) at the vertex in T'; adjacent to Ey. As Ey-Z(8) =1

for s < I, where Z() = Z is the last step of the computation, we have > mgl) = by + 1,

> mgs) =bygforl <s<land), mgl) < bg.

Example 5.1. Consider an Fg-configuration, connected to a non-(—2) vertex Ey. We compute
the Z(*). We only write the multiplicities of Eq (in boldface) and of the irreducible components
of the configuration.

The sequence (mgs)) is (2,2,0) and therefore an Eg-configuration can only be connected to a

curve with multiplicity at most 3. We observe that the same sequence can be obtained from
2A%, two chains of length two.
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6. ONE NON-REDUCED CURVE

The goal of this section is to give the elements for the classification of rational graphs, where
each RDP-configuration is attached to at most one non-reduced non-(—2)-vertex. We first clas-
sify the possible multiplicities at RDP-configurations. These depend only on the multiplicity of
the non-(—2), and the computation can again be done for each configuration separately. The
candidates for graphs of RDP-resolutions can be found from the graphs with almost reduced
fundamental cycle, but not every candidate arises from a rational graph.

Let Ey be a non-reduced non-(—2), with multiplicity zg in the fundamental cycle. According
to the previous section, we can compute the fundamental cycle in zy steps, each time increasing
the multiplicity of Ey by one. We add cycles with support on the subgraphs I'; and each subgraph
1) m(z(’)). These multiplicities satisfy

I i

ngl) = bO + 1, ngs) = bO for 1 <s< 20, ngzo) < bo.
i i i

After the first step we add only cycles with support in RDP-configurations intersecting FEj,
as all other non-(—2)-curves, intersecting such configurations, have multiplicity one. Each I';
contains at most one RDP-configurations adjacent Ey. We include the case that there is no such
configuration by calling it Aé’l.

For each RDP-configuration from Tables 1, 2 and 3 we compute the multiplicity sequence
(mM, ..., mY). The multiplicities satisfy m™®) —1 < m() <m® for all s < j. We abbreviate
a sequence k, ...,k of | equal multiplicities as k'. An exponent [ = 0 means that this factor is
absent. If the sequence is infinite, and repeating itself, we underline the repeating section. So
in Table 6 the entry (1"*1,0,1") for LAL! should be read as (1"*1,0,1",0,1",0,...). The case
n = 0, of two non-(—2)’s intersecting each other, is included. The sequence is then (1,0,0,...).

For configurations between several vertices only one of the non-(—2)’s has higher multiplicity,
and we suppose that the other ones have sufficiently negative self-intersection for the graph being
rational.

We have to distinguish which of the two or three attached vertices is the non-reduced one.
We always draw the graphs as in Tables 2 and 3. In a graph of type TA2% 11Ak2 or A2.R2
the arrowhead (which indicates the curve intersecting the fundamental cycle of the extended
configuration negatively) is on the right hand side of the graph. So it makes sense to distinguish
between the left, middle or right attached vertex. We denote this by writing an L, M or R
before the name. For type D we use L and R.

It is possible to obtain a multiplicity sequence from different configurations or combinations
of configurations. We then speak about equivalent configurations. For each configuration we
also determine the simplest equivalent combination of configurations.

gives a multiplicity sequence (m

Proposition 6.1. The multiplicity sequences and the equivalent configurations for the configu-
rations of Table 1 are as given in Table 5. The different cases arising from the configurations
of Table 2 are in Table 6; it gives also the multiplicity at the component attached to the other,
reduced non-(—2). If the sequence is infinite, the multiplicity after step s of the computation is
given. Table 7 gives the results for A2*:2.

Proof. We do here only the case A¥ for k > 1, as the other cases involve similar or easier
computations. We write n = lk+r+ (k—1) with ! > 1 and 0 < r < k — 1. This is possible
as the number n satisfies n > 2k — 1. There is a chain of Ik +r —(k—1) = (- Dk+r+1
(—2)-vertices with multiplicity & in Z("), and the end of this chain not intersecting Ey intersects
ZW negatively (when [ = 1 and r» = 0 there is only one vertex with multiplicity k; in this

case the multiplicity sequence is (k,0) and the format is kA}l, in accordance with the general
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TABLE 5.
name mult sequence equivalent to
Al (1™,0)
A](€l+1)k+r717 r<k-—1 (kl7r) (k - T)All + TAll-‘rl
A3, (24,1,1,240)
Afiyayp_o k>2 (KLk—1,1) Al +(k—1)A},
D2 (2,0) 24}
Hpk k> 2 (k,0) kAL
np? (2,1,2,0) Al + A}
"Dl y1, k>2 (k,1) (k—1)Af + A}
E2 (2,2,0) 24}
E3 (3,0) 3A%
TABLE 6.
name mult sequence other mult equivalent configuration
LAY (0,17 [
LIA2* (2,177%,0) n—k+2 LAY + AL,
, — l k— r ,
MIA?lil)(kfl)Jrr (k, (k= 1)) [%1 LAY +(k=1-r)Al +r AL,
k>2
MYAG e (K1) 2 LA +r AL +(k=1-r)A]
0<r<k-1
k,2 1,1
MUAG ey (B E=1,1) 3 LA, + (k= 1)A[,
k>2,1>1
MR (k k—1,1) 3 LAV + Al + (k —2) A}
k>2
MUAZ, (2',12,2171) [ LA + A}
RIAk2 (2,1%-2)0) k LAY + AL,
k>2
RITA2:2 (2,0) 2 LAY' + Al
LD%jjf (k+1,0) 2 LAY" + kAL
1,2 s 1,1
RDZI::FI (27 1a la . ) |—2k2+ 1 LAl + A%
LD3? (k,1) 3 (k—2)Al + AL + LAy
k>2
RDy? (2,1,1,...) |25 ] LAY + A}

formula). The set T(?) consists of (I — 1)k +r + (k — 1) vertices. If I > 1 this number is at least
2k — 1 and the multiplicities in Z? are

2.4,...,2k 2k, ... 2k 2k —1,2k—2,...,2,1.
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TABLE 7.
name mult seq mult at L mult at M mult at R
LAZR2 - (2,1n=FF1 ) n—k+3 2
MAZR? (K, (k= 1)1 ) [3E] 2
RAZF2 (2,1k2 ) 2 k
Heren=(1+1)(k—1)—1+rwith0<r<k—2and k> 2.

There are (I — 2)k + r + 1 vertices with multiplicity 2k in Z®2). We continue in this way until
there are r + 1 vertices with multiplicity Ik in Z(®); all multiplicities are then

L2l ..k e, U Tk — 1,0k —2,...,2,1.

The set TUH+1) consists of 7 4 (k — 1) vertices (except when r = 0; then TU*Y is empty). We
therefore add the multiplicities

L2,....r—1,r,...,7yr—1,...,2,1,0,...,0.

If < k — 1 the sequence stops here, the multiplicity sequence is (k!,7) and the equivalent
configuration is (k — r)A} +rA}l ;. If r = k — 1 the multiplicities in Z(*1 are

I+1,20+1),...,(k—1D(+1,k(l+1)—1,k(I+1)—2,...,2,1.
We add the multiplicities 0,...,0,1,...,1. If £ > 3 the sequence stops here, the multiplicity
sequence is (k!',k — 1,1) and the configuration is equivalent to A} + (k — )AllJrl If k = 2, the
sequence continues; as I'“+3) consists of n — 1 nodes, the multiplicity sequence is (21, 12, 2l70).
There is no easier equivalent configuration for this A2, Lo O

Remark 6.2. The condition k& > 2 in the tables is included to avoid duplications. For example,
as MA22%2 = [A222 we can assume that k > 2 for M A2K2.

Remark 6.3. Note that the tables give the maximal multiplicity sequence for each configuration.
If the computation stops earlier (due to other configurations), one gets a simpler equivalent
singularity.

Corollary 6.4. Every RDP-configuration, attached to only one vertex, is equivalent to a com-
bination of configurations of type AL and A3,.

Corollary 6.5. An RDP-configuration, attached to two or three wvertices, of which only one
has multiplicity greater than one in the fundamental cycle, is equivalent to a combination of
configurations of type AL, A3,, LALY and LA%%2.

Proof. Table 6 gives the result for configurations between two vertices.

From Table 7 we see that the multiplicities of LA2%2 depend only on n — k, so LA2k2 is

equivalent to LAEL’E’,E 4o The multiplicities of RA%¥%2 depend only on k, so we can take the

smallest n, which is 2k — 3. In that case the left and right chain of (—2)’s are equally long, so
by interchanging L and R we obtain LAg}c "3, which is equivalent to LA2 2, 2
For M A2*:2 we distinguish between the cases 7 = 0 and 0 < r < k — 2. In the first case

[%] =1+ 1, while Z%‘N = [+ 2 in the second case. For r = 0 an equivalent configuration,

attached to the vertex vy, is MAQ’2’2 + (k—2)A} and, for r > 0, is

MAPR? + (k—1—1)Al + (r — 1A},

Finally we note that interchanging M and L makes M A222 into LA%22, (]
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From an arbitrary rational graph we obtain a graph with almost reduced fundamental cycle
and the same underlying graph by making some vertex weights —b;, < —2 more negative. This
process can also be inverted. The possible candidates for graphs (or hypergraphs) of RDP-
resolutions with non-reduced fundamental cycle can be obtained from reduced (hyper)-graphs
by replacing a —(b; + 2)-vertex by a —(b;/z; + 2)-vertex with multiplicity z;, but not all graphs
can be realised.

Proposition 6.6. On a rational graph with only one non-(—2) vertex Ey the multiplicity of Eq
in the fundamental cycle can at most be 6.

Proof. By Corollary 6.4 it suffices to consider only RDP-configurations of type Al and A%, If

zg > 2, there is exactly one configuration I'; with mZ@) = mz(»l) — 1, so it is either A} or A%. In

the last case zp < 5, as A% gives the sequence (2,1,1,2,0). Suppose now that there is exactly
one Aj. If zg > 3, there is exactly one configuration I'; with m® = ml(-2) —-1= ml(-l) — 1, which

is either Al or AZ. In the last case zg = 4, as we combine the sequences (2,2,1,1,2,2,0) and
(1,0,1,0,...). The sequence of A} + A is (1+1,0+1,1+0,0+1,1+1,0+0) = (2,1,1,1,2,0),

which shows that zg < 6. (I

Remark 6.7. We realise zg = 6 for a (—3) with A} + Al + A} + AL

Remark 6.8. With A% and Fy a (—3) we can realise zo = 5 with the configuration A+ A%+ Al
Another way to get 5Eq is with Al + A3 +2A]. It would be interesting to study the formats of
the corresponding singularities. We remark that neither is a deformation of the other.

Classification (of graphs, where each RDP-configuration is attached to at most one non-reduced
non-(—2)). Start by making a list of all possible hypergraphs r of canonical cones, without edges
(or hyperedges) between non-reduced vertices. Given I, realise this graph (if possible) in all ways,
using only configurations A}, and A%, ALY (includingn = 0) and LA2?2. Replace (combinations
of ) RDP-configurations with equivalent ones, as given by the Tables 5, 6 and 7.

Remark 6.9. The computations so far also can help to compute the fundamental cycle for
complicated graphs. As example we return to Karras’ graph, given at the end of Section 1. The
graph for the canonical model is rather simple. Note also that only configurations of type AL
occur.

10 6 8 5 6

| pen pan mm |
We first simplify the graph. The configuration A} + Al at (—3) on the right implies that its
multiplicity is at most 6. Therefore the A} has no influence on the computation, and we get the
same multiplicities, if we remove it and increase the weight (—3) to (—2). We have then a A3
attached to the (—3) of multiplicity 5. The (—3) on the left has multiplicity at most 10 because
of A} + A§. Again we can remove the A} and increase the weight (—3) to (—2). We have then
a A%, attached to the (—3) of multiplicity 6. By the same argument the A} at the vertex of
multiplicity 8 can be removed, so that we end up with two (—3)-vertices E; and F5 with a A§’2
in between, an A%, attached to E; and A% attached to Es.

It remains to compute the fundamental cycle for this configuration. This is best done with
the rupture point between F; and Es as central vertex. We give the total multiplicities at each
step. The multiplicities of the (—3)’s are in bold face, while those of the central vertex are
underlined.

1 1 1
122 2 2 2 2 2 211112 21
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Karras computes in a different way, as his goal is to find a smoothable subcycle.

7. RDP-CONFIGURATIONS ON GENERAL GRAPHS

In this section we determine the maximal multiplicities that most can occur on an RDP-
configuration. We continue to compute for each RDP-configuration separately. For some con-
figurations the multiplicities can become arbitrary high, but what actually happens, depends on
the rest of the graph. We do not investigate the exact conditions.

The results apply to the classification of graphs, in which two or three non-reduced non-
(—2)’s are connected to each other by a single RDP-configuration, but not connected to any
other non-reduced non-(—2). In particular, we determine the conditions that the multiplicity of
the non-(—2)’s does not exceed two. This suffices to give a complete classification of rational
graphs of degree 6. We indicate this in the next section.

We first treat configurations attached to exactly two vertices, both of higher multiplicity.
Then there are two vertices E, and Ej, of self-intersection —a and —b, which are connected by
a RDP-configuration A. The fundamental cycle E, + Za + Ep on {E,} UA U {E} is given in
Table 2. Let na o be the coefficient of the vertex of A, adjacent to E,. Furthermore, let I';, be
the union of the connected components of the complement of the graph, which are connected to
E,. Let E, + Z, be the fundamental cycle on {E,} UT,, let n, be the sum of the multiplicities
of Z, at the vertices of I',, adjacent to E,. Define the corresponding objects for Ej.

Definition 7.1. In the above situation E, is a bad vertez if na o +nq =a+ 1.

We borrow the term bad from Tosun, see [10, Definition 3.4] and [16, Definition 3.14], where
it is used without multiplicities: Tosun calls a vertex bad if its valency is one less then its vertex
weight b. Karras [6] calls it a basic center. If E; - Za = 0 for every vertex of A, then exactly one
of E, and Ej is a bad vertex (in our sense).
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7.1. ALY, We call the two vertices E;, and Eg, and denote the numbers defined above corre-
spondingly; the vertex weight of Ey, is —by, and that of Er is —br. Then na =nar =1
and there is exactly one bad vertex, which we suppose to be E;,. This means that n; = a, and
I'y is non-empty. We claim that the multiplicity of A in the fundamental cycle can be arbi-
trarily high. We compute the fundamental cycle with E as central vertex. We set YL(l) =7z,
Y{'% = Za + Er + Zg. Then Z" = YV + By + Y{'}, and By is the only vertex with

E; - ZM = 1. In each next step YL(S) < YL(U and YA(% < YA(%}{. In particular, the multiplicity of
the fundamental cycle at Er does not exceed that at Ep. We describe the case that the compu-
tation never stops. For the sum nf) of multiplicities in I'y,, adjacent to E, and the multiplicity
”S,)A we have then either n(Ls) =a—1and n(As?R =1, or n(Ls) = a and n(As?R = 0. As remarked
earlier, we do not investigate the conditions which this assumption imposes on I';, and I'g.

Let ZA = E1+---+FE, with E1-E;, =1 and E,,-Er = 1. Suppose the coefficient of E in YA(‘%
is 1, and the coefficient of Er in Z) is k. If Eg - Z) = —s;, < 0, then YA(f;D =F+---+E,,

YR =Bt 4 Byry oy = By and YOV = 0. Then Eg - 26+ = —gp, 4 1.
We continue by adding only cycles with support on A until E r intersects the total computed
cycle trivially. In the next step the coefficient of Er in the added cycle will again be 1. At this
stage the coefficients of the total cycle in the neighbourhood of A are as follows.

The coefficient of Ey is s =k + (n+ 1) ) _ s;, the sum of the n(Lj) is

(a=1)(nY si+k—1)+al+Y s),

the coefficient of Eq is k+n)_ s;, that of Ey is k+ (n+1—1) > s;, that of E,, is k+ Y s;, the
coefficient of E is k, and the sum of the multiplicities of the vertices in I'g, adjacent to Eg, is
k(b — ].) — Z S;.

We remark that the formulas also work, if n = 0. This means that A = () and Er, is adjacent
to Eg. Furthermore, if > s; = 0, the multiplicities at F, and Er are independent of n.

7.2. TA%*, In this case, and also for A%2 and A2*2 it is more convenient to compute the
fundamental cycle with the rupture point in the chain of (—2)’s as central vertex E;. We
therefore use a slightly different notation, consistent with the description of the computation in
Section 5. Let m(LS)7 mg\i,) and mg) be the multiplicities in step s at the vertices directly to the
left, below or to the right of the central vertex. The non-(—2) vertices are Ej, with weight —by,
and Fj; with weight —by,.

We have mg) +m§\? +mg) =3, m(LS) +m§\f[) +m§§) < 2 for s > 1, and the computation stops
at the first s where this sum is less than 2.

We start by computing the sequence (mg)). We apply Proposition 6.1: as we have a A}th—
configuration, the sequence is (1"~*+1 0,17=%+1 0,...). So ms) =1 for s #(n—k+2) and
m%“ﬁkﬁ)) =0 for all [.

Next we look at (ms\ff)). Let Zps be the fundamental cycle on the connected component
Iy of T'\ {Ep}, containing Ej;. For the first step Z(1) of the computation we determine the
fundamental cycle Y]\(Jl) on {Eyg} UT )y it is Eg + Zpr. The condition that Ejps is a bad vertex
translates into Fy; - Zyy =1 —k, so Ejy - ZW) = 2 — k. Therefore we put Euf - 70 =9 _f— t1,
where ¢; > 0 with equality if and only if Fj/ is a bad vertex. In the next steps Y]&f) is empty. We
find that Ey- Z*+1—1 = 0, so Ejy is in the support of Y]\(f+t1). We set Epy-Z0t1) = 2k —t,,
with to > t1. Proceeding this way we find the sequence

(1,0F+0=2 7 oktta=2 1 ohtts=2 ),
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On the left side By, - Z() = —s; with s; = 0 if and only if . is a bad vertex. If s; > 0, then
FE;, is not contained in the support of YL(Q)7 which is the Aj_s-configuration between Ej and
FEy. We continue in the manner of A,IC_Q, until By - Z61(:=D+1) — 0 and Ey, is in the support of

YL(Sl(kfl)H). Then Ep, - ZG1(=D+2) — g, with s9 > s1. The sequence is
(1, (1%=2,0)%, 1, (1%2,0)%2,1, (1*2,0)%,...) .

Exactly one of E;, and Ej; is a bad vertex. If k = 2, both E;, and Ej; are connected to
FEy, so upon relabeling we may assume that the bad vertex is E;. We first treat the other
case, that Fj; is the bad vertex. Then ¢; = 0, and, as just said, we make the assumption that

k > 2. To obtain a high multiplicity we need that mf) + mg\f[) =1lforl<s<n—k+2 and

m%"ikﬂ) + mg\sz“) = 2. We achieve mf) + mg\‘? =1for s > 1 by taking t; =--- =t5, =0,
toiv1 = L toi42 = -0 = b5, = 0, boihsot1 = 1, to o2 = -0 = lsiqsptsy; = 0, .10

The only possibility to get mgs) = mg\ff) = 1 is by taking #s, 1. 45,41 = 0: this gives s =

p+>.0_1 si(k—1)+k—1. We therefore put n—k+2 = p+> 0_| s;(k—1)+r withr < 1+4sp11(k—1).
If r #£ k — 1, the computation stops with s =n — k+ 2. If r = k — 1, we go one step further,
as then m%"7k+2) = m%ikﬁ) =1 and m$7k+2) =0, but min7k+3) = m%ik%’) = 0. So the
computation always stops.

Suppose now that Ep, is the bad vertex; here k = 2 is allowed. In this case the computation

need not end. We have s; = 0,1 for all i. As ms\’/}(k_l)+zti+l) = 1, we obtain mf) + mg\‘? =1

for s > 1 by taking §1 = 0 = Sy = 0, St1+1 = 1, St142 = 00 = Sttty & 0, Sti+to+1 = 1,
Styd+tot2 = - = Sty4to+ts = 0, .... We need m(LS) + mg\f’[) =2 for s = l(n — k+ 2). This is
possible if p(k — 1) + 32" t;+ 1 =1(n—k +2). In case [ = 1 we then do not set sy, 11 = 1,
but continue with sy~ 41 = s5-4,40 = --+ = 0. This gives a shift in the indices of the s;, which

we do not compute here.

is

7.3. TAR2, Tn this case the non-(—2) vertices are Ej; and Eg. The sequence (m(LS))

(1*=1 0,11 0,...).

So m(Ls) =1 for s # lk and mgk) = 0 for all [. As in the previous case the sequence (mg\ff)) is

(1,0F+0=2 7 oktta=2 7 ohtts=2 ),

We have Eg - Z()) = —uq with u; = 0 if and only if Ep is a bad vertex. If uy > 0, then Eg

), which is the A,,_; between Er and Ey. The sequence

is not contained in the support of Ylg
(m§)) is
(1, (1"% 0)“, 1, (1" 7k, 0)%2, 1, (1" 7F,0) ... ) .

The computation stops when mf) —&-mgjf) = 0, or when mg) = 0, except when m(LS) —i—mg\fl) =2

for that value of s. We achieve that mf) + mg\f[) =1 for s > 1 by taking t; = 0 and ¢; = 1 for
(le) = mg\lf) =1 for some [ > 1, while m(ka) + mg\zk) =1forp<l,
by setting ¢t; = 0. If £ > 2, then mgkﬂ) = ms\l/lkﬂ) = 0, so the computation stops at that point.
Therefore the computation stops when mg,-is):()7 or if s = [k, in the next step. The computation
never stops if u; = 0 for all 7. Note that in that case both E; and Er are bad vertices.
If £ = 2, the situation is a bit different. The sequence (m(LS)) is (1,0,1,0,...), (mg\“})) is
(1,0t,1,0%,1,0%,...) and (m$}) is

(1,(1"72,0)“, 1, (1"2,0)¥2, 1, (1"72,0)%2,...) .

1 > 1. It is possible to have m
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We always take ¢t; = 0, and t; < 1. By taking suitable consecutive t; equal to zero we can get
mgs) + mﬁs) = 2, with this sum always equal to one for odd indices. It is possible that the
computation never stops. If n is odd, we need ug;—1 = 0 for all [, while the uy; may be arbitrary.
If n is even, then u; < 1. If u; = 0 then also u;4+1 = 0. If n = 2, we see no difference between
E) and Eg, and indeed the sequences (mg\fl)) and (mg)) are of the same shape.

7.4. Dg{:jf. The configuration is connected to vertices EFr and Ey. We claim that the coefficient
z1, of Ep, in the fundamental cycle can be at most two. We compute the fundamental cycle with

FE;, as central vertex. The relevant information on the cycle YAO}{ is given in the entry for
RD’;,:F_&’E in Table 6. If the coefficient of Eg is s, then the multiplicity of the vertex adjacent
to Ey, is m(Ll) = |25 | We assume that Ep, - Z() = 1. If s = 2¢ + 1, then YA(?% = and
the computation stops with z;, = 2 and zg = 2t + 1. If s = 2t 4+ 2, then F(AQ?R has only an
Aj!-configuration between Ej, and Eg, so Eg is not a bad vertex for YA@,) and m(LQ) =1 As
L%"’%j =k+ 1+t > 3, the computation again stops with zz = 2. Depending on whether
Er-ZW =0 orless, zp = 2t + 3 or zg = 2t + 2.

7.5. D;",f. In this case only one of the vertices Fr, and Eg is bad. In the symmetric case k = 2 we
assume that Ep is the bad vertex. We compute as in the previous case with E, as central vertex.
If the coefficient of Eg in YA(% is s (with s > 1 if and only if Eg is bad), then m(Ll) = |2k,
Ifs=2t—1, thenm(LQ) =1. If £ > 3, then L%J =k+t—1>k>3. For k =2 we assumed
s>1,s0t>1and again k+t—1 > 3. So the computation stops with zp, =2, and zp =2t — 1
or zgr = 2t. If s = 2t, then YA(% = () and the computation stops with z;, = 2 and 2z = 2t.

7.6. A2F2. As in the cases TA2* and A2 we compute with the rupture point in the AZ*:2

configuration as central vertex Fy. The sequence (m(LS)) is
(1, (1F72,0)%, 1, (1F2,0)%,1, (1% 2,0)%,...) ,

the sequence (mg\ff)) is

(1,00 =2 1 oF+t2=2 1 ohtts=2 )

and finally (mg)) is

(17 (17L—k:+17 0)u1, 17 (1n—k+17 O)uz7 1’ (1n_k+1, 0)“37 o ) .

First suppose Ej; is a bad vertex, i.e., t; = 0. We may assume that £ > 2. Then Ej is not
a bad vertex, s; > 0, except possibly if n has the lowest possible value 2k — 3, when there is
an arrowhead between Ej; and Ep at Ey. In that case the chains from Fy to Er, and Er are
equally long. Asn —k+ 1 =k — 2, not all three of s1, t; and u; are zero, so upon relabeling
we may assume also here that s; > 0. As in the case TA2* we find that the computation stops
with the first 0 in the sequence (mg)), or in the step immediately after. It is however possible
that there is no 0 in this sequence; this happens if u; = 0 for all .

If t4 > 0, then s; = 0, and if n = 2k — 3, also u; = 0. For most values of s we will have
m(Ls) +m§,§) = 2, but we want that m%) +m§,§) =1fors=pk—1)+> " t;+1foralp>1. We
determine on which places in the sequence (m(lf)) there are zeroes. Let 23;11 s;<r< Z;Zl S;j.

Then the r-th zero is on place r(k — 1) + i. Similarly the r-th zero in the sequence (mg)) is on

place r(n — k 4+ 2) +14, if Z;;ll uj <71 < 22‘21 uj.
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If k£ = 2, we may upon relabeling assume that ¢; > 0. Then the same description holds. In
particular, if n = 1, we have the sequences

(1,0°1,1,0%,...), (1,0",1,0™,...), and (1,0"',1,0%,...).

Once again we stress that we do not investigate, which values of s;, t; and u; are possible.

7.7. Multiplicity at most two. In the previous subsections we have tried to make the multi-
plicity of the fundamental cycle at non-(—2)’s as large as possible. The computations above also
tell us when the multiplicity does not exceed two. Now we make the conditions explicit in terms
of the multiplicities of the other components of the graph, attached to the two non-(—2)’s. Let
FE, be one of these vertices. Then as before I', is the union of connected components, attached
to E,. Let E, + Ya(l) be the fundamental cycle on {E,}UT,, and denote by n((ll) the sum of the
multiplicities of Ya(l) at the vertices of I',, adjacent to E,. At the stage of the computation of
the fundamental cycle, when the multiplicity of E, has increased to 2, we need the fundamental
cycle E, + Ya@) on {E,} U F((12)7 where F((f) is a connected component with vertices satisfying
E; - (E,+ Ya(l)) = 0; then E? is the sum of the multiplicities of YG(Q), adjacent to E,.

7.7.1. ALY, Asbefore we assume that Ey, is the bad vertex. The computation with Ey, as central
vertex should stop at s =2, so Fr, - Z() =1 and Ep, - Z) < 0. As the multiplicity of Eg also
should be two, we need Fp - Z(1) = 0. This gives us

n(Ll) :bL7 ng) :bR—l,
n(L?)SbL—Q, ng)gbR—l.

7.7.2. IA%”“. First consider the case that E); is the bad vertex, so ¢ty =0 and s; > 0. If sy > 1,
then the computation stops before the multiplicity zy, becomes two, or z); becomes at least three.
Therefore s; = 1. We have the sequences (1,1¥72,0,1,1%72,0,...) and (1,0*2, 1,022 1 .. .).
Asn—k+12>k wehave n—k—+2 > k+1. The condition that the multiplicities do not exceed
two depend on n. If n — k + 2 < 2k — 2, the computation always stops at s = n — k 4+ 2. If
n—k+2 =2k —1, then we need t; > 1 and if n — k + 2 > 2k, then we t5 > 2. Thus

nM=b, -2 )=ty —k+1,
n? <b, -2, by —k+1, ifn<3k—4,
n? < by —k, if n =3k — 3,
bar —k—1, ifn>3k—2.
If Ey, is the bad vertex, we have sy = 0 and we need t; = 1. Furthermore s, > 1.

If n—k+2 = k+1, the computation stops at s = n — k 4+ 2. Otherwise we need sy > 1. This
gives

n(Ll)sz—l, ng):bR_k,
n® < {bL 9, ifn=2k-1, n? <br—k

by —3, ifn > 2k,

7.7.3. AF2 1f u; > 0, so t; = 0, the computation stops too early or the coefficient of Ejs
becomes too high. We need us > 0. The value of t2 depends again on n. The results also hold



128 JAN STEVENS

for k = 2.
n() =by —k+1, nY =bp -1,
by —k+1, ifn<3k—5  n¥ <bp-2.
n?) < by —k, if n = 3k — 4,

by —k—1, ifn>3k—3,

7.7.4. D512 In the notation of 7.4 we need that s = 2 and Eg - Z(1) < 0. This gives us

2k+1
nV=b,—k  alY) =br—1,
n? <b,—k  a¥ <br-3.

7.7.5. Dg,’f. In this case s < 2 and zr = 2. We first assume k > 2. This gives two possibilities.
If s =1 we obtain
n=b,—k+1,  al) =bp-2

n? <bp—k+1,  nlP <bp—2

and for s = 2
WV =bp— ko a =br—1,
n? <b,—k  n¥ <br-2

The last formula also works for the symmetric case kK = 2, if we assume that Eg is the bad
vertex.

7.7.6. A2F2 We have to determine the conditions that at least two multiplicities become 2,
whereas none may become 3. We argue as in the cases A2* and 7Ak2. If Ep (t; = 0) is bad
we may assume that k& > 2. If s; > 1, the multiplicity of Fr remains 1, which is seen by the

absence of the entry for nf):
V< -3, al) =ty —k+1, nY) = b —1,
o [ —k+1, ifn<3k-6, 0 <bp-2.
M= by — k, if n>3k—5,

If sy =1 and u; <0 (so ng) <bgr—1), then n > 2k — 3; for n = 2k — 3 one has, if necessary, to

interchange Er and Er. We get

g =br =2 nf) =bu —k+1, ni) <br—2.
n® <b, -2, by —k+1, ifn<3k—5,
m? < by —k, if n = 3k — 4,

bM“—k-—l, ifn;iSk——&

It is also possible that all three multiplicities are 2:

' < b, —2, by —k+1, ifn<3k—6,  n <bgr—2.
n? <L by —k, if n =3k — 5,

by —k—1, ifn>3k—4,
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If Ey; is not bad, we allow that k = 2.

n(Ll)sz—l, ng\?sz—k—l, ng):bR—l.
n'? < by —2 n'?) < bp—2.

Also now it is possible that all three multiplicities are 2:

nM =b, —1, ) =by—k  nl) =bg—1

n(LQ) <

By-2 ifn=2%-3 a2 <by—k 0P <br-2
by —3, ifn>2k—2

8. LOW DEGREE

The classification of rational graphs of degree three was given by Artin [1], degree four by the
author [14] and degree five by Tosun et al. [16]. In these cases there is at most one non-reduced
non-(—2), so the classification can be written using the results of Sections 2 and 6. For degree
six one new case arises, with two non-reduced non-(—2)’s; here the results of Subsection 7.7
suffice, as we presently shall make explicit. For degree 7 one can use the same methods; we
do not go into detail. Things become more complicated for degree 8, where possibility of three
non-reduced non-(—2)’s appears. We classify the occurring graphs in this section.

8.1. Degree six. We start with the classification of graphs of canonical models. The ones with
reduced fundamental cycle are given in Table 4. From it one can also infer the other possibilities:
just replace some vertices with weight —b with a vertex of weight —3 and multiplicity b — 2, or
the (—6) by a (—4) of multiplicity 2. We do not treat all cases, where there is only one non-(—2)
with higher multiplicity, but We give partial results for some cases and as example we list the
complete classification in the case of highest multiplicity.

The new case in degree 6 is that there are two (—3)-vertices with multiplicity two in the
fundamental cycle. The possible configurations are described in Section 7.7. We have to specialise
to the case that the vertex weights are 3.

We write C(my,mso) for any combination of RDP-configurations realising the multiplicity
sequence (my,ms), and C(m1, < mg) for configurations where the total second multiplicity is
at most mg. The notation C(0,0) stands for the empty configuration. These combinations can
be found from Table 5; e.g., (3, < 1) stands for 24} + Al (n > 1), A3, A%, 'D? + Af, A% + A},
A2+ AL, D2 4 AL 13 D3 and EB.

Proposition 8.1. Suppose the graph of the RDP-resolution consist of two (—3)-vertices, both
with multiplicity 2. Then they are connected by one of the RDP-configurations, listed in Table 8
together with the the other configurations at the left and the right verter.

Proposition 8.2. Suppose the graph of the RDP-resolution consist of one (—3)-vertex, with
multiplicity 4. The following combinations of RDP-configurations are possible.

A3+ 241, Aj + A2 Al + A2+ AL,
D2 + A3, Al + A} + A3, Al+ AL+ AT+ AL,
IDZ+ Aj+ AL;, A+ A}, Al + AL + A2

Proof. We argue as in the proof of Proposition 6.6. We first consider only RDP-configurations
of type A}, and A3,. We need either A} or A7. As A} gives the sequence (2,1,1,2,0), we need
the sequence (2,2,2,0), so the configuration 2A3. If there is exactly one A}, we further need A}
or AZ. In the first case we can complete with A% or A+ Al with n > 3, in the second only with

Al n > 3. Table 5 gives the possible equivalent configurations. ([
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TABLE 8.

name left right name  loft right
Av, OGS CRS2 e oq <) o<
IA?;’Q c@2,<1) C@1,<1) IIA§,2 C(17(;) 0(2’;1)
Az, C20)  C@Ls1) 2 o) <)
4y O CO0) 82 ) c@<1)
42 020 - C00) P <1 cl@.<1)
4y s (L= D Cl<1) C20)
'A% C(1,<1) C(L0) Dg’Q 0(0’(;) 0(27< 1)
U clsy 00,0 D¥ c(l<1) CL<1)
e, CL=D 000 bl e )

, < < ’ ’
Hjég gg:ml) gg;; Dg?  C(0,0) C(1,<1)

Next we consider the case that the hypertree for the RDP-resolution has a T-joint. The
smallest tree realising it looks as follows.

2

As drawn, the vertex Fj; has multiplicity two. The other cases are also possible, and occur in
the classification, but they give basically the same graph.

Proposition 8.3. If the hypertree of the RDP-resolution has a T-joint and E)y; is the vertex of
higher multiplicity, the configurations

MAY*?+C(1,< 1), MAZ*?+C(1,< 1), MA2Z’§’2+C(1,0), MA®*? MAZ*?, and MA§$2

can be attached to Epr; at Er an Al is possible and also at Er in the symmetric case of
minimal n = 2k — 3. To Egr of higher multiplicity the configurations RA%2%2 + C(2,< 2) and
RA232 4+ C(2,< 1) can be attached; at E;, an AL is possible and also at Epr in the case k = 2.
The last possibility is LAég’z + C(2,< 1) with an optional AL at Eg.

Proof. We use Table 7. The only thing to note is that we stop the computation earlier, at step
two, so in the case LAQ>’§’2 the multiplicity at Ej; does not reach the value n + 1, but remains
3. B O

For two other cases, with the following graphs for the RDP-resolution,

3 2
B—u B8

we only show how they can be realised, using configurations of type LAL! for the connection

to other (—3)’s, and configurations C'(my, < mg) and C(my, ma, < mg); as before this notation

stands for any combination of configurations, realising a multiplicity sequence.

Proposition 8.4. Suppose the graph of the RDP-resolution consist of two (—3)-vertices, one
with multiplicity 8. This type can be realised by attaching to the curve of multiplicity 8 a combi-
nation LAy + C(3,3,< 2), LAY + C(3,2,< 2) or LAZ, + C(3,2,< 1).
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Two reduced (—3)’s with a (—3) of multiplicity 2 in between can be realised by attaching, to
the vertex of multiplicity 2,

LAY' + LAG" + C(2,<2), LAZ; + LAy + C(2,< 1), or LAY + LAY + C(2,0).
The three remaining cases are easier.

8.2. Degree eight. We consider here only the cases that there are three (—3)-vertices, all with
multiplicity two in the fundamental cycle. Either all three are connected by a single A2*:2
configuration, or they form a chain. The first possibility is a special case of Section 7.7.6.

Proposition 8.5. Suppose the graph of the RDP-resolution consist of three (—3)-vertices, all
with multiplicity 2, connected by a single A%%2 configuration. Then following values for n and
k are possible, with the given other configurations at each vertez.

name left middle right

A2 0(2,<1) C(1,<1) C(2,<1)
A222(C(2,0) Cc(1,<1) C(2,<1)
AP? C(2,<1) C(0,0) C(2,<1)
A232 ((2,0)  C(0,0) C(2,<1)
AP*? C(1,<1) C(1,<1) C(2,<1)
A232 C(1,<1) C(1,0) C(2,<1)
AP 0(1,<1) ©(0,00)  C(2,<1)
APP? C(,<1) C(0,00  C(2,<1)

Finally we consider a chain of non-reduced (—3)’s. Let the vertices be called Er, Ej; and
FEgr. We compute the fundamental cycle as described in Section 5 with Ej; as central vertex.
The complement I' \ {E);} decomposes into the connected components I';, and T'gr, contain-
ing respectively Fj and Epr, and the union I'j; of the remaining components. We consider
the multiplicity sequences (m(LS)) = (m(L),m(Lz))7 (mg\/j),mg\?) and (m%),mg)). We need that
m(Ll) + mg\? g) 4 and m( ) 4 m(z) + m( ) < 2. Upon interchanging E; and Er we may
assume that m(Ll) > mg).

Proposition 8.6. For a chain of three (—3)’s with multiplicity 2 in the fundamental cycle the
following multiplicity sequences are possible, when computing with the middle verter as central
vertex.

m$y ) () m$) (m§))  (m¥)
(3,<1) (0,0) (1,1) (2,00 (1,<1) (1,1)
(2,<£2) (0,0) (2,0) (2,1) (1,0 (1,1)
(2,1) (0,0)  (2,1) (1,1) (2,0 (1,1)

The configurations giving the required values for (mg\?, mﬁ)) can be read off from Table 5.
We have C(1,0) = A}, C(1,1) = AL, n > 1, and C(2,0) can be 24}, AZ or 'D2. For (m\", m{?)
and (m%), mg?)) we use Table 6. It suffices to describe the possible configurations for E;. The
result is given in Table 9.

We have to distinguish cases depending on whether Ey, is a bad vertex for T'y, U{E)s} or not.
If bad, then the multiplicity of Fy, in YL(I) is two, and the multiplicity does not increase in the
second step. This means that E; - Z(!) < 0 for some vertex E; on the chain between Ez, and Ejy;.
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This is an extra condition, which excludes a number of cases from Table 6. If Ey is not bad,
then its multiplicity in YL(I) is one, and E; - Z) = 0 for all vertices E; on the chain between Ej,
and F), including Fr. In this case m(l?)) > 1.

TABLE 9.
(m(Ll),m(LQ)) E;, bad E}, not bad
(1,1) LAY' +0(2,£2)
(2,0) LA +C(3,<1)
(2,1) MUAZ? 4+ C(2,<1) LIAZ*+0(1,<1)
MUAZ? 4+ C(2,0) LD +C(1,<1)
MUAY? 4+ C(1,<1) MIAZ® 4+ C(0,0)
MUAZ? + 0(1,0)  LD* + C(0,0)
MU1AG? 4+ C(0,0)
MUYAL? 4 C(0,0)

(2,2) RUAYI+C(2,<2) LAZT+C(1,<1)
LD +C(1,<1)  MIAZ]+C(0,0)
LDY* 4 C(0,0)

(3,0) L'AY? +C(2,0)
LD +C(2,<1)
MAZ® + C(1,0)
LDY* +C(1,<1)
MTAZ* + ©(0,0)
LDg” + C(0,0)

(3,1) L'A%2 + C(2,0) LIAZ? + C(1,< 1)
RUA3? 4 C(2,0)  RD3?*+C(1,<1)
RD??* 4+ C(2,0)
MTAZ® +C(1,0)
MAZ* +C(0,0)

We give the graphs for the simplest ways to realise a chain of three (—3)’s with multiplicity
2, depending on Ej or ER being bad. Again it would be interesting to know whether these
singularities have the same format.
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Hodge-theoretic splitting mechanisms for projective maps

Mark Andrea A. de Cataldo

Abstract

According to the decomposition and relative hard Lefschetz theorems, given a pro-
jective map of complex quasi projective algebraic varieties and a relatively ample line
bundle, the rational intersection cohomology groups of the domain of the map split into
various direct summands. While the summands are canonical, the splitting is certainly
not, as the choice of the line bundle yields at least three different splittings by means
of three mechanisms in a triangulated category introduced by Deligne. It is known that
these three choices yield splittings of mixed Hodge structures. In this paper, we use the
relative hard Lefschetz theorem and elementary linear algebra to construct five distinct
splittings, two of which seem to be new, and to prove that they are splittings of mixed
Hodge structures.
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1 Introduction and main theorem
Let f: X — Y be a projective map of complex quasi projective varieties, let

H := ®450IH(X,Q)
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be the total intersection cohomology rational vector space of X and let n € H?(X,Q) be
the first Chern class of an f-ample line bundle on X. We refer to the survey [6] for the
background concerning perverse sheaves and the decomposition and relative hard Lefscehtz

theorems etc. that we use.
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The map f endows H with the perverse Leray filtration P. The graded objects
H,:=P,H/P,_1H

are non-trivial only in a certain interval [—r,r|, with r = r(f) € Z>o. We thus obtain the
two objects H := (H, P) and H, = &,(H,, T[—p]) (T[—p] = the trivial filtration translated
to position p) in Yo%, the filtered category of finite dimensional rational vector spaces.
Obviously, every filtration on a vector space by vector subspaces splits and we have a good
(= inducing the identity on the graded pieces) isomorphisms ¢ : H, = H in %p.%.

The vector space H underlies a natural mixed Hodge structure (MHS). The subspaces
P,H are mixed Hodge substructures (MHSS) so that the graded objects H, are endowed
with a natural MHS. Let .# HS be the Abelian category of rational mixed Hodge structures.
It is natural to ask whether there are good-isomorphisms ¢ : H, = H in .# HS.%, the filtered
category of mixed Hodge structures. In English, do we have splittings ¢ : ®&,H, = H such
that the component H, — H is a map of MHS so that, in particular, the image is a MHSS?

In this paper, we list five distinct such mixed-Hodge theoretic good splittings. They are
built by using the f-ample n and they depend on it (see Theorem 1.1.1):

wi(n), wu(m), é1(n), éuln), ¢m(y) : Ho ————>H in MHSF (1)

The key to our approach is the relative hard Lefschetz theorem (RHL). The cup product
with 7 induces an arrow n : H — H[2](1) in .# HS.%#. This means that n: H — H(1) (Tate
shift (1)) is such that n : P,H — P,12H(1) (translation of filtration [2] and Tate shift (1)).
RHL yields isomorphisms in .#Z HS:

nt o H_ oy ———— = Hy(k), Vk>0. (2)

Our main technical result, which in fact is proved in an elementary way, is as follows: let &/
be an Abelian category with shift functors (n) and let (V,e) be a pair where e : V — V[2](1)
is an arrow in the filtered category «/.% inducing isomorphisms e* : V_ = Vj,(k), for every
k > 0; then there is a natural isomorphism wi(e) : V, 2V in &/ .Z.

With this result in hand, we easily verify that we can construct the remaining four split-
tings within &% . We then set & = .# HS and deduce (1). Let us stress again, that we use
RHL in an essential way and that the point made in this paper is that once you have this
deep result, the splittings (1) stem from elementary linear algebra considerations.

The construction of the three splittings of type ¢ is borrowed from [8]. However, it seems
that [8] only yields ¢-type splittings in ¥4.%, i.e., not necessarily in its refinement .# HS.%.
By coupling [8] with the theory of mixed Hodge modules, one can indeed prove that the
splittings of type ¢ take place in .#ZHS.%. By way of contrast, as pointed out above, the
constructions of this paper are based on the elementary construction of wi(e) in «7.%.

The fact that ¢1(n) is mixed-Hodge theoretic had been proved in [2, 4] (projective and
quasi projective case, respectively) by using the properties of the cup product, of Poincaré
duality and geometric descriptions of the perverse Leray filtration P on H associated with
the map f. The proof that ¢1(n) is an isomorphism in .#Z HS.% that we give here is different
since it does not use the aforementioned special features of the geometric situation.

The simple Examples 2.6.4 and 2.6.5 show that the five splittings (1) are, in general,
pairwise distinct.
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There is a natural condition, the existence of an e-good splitting, under which the five
splittings coincide; see Definition 2.4.5 and Proposition 2.6.3.

In the paper [7], we proved the following result (auxiliary to the main result of [7]): the
Hitchin fibration f : X — Y for the groups GL2(C), SL2(C) and PGL2(C) associated with
any compact Riemann surface of genus g > 2 and with Higgs bundles of odd degree, presents
a natural f-ample line bundle « and, in the terminology of the present paper, the splitting
¢1(a) is a-good ([7] shows that (55) holds for ¢r(a)). In particular, in this case, the five
splittings coincide.

Acknowledgments. I thank Luca Migliorini for useful conversations. This paper was
written during my wonderful stay at the Department of Mathematics at the University of
Michigan, Ann Arbor, as Frederick W. and Lois B. Gehring Visiting Professor of Mathematics
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especially Mircea Mustata, for their kind and generous hospitality and gratefully acknowledge
partial financial support from the N.S.F., the Frederick W. and Lois B. Gehring Visiting
Professorship fund and the David and Lucille Packard foundation.

1.1 The main theorem

A splitting H, = H in ¥3.# acquires significance only if we can describe H,. This is the
content of the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber (see the
survey [6]) which implies the highly non-trivial fact that, up to a simple renumbering of
cohomological degrees, we have that H, = H(Y, PH?(Rf.ICx)), where PHP(Rf,ICx) is the
p-th perverse cohomology sheaf of the push-forward Rf.ICx of the intersection cohomology
complex ICx of X (= Qx[dimc X], if X is nonsingular).

Let us briefly discuss how the cohomology groups of these perverse sheaves split accord-
ing to the decomposition by supports and to the primitive Lefschetz decomposition coming
from RHL. Let us start with the one by supports, i.e., the Z’s appearing in what follows:
each perverse sheaf HP := PHP(Rf.ICx) is a semi-simple perverse sheaf and decomposes
canonically by taking supports: HP = @z H%,, where the sum is finite and the summands are
the intersection cohomology complexes with suitable semisimple local coefficients of suitable
closed integral subvarieties Z of Y.

The RHL induces the primitive Lefschetz decompositions (PLD) of HP: recall that p €
[—r,7]; let @ > 0; set P", , = Ker {n"t! : H," — H 2} and, for 0 < j < i, set Pl =
Im {7/ : Pii,z — H~27}; then the PLD reads as HP = ©_;49j—p Dz PZ}Z (sum subject
to 0 < j <i). Set P",(—j)z := H(Y, P} ;); it is a MHSS of H_; ;. Note that 7 induces
isomorphisms 7’ : (P".(0)7)(—j) = P",(—j)z of MHS. By combining the decomposition by
supports with the primitive one, we obtain the splitting @; j z P",(—j)z = H, which, in view
of [1, 2, 4, 5], is a splitting of MHS. We set P}} := (©_it2j=p zP";(—j)z, T[-p]) (sum subject
to 0 < j < 4; trivial filtration translated to position p) which is an object in .# HS.Z.

By taking into account these refined splittings, we have the corresponding refinements
of (1). We note that everything holds just as well, with the same proofs, for intersection
cohomology with compact supports.

The main result of this paper is the following
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Theorem 1.1.1 Let f : X — Y, n and H be as above. There are five distinguished good
splittings (1) in M HSF :

Do<j<i,zPLi(=0)z - = S H,. (3)

Stmilarly, for intersection cohomology with compact supports.

Proof. We first work in the abstract setting outlined in §2.1 of the filtered category .«.%
of an Abelian category &/ endowed with a shift functor. In this context, we work with an
object V and an arrow e : V — V[2](1) subject to the HL condition (32).

The splitting wir(e) is obtained by the “dual” procedure as follows. Let «7° be the category
opposite to 7; it is Abelian and can be endowed with a shift functor coming from the given
one in /. We then have that e® : V0 — V°[2]°(1)° in &7°.% satisifes the corresponding HL
condition (32). We thus obtain wy(e®) : V2 =2 V°. We set wyy := ((wr(e®))?) L.

The splitting ¢1(e) is constructed in §2.4. The proof is parallel to [8], §2 with the following
two changes: (i) instead of using the existence of a splitting arising from [8], §1, which is
proved using some basic features of t-categories, features that «7.% does not present, we use
the existence of either of the splittings w(e) established above; (ii) we adapt the proof of [§],
Lemma 2.1, which again takes place in the context of a t-category, to the context of &7.%.

The splitting ¢rr(e) is obtained in §2.5 by following the procedure “dual” to the one
followed to produce ¢r(e).

Finally, ¢111(e), which necessitates that we work with a Q-category (= the Hom-sets are
rational vector spaces), is constructed in §2.6 by adapting the corresponding construction in
[8], §3. This construction is self-dual.

We now specialize to &/ := .# HS, with shift functor given by the Tate shift and to
(V,e) := (H,n) and conclude, due to the fact that the HL condition (32) is met by the RHL

(2). O

2 The five splittings

2.1 Filtered category associated with an Abelian category

Let o/ be an Abelian category whose elements we denote V, W, etc. For ease of exposition
only, in this paper we make heavy use of the language of sets and elements.
A filtration F on V is a finite increasing filtration, i.e., an increasing sequence of subobjects

..CEVCF,,VC..C

of V such that F,V = 0 for p < 0 and F,V =V for p > 0. Weset GriV := F,V/F;,_V. We
denote by T the trivial filtration on V: TV =0 C T,V = V. Given n € Z, we denote by
F[n] the n-th translate of F: F[n],V = F,4,V, so Grg[”]v = Gr5+pV; for example T[—p]
is the trivial filtration in position p.

Given a pair V := (V, F) and a subquotient U of V, the filtration F on V induces a
filtration on U, which we still denote by F'; for example (Gr;";\/7 F) = (Gr;":\/7 T[-p]). In
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particular, for every p < g € Z, we have the following pairs associated with V:

Vep = (E,V, F), Vsp = (V/Fp iV, F), 4)

v, = (G V, F), Vip.g = (F,V/E,_1V,F).

We say that V has type [a,b], with a < b, if GrEV = 0 for every p ¢ [a, b].

Given (V, F) and (W, F), an arrow [ : V. — W in & is said to be a filtered arrow if it
respects the given filtrations, i.e., [ maps F,V to F,W, for every p.

The filtered category &/ F associated with & is the category with objects the pairs
V = (V,F) and arrows the filtered arrows. In particular, an arrow [ : V. — W induces
arrows on the objects listed in (4), e.g., I; : V; = W,. An arrow [ in &/.% is an isomorphism
if and only if [; is an isomorphism for every i € Z.

We have functors [n] : & F — o .F, (V,F) =V — V[n] := (V, F[n]), etc.

We have the following graded-type objects, in &, &/ % and &/ %, respectively:

Vi = @pVhp, V= @V:D? X~7* = @(VP,T[—p]). (5)

We say that V splits in &7.% it there is an isomorphism in «7.%:

¢V, —>V. (6)
We say that a splitting ¢ is good if, for every p, the induced map ¢, : V}, = V,, is the identity.

Remark 2.1.1 If V splits, then there is a good splitting: let ¢, : V,, =V, be the induced
isomorphisms and replace ¢ with p o (3°, ¢, h.

The category 7.7 is pre-Abelian (additive with kernels and cokernels), hence pseudo-
Abelian (every idempotent has a kernel). In particular, given an idempotent 7 : V — V|

72 = 7, we have canonical splittings in «7.%:

V = Ker(id—7) @ Kerr = Imn ¢ Kerm. (7)

The arrow ¢ : (V,T) — (V,T)[1) induced by the identity is such that the induced arrow
Coim ¢ — Im ¢ is not an isomorphism so that /% is not Abelian.

Example 2.1.2 The example we have in mind is the one where & is the Abelian category
M HS of integral (or rational) mixed Hodge structures (MHS) where the arrows are the maps
that respect the weight and Hodge filtrations. The Tate shift functor, denoted by (1) is such
that if Z is the pure Hodge structure with weight zero and type (0,0), then Z(1) is the pure
Hodge structure with weight —2 and type (—1, —1). Note that, for example, the cup product
with the first Chern class L of a line bundle on a complex algebraic variety X induces, for
every k > 0, amap L : IH*(X,Z) — IH**2(X,Z)(1). An element M = (M, F) of #HSF
is a MHS M (with its weight and Hodge filtrations) equipped with an additional filtration F
for which F,,M is a mixed Hodge substructure (MHSS) of M for every p.
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Let (1) : & — &7,V — V(1), I = [(1), be an additive and exact autoequivalence and, for
m € Z, denote by (m) its m-th iterate, called the m-shift functor.
By exactness, the shift functors lift to functors (also called shift functors):

(m): #F — gF, V=(V,F)— (V(m),F)=:V(m), [—I(m), (8)
and we have
(V(m))y = Vy(m),  Gry((m)) = (Gr, 1)(m). (9)

The shift functors commute with the tanslation functors, so that we can write V[n](m)
unambiguously. We have (V[n|(m)), = V,4,(m), etc.
For every p € Z, an arrow [: V — Wn|(m) induces arrows in -

p + Vo —— Waip(m), (10)
where it is understood that:

Wn+p (m) = GI‘F

I (m) = Gl MW (m). (11)

If V has type [a, b], then we have canonical arrows:

V, — >V 25 v, (12)
first inclusion and last quotient, with compositum J,51d.
An arrow [[n](m) obtained from an arrow [ : V — W by shift/translation is simply denoted
by [: V[n](m) — W[n](m) (e.g., the arrow [ in (21) is really [;*(—m)).
Let V and W be in &%, let m,n € Z, let [ : V, — W,[n](m) be an arrow in &%
and let [,q : V,, = W,[n](m) be the (p, ¢)-th component of [. We define the degree d € Z
homogeneous part [{4 of [ by setting:

(= 3" b, ([ZM). (13)
d

q—p=d
Since V,, = (V,,, T[—p]) and W, [n](m) = (W4(m),T[—q + n]), we must have
=0, vd>n+1. (14)
Let o7° denote the Abelian category opposite to <7.

Remark 2.1.3 Let &/ = ¥g be the category of finite dimensional rational vector spaces
and linear maps. The natural contravariant functor ¥ — 7 can be identified with taking
dual vector spaces and transposition of linear maps. Similarly, if we take & = .# HS. This
observation may make what follows more down-to-earth and the computations of explicit
examples easier.

We have the exact anti-equivalence (—)° : & — &°, (V EN W) — (V° r W°) whose

second iterate is the identity functor. We endow 27° with the additive and exact shift functors
(m)°: V2 Ve(mP°) := (V(—m))°.

139



A filtered object V = (V, F') in &/.% gives rise to a filtered object V° = (V°, F°) in &/°.F
by setting:
FiOVO = (VD)SZ' = (VZ_Z')O. (15)

Contemplation of the following diagram may be useful:

Veiog = Ve, (V<i-1)® o (V<i)® (16)
|4 (V)e
Voips = Vs (Vaig1)® == (Vay)°.

Clearly, (V°); = (V_;)° and we set F°[n] := (F[—n])°.

We obtain an anti-equivalence (—)° : &/ % — &/°.% whose second iterate is the identity
functor. The anti-equivalence (—)° is anti-compatible with translations, shifts and taking
graded pieces, etc., for example:

Ve[n]?(m)® = (V[=n](=m))°. (17)

An arrow [: V — Wn](m) in &/ F yields the arrow [° : W° — V°[n]°(m)° in «7°.%. This
arrow is really [°[n]°(m)°, but we omit those decorations for arrows.

We record the following fact for use in the next section.

Lemma 2.1.4 Let & be an additive category and let p : B — B’ be an arrow in B. Assume
that the kernel v, : Kerp — B of p exists and that there is a splitting r : B’ — B of p, i.e.,
por =1idp:/. Then the natural arrow
+
B ®Kerp——" - B (18)
is an isomorphism in A.

Proof. Note that po (1 —rp) =0, so that there is an unique arrow s : B — Ker p such that
1—rop=1,0s. It is easy to verify that the arrow:

B—"" _ BaKerp (19)

yields the desired inverse to r + ¢,. 0O

Remark 2.1.5 Assume, in addition, that 2 is pseudo-Abelian, e.g., B = &/ %, and consider
the idempotent arrow 7 := r o p. Then we have a canonical isomorphism B = Im 7 @ Ker 7.
This isomorphism can be canonically identified with the one in (19), for Kerm = Ker p, and
r identifies B’ with Im 7.
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2.2 A splitting mechanism in /%
Let V= (V,F) in &% be of type [a,b], let m € Z and let:

[:V——V[b—ad](m) (20)
be an arrow such that the resulting arrow (10) is an isomorphism in <7:
lo : Vo —— Vy(m). (21)
There is the commutative diagram in o/.# (see (12)):

/

p

V. ®V, r

Vo®V 22
Gatlialy (17 polpy) o 22

Ry % G e
1y,

Va @Vb

so that:
(5 Pl = 1 puPialy 'y, py)

p:V Vo @V, (23)

The kernel Kerp of p in &/.% is the kernel Kerp of the underlying map in & with the
filtration induced by (V, F'). The natural inclusion induces a map in o7/ F":

tp : Kerp ——V. (24)
Remark 2.2.1 Since the arrows u and [, in (22) are isomorphisms, we have that:
Ker p = Ker p’ = Ker (py o [) N Ker py, (25)
and similarly, if we take into account the induced filtrations.
Lemma 2.2.2 The following arrow is an isomorphism in of F :

fatiptliol]?t
w:V,®dKerpaV, e V. (26)

o

Proof. Apply Lemma 2.1.4. 0

Remark 2.2.3 The map w (26) is uniquely determined by, and depends on, [. However, the
component i,, being the inclusion of the first subspace of the filtration, is independent of I.
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The object Ker p is of type [a + 1,b — 1], the inclusion ¢, induces natural isomorphisms:
Loy (Kerp)p;Vp, Vpela+1,b—1] (27)

and, by taking subquotients, a natural isomorphism:
Lplat1p—1] * Kerp —— Vigr1p-1)- (28)

By combining (26) with (28), we obtain an isomorphism:

IR

Wiap] © Va® Vigr1p-1 O Ve v, (29)

as well as its component:
Wat1,0—1] ¢ Y[at1,p—1] —= V. (30)

Both isomorphisms induce the identity on the p-th graded pieces, for every p in (29), for
p€la+1,b—1]in (30).

One may picture the content of Lemma 2.2.2 as an unwrapping of the outmost layer
V., &V, of V via [. Note that in general, there is no natural non-trivial arrow from a
subquotient of an object to the object itself. The arrow (30) is made possible by the HL
condition.

2.3 The splittings wi(e) and wy(e)

Let V= (V,F) in &/.% be of type [—r.r] for some r > 0. Up to a translation, this condition
can always be met and leads to simplified notation in what follows.
Let
e: V—=V[2](1) (31)

be an arrow in «/.%. In particular, for every & > 0, we have the iterations e¥ and their
graded counterparts: (we drop the shift when denoting a shifted map and, in what follows,
we drop subscripts for the maps induced on graded objects):

V= V2R(k),  F =V, Viya(k). (32)

Assumption 2.3.1 (Condition HL) We assume that (V,e) satisfies the hard Lefschetz-
type condition (HL), i.e., that the arrows:

ek Vo —= s Vi(k), Vk >0, (33)
are isomorphisms in .

The following proposition ensures that if the HL condition is met by a given (V,e), then
V splits, i.e., we have an isomorphism V 2 V (6). By keeping with the analogy of Remark
2.2.3, we may say that HL allows to completely unwrap V. Recall the notion of good splitting
(on inducing the identity on the graded pieces).

142



Proposition 2.3.2 Let (V,e) satisfy the HL condition. There is a good splitting:
wi(e) =wr : Vi =@,ei_p Vp — = s (34)
Proof. By applying Lemma 2.2.2 and to [ := €", so that [a,b] = [—r,r] and m = r, we obtain

o

w:V_,.dKerpad V,

\'2 (35)

The arrow [ yields the arrow [:= w; ' o [owy on the lhs of (35). Keeping in mind that (26)
means that the filtration F' on V splits, we obtain the Ker p-component [' of [:

I': Kerp

Ker p[2](1). (36)

In view of (27), we have that I’ satisfies the HL condition.

By using (28) and (29), we replace Ker p with V|_,,; ,_1; and we obtain the desired splitting
wi(e) by descending induction on 7.

By construction (i.e., [ = w; o lowy, (27) and (33)), the isomorphism wi(e) induces the
identity on the graded pieces and is thus good. 0

The splitting wyi(e) is obtained by the dual construction. This is explained in the proof
of Theorem 1.1.1.

Remark 2.3.3 In general, wi(e) # wr(e); see Examples 2.6.4 and 2.6.5. In particular,
neither of the two constructions wi(e) and wyy(e) is self-dual.

The purpose of the next three sections is to show that if V splits in /. %, then one can use
the HL property (33) to construct three additional natural splittings taking place in o/ %.
Note that these constructions are based solely on the existence of a splitting.

2.4 The first Deligne splitting ¢(e)

Let (V,e) be as in (31) and assume that it satisfies the HL condition (33). In particular, in
view of (34), V splits in &7 .Z.
Let ¢ > 0 and define the primitive objects in «7:
P_i:=Ker {e :V_; — Via(i+1)}. (37)

The subquotient P_; of V inherits the filtration induced by F on V, i.e., the trivial filtration
translated in position —i, and we denote the resulting object in «7.% by:

P_; = (P-i, F) = (P-;, TTi}). (38)

We have the natural monomorphisms in -
. . ej
P_i(=j) ——=V_i(—j) —=V_is2; (39)
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which, taken together, yield the canonical primitive Lefschetz decompositions (PLD) in &/
and &/ . F, respectively:

Vi, (40)

@()gjgi P—i(_j)

R|o

™

Gaogjgi (P_i(=4),T[i — 24]) = @ogjgi P_i(—=j)[-2j]] ——— V..

IR

We have the commutative diagram of epimorphisms and monomorphisms in «7.%:

P_, om0y _, (41)

mono
mono
epi epi epi

V——rs... *>sz¢,1 E—— V27i~
Note that (38) implies that if [ : P_; — W is an arrow in &/.%, then it factors through
W<_;, i.e., the underlying arrow [: P_; — W, factors through F_;W.

Lemma 2.4.1 Let (V,e) be as above. There is a unique arrow f; : P_; = V in o/ F with
the following properties:

1. 4t lifts the natural arrow P_; — V>_; in (41);
2. for every s > i > 0, the composition of the arrows below is zero:

e‘of;

P, ———————V(s) ——= V>,(s). (42)

Proof. The proof is essentially identical to the one of [8], Lemme 2.1 (see also [8], 2.3). We
include it, with the necessary changes, for the reader’s convenience. Recall that we use the
language of sets.

Let ® : o F — % be an additive functor into an Abelian category . We denote ®(e)
simply by e. Let i > 0 and z € ®(V>_;) be such that 0 = e (z) € ®(Vs;12).

CLAIM 1: there is a unique lift y € ®(V>_;_1) of z such that 0 = e'T!(y) € ®(Vsi11).
Proof. For every a € Z, we have the natural maps:

Va E—— V2a+1 — V2a+1. (43)

Since ® is additive and, in view of Lemma 2.3.2, V splits in «/.%, we have the short exact
sequences in Z stemming from (43):

00— O(V,) — &(Vsy) — ®(Vsgy1) — 0.
By naturality, we have the following commutative diagram of short exact sequences in %:
BV_i 1) O(Vsi1) (V) 0 (44)
eitl

\Y%
i(

0 —— (Vi (i 4 1)) — (Vo1 (i + 1) —> B(Vii + 1)) — 0.

0
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The claim follows from a simple diagram-chase starting at x € ®(V>_;).

CLAIM 2: under the same hypotheses as the ones of CLAIM 1, there is a unique lift y € ®(V)
of x € ®(V>;) such that Vs > i, we have that 0 = e*(y) € ®(V>,).
Proof. The element y found in CLAIM 1 satisfies the hypotheses of CLAIM 1 for ¢ 4+ 1. Since
the filtration is finite, we conclude by a repeated use of CLAIM 1.

Let us apply CLAIM 2 to the functor ®(—) := Homy gz (P_;,—) : &% — Ab (Abelian
groups): set z : P_; = V>_; to be as in (41).

The statement of the lemma follows by applying CLAIM 2 to z: the hypotheses of CLAIM
2 are met in view of the defining property (37) of P_;, and the resulting element y is the
desired f;. 0

Let ¢ : V, 2V be any splitting. In view of the primitive Lefschetz decomposition (40),
we can talk about the components ¢;; : P_;(—j)[-2j] — V. Of course, there are many
splittings having components ¢;; = f;.

We define the first Deligne isomorphism ¢;1(e) associated with (V,e) by taking the com-
positum of the following two isomorphism

Ze'jofi

or(e) = ¢r : V. T@oqg P_;(—7)[—27] V. (45)

By using the language of elements, if we denote by p;; the typical element in P_;(—j)
and we form the typical element v, € V,:

Uy = va =€ Z Z pij | € Vi, (46)

p —it+2j=p
then
di(e) s v — 3 € (filpiy)) (47)
0<5<4
In particular, we have that
pi(e(e'piy)) = epr(elpiy)),  VO<I<i—j. (48)

Remark 2.4.2 Let us omit the shifts, translations and filtrations. Let ¢ : V, 2 V be a
splitting and ¢; : P_; — V be the resulting components. By (37), we have that

towi: Py — Veitora,
for every t > 0. Lemma 2.4.1 yields f; : P_; — V with
e€ofit Py — Voo,

for every t > 0, i.e., an improvement by ¢ units with respect to an arbitrary splitting, even a
good one. The paper [7] exploits this special property of ¢1(e) in the context of a study of
the geometry of the Hitchin fibration.
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Remark 2.4.3 By constuction (see (45) and Remark 2.1.1), the isomorphisms ¢1(e) and
wi(e) are good (6). In general, the two differ from each other; see Examples 2.6.4 and 2.6.5.
However, they agree on V_,. @ V,.: in fact, both induce the identity on the graded pieces, so
that they must agree on V_,. = P_,.; by comparing the expression (45) for ¢r(e) restricted
to V, with the corresponding one for wi(e), i.e., (35) and (26), we see that they coincide. In
particular, if V; = 0 for every |i| # r, then wi(e) = ¢i(e).

Let ¢ : V., 2 V be a splitting. The matrix é(p) of e with respect to ¢ is defined by
setting:

élp) =é:=(ploeop) : V, — V,[2(1), &= é=» & (49)
prq
By virtue of (14), we have that

eldh =0, vd>2. (50)

Let us assume that ¢ is good. Then

e = Z e, e:V, -V, (1). (51)
)

Note that while é12} is independent of ¢, we have that é(¢)% depends on ¢ for d < 1.
We have the refinement é(p) of the matrix é(¢) that takes into account the primitive
Lefschetz decomposition (40):

ép) =é= (eloéoe) : EP Poi(—i)[-2i] — B P_i(—5)[-24][2](1). (52)
0<5<i 0<j<i
By taking components, we have arrows

&(p)ij + Poi(=)[=2j] — P_x(=D[-20[2](1). (53)

Proposition 2.7 in [8] can be easily adapted to the present context and yield the following
characterization of ¢r(e). For a “visual”, see [§8], p.119.

Lemma 2.4.4 The splitting ¢1 : V. =V is characterized among the good ones by the follow-
ing two conditions:

1. for 0 < j < i, we have é((él)f} = 0 except for é((él)ﬁfﬂ =1d;

2. for j =i, we have the é(¢1)¥ = 0 except, possibly, for | < i.

Definition 2.4.5 We say that a splitting ¢ : V, 2 V is e-good if it induces the identity on
the graded pieces and é(¢) is homogeneous of degree two:

&) = ()t (54)
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Clearly, ¢ is e-good if and only we have that

é(w)?f =0 except for é(gp)%—j+1 =1d,V0o<j<i—1. (55)

We also have that ¢ is e-good if and only the composita:

c et

P_; \Y

V[2i +2](i + 1) (56)

are zero for every i > 0. In this case we say that the i-th graded primitive objects P_; are
embedded into V' via ¢ as bona-fide i-th primitive classes: i.e., killed by

€i+1 : P,Z' — V§i+1(’i -+ 1),
and not just killed by the subsequent projection to V;11(i + 1).

Remark 2.4.6 Lemma 2.4.4 implies that if ¢ is e-good, then ¢ = ¢1(e). In particular, if
there exists an e-good splitting, then it is unique. However, e-good splittings do not exist in
general: the reader can verify this in Examples 2.6.4 and 2.6.5; in the latter example, one can
even take P! x P! — P!, Proposition 2.6.3 shows that the existence of an e-good splitting is
rare.

2.5 The second Deligne splitting ¢y(e)
Let (V,e) be as in the beginning of §2.4. In particular, V admits a splitting in &/.# as in
Proposition 2.3.2: in fact, we have three so far wi(e), wir(e) and ¢rp(e).
The first Deligne isomorphism ¢r(e®) (45) associated with (V° e°) in &/°F yields, by
application of (—)° : &/°F — &/ %, the isomorphism in &/ %:
(¢1(e9))? + V ————= V.. (57)
We define the second Deligne isomorphism associated with (V,e) to be

oule) = o = ((¢r(e®)?) L : V, — = > V. (58)

In this context, the analogue of Lemma 2.4.1 reads as follows. Let

eV

ij

Pi(=5)[=27] (€ Vi) (59)
be the components of (57) associated with (40) (e as in (40)).

Lemma 2.5.1 For every i > 0, the arrow f]; is the unique arrow V — V; such that:

!
it

1. by taking the i-th graded pieces, induces the natural projection V; — P_;(—i)[—i];

2. for every s > i, the composition below is zero is (see (8], §3.1):

fii

Veoy ——=V—<> V[25](s) P_;(—i)[—2i][25](s). (60)
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By using Lemma 2.5.1 and the explicit formula (47) for ¢i(e), it is easy to deduce the
following explicit expression for the arrows f};:

fii(@r1(vi)) = pii (U = Do<jrcir D7) (61)

In general, ¢1(e) # ¢n(e) and this discrepancy is due to the fact that fi;(é1(vs)) # pij-
We now discuss how this discrepancy is measured exactly in terms the matrix é(¢1) (53) of
e.

By combining (45) with (57), we see that there is the commutative diagram (the bottom
identification is due to (40)):

v VI2(i — 5))(i — ) (62)
lf{j lf;L
P_y(—j)[~2] M P (i) [—2i)[2i — 24)( — ).

We fix 0 < j <. For every 0 < s <t, we use (47) and (48) together with (61) and (62) with
the goal of determining the value of

.filj (" fe(pes)) - (63)
Recalling that (57) induces the identity on the graded pieces, we deduce that:

L. if t =i and s < j, then f}; (e® fi(ps)) = 0;

we can see this, as well as the assertions that follow, on the following diagram (we do
not write €):

s i—3d i—g fi;
e® fi(pis) = d1(pis) — e p1(pis) = d1(e" ' pis) = 0; (64)
2. ift =i and s = j then f]; (7 fi(pij)) = pij
3. ift #iand s +4 —j <t, then fj; (e fi(pes)) = 0;

4. ifft#iand o :=s+1i—j—t>1, then

fz‘/j (e fr(pes)) = fz',i(egetft(pts)) (65)
which, recalling the definition (53) of é; = é(¢i(e)), has the following form:
(€0)i (qre)  (where qu = fr(e" fu(pes)) - (66)

Proposition 2.5.2 The first Deligne isomorphism ¢1(e) is e-good (55) if and only if
p1(e) = ¢ul(e).
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Proof. In view of (57) and 58), we have that the two Deligne isomorphisms coincide if and
only if, using the notation in (61), we have that f/;(v.) = pij, for every 0 < j <. According
to the four points above, the only obstruction to having this latter condition stems from (66)
not being zero for some pair (i,t) with ¢ # ¢. By reasons of degree, i.e., by (14), since i # t,
we have that (é1);; is in degrees < 1. If ¢ is e-good, then ¢; is of pure homogeneous degree
2, so that e7e’ f;(pis)) = 0 and we infer the desired equality.

Conversely, let us assume that the two Deligne isomorphisms coincide. By contradiction
let us assume that ¢p is not e-good. According to (55) there are integers 0 <t and 0 <[ <k
and a non zero arrow ! < t. Among these non zero arrows (él)ftl , chose one, (él)f:tlo, for
which the difference k& — [ attains the minimum value. In the language of elements, what
above ensures that there is 0 # p;, € P_;, such that:

) = ¢ e, (T (op)) e e (e, (). (67)

where the first term on the r.h.s. is non-zero and >.* is the sum over the non-zero terms
with (k,1) # (ko,lo). Since for these latter terms, k —1 > k, — l,, we deduce that

T, (5737 ) = 0. Py, (ko). (63)

On the other hand, since obviously efe~loele = ko we have that:

Gho = P, (7106 fi, (6ol (ep1,)) ) # 0 € Py, (—ho). (69)
In view of (62), we have that

Jiw 1,1 (€ fe,(pe,)) = @, # 0. (70)

Since we are assuming that the two Deligne isomorphisms coincide, by virtue of the first
paragraph of this proof, we must have k, = t, and t, = I, — 1. This contradicts I, <t,.

Remark 2.5.3 In general, there is no e-good splitting; see Examples 2.6.4 and 2.6.5. In
particular, neither of the two constructions ¢;(e) and ¢r1(e) is self-dual.

2.6 The third Deligne splitting ¢p(e)

Let (V,e) be as in §2.4. In particular, V admits a splitting (34) in &% as in Proposition
2.3.2; in fact, we have four, so far. We also assume that the Abelian category <7 is Q-linear,
i.e., that Hom-groups are rational vector spaces. The reason for this is that, in what follows,
one needs to exploit the slo(Q)-action arising from the given arrow e.

The goal of this section is to construct the third Deligne isomorphism associated with
(V,e). Whereas we omit the detailed presentation of the algebra underlying this construc-
tion (see [8], Lemme 3.3 and Proposition 3.5), we review some of the key points, state its
characterization and, along the way, indicate the necessary changes.

Let V and W be in &% and set:

(i) (V. W) = Hom oy 7 (V (i), W(j)[n]). (71)
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Up to the canonical isomorphism induced by the shift functors, the above depends only on
the difference m := (j — ) and we denote the resulting bi-functor by LE”])

Recalling the definition of the graded-type objects (5) and of degree of maps (13) (an arrow
(Vp, T) = (Vg, T)[n](m) in o/ F has degree d := g — p), we have the natural decomposition
by homogeneous degrees:

2r
n < <5 nl,{d} /%7 <
Ly (Ve V) = @ L (V.. 7). (72)
d=-—2r

The arrow h := prld(vpyT) induces the arrow:
he L0 (V. V) — L (V.. V), wr— how; (73)

this arrow is of homogeneous degree zero, i.e., {d} — {d}, with respect to (72).

By taking together the graded pieces of the arrow e : V — V[2](1), i.e., set €’ := > e,, with
p: Vp = Vpio(1), we obtain ¢’ € LE%’{Q}(W?*,Q*) which, in turn, induces the homogeneous

degree two arrow:

L) (V.,9.) — L

(m V.,V.,), ur— e(u):=e ou—wuoe. (74)

m1)

There is a canonical arrow of homogeneous degree —2 (this is where we need denominators
(1], p121): o o
fe Lm)(V*,V*) s LE?,{_D(V*,V*). (75)

The arrows (h,e, f) in (73), (74) and (75) form an sly(Q)-triple turning the rational vector
spaces

[l ) (7§
Lts @D LY (76)

deZeven/odd

into sla(@Q)-modules; in what above, j is a fixed integer multiple of 1/2 and the sum is over
the integers d with fixed parity, even if j is integral, odd if j is an half-integer. Recalling
that the sum is finite, for |d| < 2r, we have that the corresponding HL statememt reads as
follows: (e* the k-th iteration of e (74))

[n],(=k) = [n],(k)
LGk =Ly - (77)

Let ¢ : V, 2 V be any good splitting (6) and let é(p) be the associated matrix of
e:V — V[2](1) (49). The degree d homogeneous part of é(¢) satisfies:

~ - —d]{d
e = N )y € LG (78)
q—p=d

and is subject to (50) and (51): it is zero for every d > 2 and it is the obvious arrow for
d=2.
The the third Deligne isomorphism associated with (V,e):

ri(e) := ur 2 Vo ———V, (79)
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is the unique good splitting subject to the following conditions: (e!~¢ is the (1 — d)-iteration
of (74)):
el—d (é(<p){d}) =0, Vi<l (80)

Let us illustrate how, any good splitting ¢ : V, 2 V can be modified recursively, via HL
(77), to obtain a new good splitting subject to (80).
Let d = 1. The condition (80) reads ét'} = 0. Set ¢; := (id + »{=1}), where

pi-1} ¢ L%])’{fl} is a variable arrow. We conjugate e and obtain:
-1
(id + 111{_1}) oeo (id + 1/1{_1}) =é(p) e (1/){_1}> modulo degree <0.  (81)

Note that the last term on the left is in LEll])’{l}. We take the degree 1 part of the r.h.s of
(81) and set it equal to zero

e (w{—l}) = _é((p){l} (equality in LEll])’{l}) . (82)

The HL (77) ensures that such a {1} exists and is unique. This determines ¢ .
Let d = 0. The condition (80) reads e(é{°h) = 0. Set ¢y := @i (id + {=2}), where
Ppli=2t e LEB])’{_Q} is a variable arrow. We conjugate e and obtain

(id + 1/)‘{72})_1 e (id + 1/1{72}> =é(p1) +e (@/1{72}) modulo degree < —1.  (83)

Note that the last term on the left is in LEll])’{O}. We take the degree 0 part of the r.h.s of

(83) and set it equal to zero after application of e:
e? (1/}{_2}) = —¢ (é((pl){o}> (equality in LE;])’{2}> . (84)

The HL (77) ensures that such a 1/{~2} exists and is unique. This determines .

We repeat this procedure for all decreasing values of d and, recalling that V has type
[—7, 7], the procedure ends no later than d = —2r.

The unicity of the resulting arrow is verified easily as follows. Let a,b be two good
splittings subject to (80). Set

IR

c = b’1a=Id+Zl21 A=Y,

\' (85)

We apply the procedure carried out above to b, modifying it to by := b(Id + ct=1}). We
have that b = a modulo degree < —2, so that, in view of the fact that a also satisfies (80),
we must have that ¢c{='} = 0. It follows that b = a, modulo degree < —1. We repeat this
procedure and kill all the ¢{=1}.

In general, ¢1 # ¢, however, by [8], Proposition 3.6 (easily adapted to the present
context), we have that: (see Lemma (2.4.1) for the definition of f;)

omi(e)p_, = gr(€)p_, = fi: P; — V. (86)
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Remark 2.6.1 Unlike the four previous splittings wr 11(e) and ¢r 11(€), the construction lead-
ing to ¢m(e) is self-dual in the sense that we have:

((érr1 (€2)°) ™" = dm(e). (87)

This is because an isomorphism ¢ satisfies condition (80) if and only if ¢° satisfies the
analogous “opposite” conditions.

Remark 2.6.2 In genereal, the five good splittings

wi(e), wmle), ¢i(e), oule), ¢mle) (88)

are pairwise distinct; see Examples 2.6.4 and 2.6.5.

Proposition 2.6.3 If an e-good splitting (2.4.5) exists, then it is unique and it coincides
with the third Deligne isomorphism. In this case we have:

wr(e) = wn(e) = ¢1(e) = dule) = dmle). (89)

Proof. Let ¢ be e-good. Then é(¢){%t = 0 for every d < 1. It follows that condition (80) is
met by ¢, so that ¢ = ¢ri(e) and we have proved uniqueness (see also Remark 2.4.6).
Assume that there is an e-good splitting, which, by the above, must coincide with ¢ri(e).
By Remark 2.4.6, we have that ¢rr(e) = ¢1(e). Proposition 2.5.2 implies that ¢1(e) = ¢r(e)
(this equality can be also seen by using a duality argument similar to the one in (92)).

Let us compare ¢r(e) with wi(e). By Remark (2.4.3), the two agree on V_, & V,..

By comparing the general description (25) of Ker p with the formula (47) for the embedding
@1, we see, with the aid of (56), that

Kerp={veV]v= Z e filpij) ¢ (90)
(i,5)€lr

where I,. is the set of the indices subject to 0 < j <4 and to (4,5) # (r,0), (r,7). It follows
that Ker p coincides with ¢1(3_; P-i(—j)). By projecting onto >, .. Vp, we deduce that
¢1(e), restricted to le#T Vp factors through Ker p — V. Now we repeat for Ker p, what we
have done above for V' and deduce, by descending induction on r, that

¢1(e) = wi(e). (91)
We conclude by using a duality argument:
wir(e) = ((wi(e?)?) ™! = ((¢1(e?)?) ! = dnle) = wie), (92)

where: the first equality is by definition; the second equality follows by the fact that there
is an e-good splitting for (V,e) if and only there is an e®-good splitting for (V°,e°) and we
have proved that w; = ¢r; the third equality is by definition; the final equality is (91). This
concludes the proof. O
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Example 2.6.4 V = Q? with basis (v_2,v0,v2), € : (v_a,v0,v2) — (vo, V2, Va),
Verz =Ver =(v-2), Veao=Var=(v_2,1), V2=V, (93)

Voy = ([v-2]), Vo=([w]), Vo= ([va])- (94)

The five splittings associated with e discussed in this paper are:
e di(e) : ([v-2], [vo], [v2]) — (v_2, v0,v2);
e dule) : ([v-2]; [vo]; [v2]) — (v—2, —v_2 + vo, —v0 + v2);
o guile) : ([v_2l, [vo], [v2]) — (V_2, —Fv_3 + v, =300 + v2);
o wi(e) : ([v—2], [vo]; [ve]) = (v—2, —v—2 4 vo, v2);
o wi(e) : (Ju_al, [vo], [2]) — (v_g, —v_2 + Vo, —V_3 + V2).

A direct calculation, or Proposition 2.6.3, shows that there is no e-good splitting.

Example 2.6.5 Here is a class of examples from geometry where, unlike the previous ex-
ample, e is nilpotent.

Let Y x Z be the product of nonsingular complex projective varieties and let r := dim¢ Z.
Let V:=H(Y x Z,Q) = HY,Q ® H(Z,Q) = &, H (Y,Q) ® H*(Z,Q). Let F.V be the
subspace spanned by the elements of the form y,z, with ¢ < s. Set F := F'[r]; this way
(V,F) has type [-r,7]. Let n € H?(Y x Z,Q) be the first Chern class of a line bundle on
Y x Z which is ample when restricted to the fibers of the projection onto Y. Denote by
e: (V,F)— (V, F[2]) the map v — nUwv.

By using the hard Lefschetz theorem on Z, one sees directly that the HL condition (33)
holds for ((V, F),e). In addition to the five splittings considered in this paper, we also have
the Kiinneth splitting . In general, the six splittings are pairwise distinct. The reader can
verify this fact directly by taking Y = Z to be an elliptic curve and the line bundle to be of
the form E x ¢ + ¢ x E + ‘B, where ¢ € E is a point and ‘P is a Poincaré bundle (this is to
ensure that é(x){"} # 0, so that, according to (80), we must have & # ¢r(e)).

If we take Y = P! x P2, we are lead to examples where x = ¢r1(e), but otherwise the
isomorphisms of type ¢ and w are pairwise distinct, and distinct from ¢pi(e). If we take
Y = Z = P!, then we have k = ¢ri(e), ¢r(e) = wi(e) and ¢ri(e) = wrr(e), but we have no
further relation. In this case, if we take n to be the class of the fiber of the projection onto
Z, then we have an e-good splitting. In all the examples, for general 7, there is no e-good
splitting. A highly non-trivial example, where there is a good splitting is mentioned at the
end of the introduction.

3 Appendix: a letter from P. Deligne

P. Deligne has sent the author a letter commenting on an earlier draft of this paper. The
author is happy to include, with P. Deligne’s kind permission, this letter in this appendix
as it outlines the simple modifications necessary to obtain the splittings of this note in a
Tannakian (tensor product) context.
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March 16, 2012
Dear de Cataldo,
Thank you!

Let o/ be an Abelian category with a shift functor A — A(1) as in your text. Let % be
the category of objects of &7 given with a finite increasing filtration F and e : A — A[2](1)
verifying HL.

Corollary. £ is an abelian category.

Proof. (a) for objects (A, F,e) of & of type [—r,r|, with r > 0, the “peeling off” 2.2
Azﬂ@Km(ﬂﬂgAf;A—%MRA%MWR)

is functorial. By induction on r, it follows that
(b) the splitting wy is functorial.

If f: (A, F,e) — (A, F',¢') is a morphism, (b) implies that Gr”Ker (f) — Ker Gr¥ (f),
and dually for coKer. That (Ker (f), F,e) is in & follows. It is a kernel. Dually for cokernels.
Morphisms are strictly compatible with filtrations, hence Colm(f) — Im (f).

Remark. In your 2.2. you should assume a < b.
From now on, all categories are assumed to be Q-linear.

Let &', «/"” and </ be as above and let ® : &' x &/ — &/ be an exact biadditive
functor, compatible with shifts: functorial isomorphisms

o~

A1) @ A" — (A'® A")(1),

and N
A oA (1) — (A e A1)

are given, and the two resulting functorial isomorphisms
A1) A"(1) — (A& A")(2)

coincide. Let %', A" and # be the corresponding categories of triples (A, F,e) as above.
Given (A’, F' ¢e') and (A", F" €"), one defines the filtration F' (resp. morphism e) for A’® A"

by
F,= Y F®F)
p’+p”=p
(so that Gr!"(4) @ Gr" (A7) =5 GrP'(4)), and
e=e@l+1ed

(so that the same formula holds for the graded e, e’,e”).

Proposition. This ® sends B', 8" to 4.
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One has to check that for graded objects and morphisms of degree 2, ® preserves HL. In
the graded case, HL for (A*, e) is equivalent to the existence of f* : A* — A*(—1) of degree
—2 such that [e, f] id multiplicaiton by n in degree n. Stability of this property is proved in
the same way that tensor product of representations of Lie algebras are defined.

Suppose now that & is a Tannakian category and that the twist is the tensor product
with an object Q(1) of rank one. The compatibility between ® and shift we required amounts
tothe symmetry automorphism of Q(1) ® Q(1) being the identity.

Corollary. If o/ is Tannakian, so is AB.
Proof. If w is a fiber functor on 7, then (A, F,e) — w(A) is a fiber functor on A.

In terms of actions on SL(2), rather in terms of grading and of e and f above, I prefer
to state the characteristic property of the (good) splitting ¢ as follows: it is the filtered
isomorphism, with graded the identity:

u: Grf'(A) — A

such that, with e : Gr'"(4) — Gr'(A4)(1), and f as above, if X is defiend by

v leu=e+ X ,
one has [f, X] = 0. This characterization makes it clear that this splitting is compatible with
tensor products (in the sense of the proposition). It gives an equivalence of the category %
of triples (A, F, e) with the category of graded objects A*, 0 outside of finitely many degrees,
given with
e: A" — A*(1) and f : A — A(-1)

of degree 2, resp. —2, with [e, f] = n in degree n, and given with X : (@A™) — (®A™)(1)
such that [f, X] = 0.

In the Tannakian case, this equivalence is compatible with ® [for X’s, ® is defined by
X=X'®1+1X"].

Best,

P. Deligne.
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CYCLES EVANESCENTS ALGEBRIQUES ET TOPOLOGIQUES PAR UN
MORPHISME SANS PENTE

PH. MAISONOBE

1. INTRODUCTION

Soit f : X — S un morphisme d’espaces analytiques complexes réduits. Lorsque dim S > 1,
il n’existe en général pas d’analogue de la fibration de Milnor sur un systeme fondamental de
voisinages V,, d’'un point  de X (on peut penser au cas d’un éclatement). De méme, I'image
directe d'un complexe borné a cohomologie C-constructible sur X par fjy pour V dans V, n’est
pas nécessairement C-constructible sur S.

On comprend mieux la géométrie locale du morphisme f si celui-ci est sans éclatement en
codimension zéro au sens de J.-P. Henry, M. Merle et C. Sabbah [H-M-S] et si de plus son dis-
criminant est a croisements normaux. Ainsi que I’a montré C. Sabbah [S4], il existe une suite
complete d’éclatements locaux dans S qui permet de se ramener & ce cas.

Dans la suite, nous supposerons que X est une variété analytique complexe, que S = CP
muni de ses coordonnées canonique. Le morphisme f correspond alors a la donnée de p fonctions
holomorphes fi,..., f, sur X.

Usant de ce stratagéme, F. Loeser dans [L] donne ainsi des résultats sur le développement
asymptotique des intégrales fibres [ =t ¢ de f et sur les poles d’intégrales du type

/ Al 1l 6 dad.
X

Dans [S1], C. Sabbah montre de son cété comment construire des équations fonctionnelles du
type Bernstein :

b(s1,. ... sp)mfit o for = Pmfith. .. footl

ou m est une section d’un D x-Module holonome régulier et ou b est un produit de formes linéaires
affines & coefficients entiers positifs. Dans [S5], il utilise ces équations fonctionnelles dans le cas
d’un morphisme sans éclatement en codimension zéro et & discriminant & croisement normal
pour retrouver le résultat de F. Loeser. Dans sa these [R], O. Roualland poursuit dans cette
direction et donne dans ce cadre une généralisation des résultats de D. Barlet et H.-M. Maire
(voir [B-M]) sur le développement asymptotique d’intégrales fibres & une variable.

Soit f = (f1,...,fp) : X = CP, ou X est une variété analytique complexe. Soit ¥ un sous-

espace analytique de X, notons par F' le produit f; - - - f, et désignons par Wﬁ’y I’adhérence dans
T*X x CP de

~ _ dfi(x) .
{x,f—l—Zsi 5 81,5, 8p) 5 (2,6) € Ty X et (s1,...,8y) € CPL.
i=1 ¢
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Nous observons dans [B-M-M1] que les composantes irréductibles de Wﬁy N F~1(0) sont conte-
nues dans une réunion d’hyperplans vectoriels définis par des équations a1s; + -+ aps, =0 a
coefficients entiers positifs. Nous appellons ces hyperplans les pentes de f}y. Nous caractérisons
dans [B-M-M2] les morphismes sans pente, c’est a dire ceux dont les pentes sont réduites aux
hyperplans de coordonnées de CP.

Les assertions suivantes sont équivalentes :

— Jflv est sans pente,

— flv est sans éclatement en codimension zéro et son lieu discriminant est contenu dans les
hyperplans de coordonnées de CP.

Dans [B], J. Briancon avait étudié les germes de morphismes sans pente sur une variété ana-
lytique lisse. Il avait montré qu’ils sont caractérisés par une condition (7) dite de transversalité.
Il obtenait que si f : C — Cf’o est sans pente et f~1(0) est lisse, il existe un changement de
coordonnées & la source et des entiers ay, ..., a, tels que f(z1,...,z,) = (z7,...,2").

Définition Si A est une variété lagrangienne conique de 7% X, nous disons que le couple (f, A)
est sans pente si pour tout 7y X composante irréductible de A, le morphisme (f;,, ..., fi, )y est
sans pente ott {iy,...,i,} est le sous-ensemble des indices i de {1,...,p} tels que f;y # 0.

L’objet de cet article est de développer pour un morphisme une théorie des cycles évanescents
d’un faisceau & cohomologie C-constructible et d’un systeme différentiel holonome régulier de
variété caractéristique A sous ’hypothése que le couple (f, A) soit sans pente.

Etude Algébrique :

Soit X une variété analytique complexe et M un Dx-Module holonome régulier de variété
caractéristique car M. Quitte & remplacer M par son image directe sur le graphe de f, nous
pouvons supposer que les hypersurfaces H; = f;l(O) sont lisses et que leur réunion forme un
diviseur a croisements normaux. Nous montrons dans la section 3 que les assertions suivantes
sont équivalentes :

— Le couple (f,car M) est sans pente,
— Le couple (H = (Hy,...,Hp), M) est sans pente : toute section m de M satisfait pour tout
i €{1,...,p} des équations fonctionnelles

0
bz(tlaT)m S ‘/bp,ﬂo(l)x)tim,

ou Vp,. o(Dx) est le terme d’ordre 0 = (0,...,0) de la V-multifiltration de Dx indexée
par ZP relativement & H et (z1,...,2n,%1,...,t,) un systéme de coordonnées locales de X
dans lequel H; a pour équation t; = 0.

Supposons que (H = (Hy,...,H,), M) soit sans pente. Dans la section 2 sur les systémes
différentiels sans pente nous montrons que :

— M est muni d’'une VH-multifiltration canonique notée V.(M) du type Malgrange-Kashiwara.



CYCLES EVANESCENTS PAR UN MORPHISME SANS PENTE 159

Cette multifiltration permet de définir par exemple les cycles évanescents de M comme le gradué
d’orde 0 de la mulfiltration canonique de M :

THM = gry M.

C’est un Dpppy,-Module cohérent muni de I'action des opérateurs E; = ti% (¢ € I) qui com-
mutent entre eux. Soit I C {1,...,p}, notons I¢ son complémentaire et H; = (H;,i € I). Nous
avons de plus :

— Le couple (Hy, M) est sans pente.
— Pour tout ky € Z', le couple (Hlu,grﬁM) est sans pente.
~ Pour tout (kg ki) € Z' x Z1" :
Hjc H
grl‘;cI grl‘(/I IM:grl‘(/LkIcM.
En particulier, nous obtenons :

— pHe (pH L) = H)L
~ UHM = UHe .. wH2 g g
— Les foncteurs WHr, ... ¥ appliqués & M commutent.

A noter que la régularité du Dx-Module M intervient dans le calcul de la variété caractéristique
de Dx|[s1,...,spImfi' ... fp?. Ce calcul utilise en effet les résultats de [S2] (théoréme 3.2) qui
passent par une résolution des singulatités permettant de se rameéner a I’analyse d'un Dx-Module
holonome régulier a croisement normal.

Par symétrie avec ’étude topologique qui suit, signalons que suivant [Sc-Sc], si (H, M) est
sans pente, les images directes locales de M par le morphisme (¢1,...,%,) sont & cohomologie
cohérente et ont comme variétés caractéristiques une réunion d’espaces conormaux aux hyper-
plans de coordonnées.

Etude Topologique :

Soit F un complexe de faisceaux a cohomologie C-constructible. Notons car F sa variété ca-
ractéristique et supposons que le couple (f,car F) soit sans pente.

Un fait remarquable est que I’hypotheése sans pente assure a ’aide de résultats de M. Kashi-
wara et P. Schapira [K-S] :

— Les images directes locales de F par le morphisme f sont & cohomologie C-constructible.
— Leurs variétés caractéristiques sont réunions de conormaux a des intersections d’hyperplans
de coordonnées de CP.

On peut alors suivant P. Deligne [D] considérer les diagrammes cartésiens :

FH0) 5 x L xr=Xx-FY0) <& X
\J L L Lf
{0y - cr (C*)P &£ cr,
ot CP est le revétement universel de (C*)?, p le morphisme :

Cp — (C*)p : p(Zl, ey Zp) — (eQiﬂZ17. . 7e?iTrzp)7
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et 7 , j les morphismes d’inclusion. Nous posons alors :
\ijf: iile*p*piljil-’ra
qui est muni d’opérateurs de monodromies M, ..., M, qui commutent entre eux.

C. Sabbah avait défini pour F et f quelconque dans [S3] un analogue de ce complexe sous le
nom de complexe d’Alexander de F.

Sous nos hypotheses, il résulte des propriétes des images directes locales de F par le mor-
phisme f :

~ Ws(F)o = RI(B.N f~1(t),F) ou B est une boule assez petite de X centrée a l'origine et
t € (C*)? assez proche de lorigine.

Sil={i1,...,0r} et I° = {ip41,...,9p}, notons fi = (fi,,..., fi,), nous montrons alors :

— U, F est a cohomologie C-constructible.

— La variété caractéristique de W¢(F) n’est autre que la réunion des Wy y N f=1(0) ou T3 X
décrit les composantes irréductibles de car F non contenues dans F~1(0) et Wy y désigne
I'espace conormal relatif au morphisme fjy qui est 'adhérence des conormaux aux fibres
lisses de fly.

— Le couple (¥, F,car (¥ F)) est sans pente.

— Les morphismes naturels Wy (V5. F) = U F < Vg (V5 F) sont des isomorphismes com-
patibles aux monodromies.

U F =y, VU T

— Les foncteurs Wy ,..., Wy appliqués a F commutent.

Synthese :

Soit M un Dx-Module holonome régulier et F un complexe a cohomologie C-constructible
de variété caractéristique A. Posons :

Solx M = RHomp, (M,Ox).

Pour p = 1, suite aux travaux de B. Malgrange [M] et M. Kashiwara [K2], de nombreux
résultats ont été établis sur WH M. En particulier, ¥ M est un Dx-Module holonome régulier
supporté par f~1(0), W7 M et W ;(Solx M) se correspondent par la correspondance de Riemann-
Hilbert de M. Kashiwara [K3] et Z. Mebkhout [Meb] : Soly (W7 M) = W ;(Solx M) et la mono-
dromie sur ¥¢(Solx M) se calculent & l'aide de I’action de I'opérateur d’Euler sur M (voir par
exemple les notes du cours au CIMPA [M-M]).

Soit p > 1. Suposons le couple (f,A) soit sans pente. Les formules itératives :
UHM = 0He . GGV et U F =0y - Uy Uy F
permettent par exemple d’obtenir :

— Le szHk—Module est régulier.
— Si F est pervers, alors U, F est pervers.
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- Solqr g, (VHM) = W4 (Solx M) et pour tout 1 < k < p, la monodromie My, sur ¥ ;(Solx M)
correspond & 'action de e~ 27 Fk
Morphismes sans éclatement en codimension zéro et morphismes sans pente

Terminons cette introduction par quelques remarques sur les morphismes sans éclatement en
codimension zéro et les morphismes sans pente qui témoignent de leurs importances.

Nous avons rappelé qu'une suite d’éclatements au but transforme tout morphisme en un
morphisme sans éclatement en codimension zéro. Rappelons quelques unes des propriétés des
morphismes sans éclatement en codimension zéro. (voir [H-M-S]) :

— Les morphismes sans éclatement en codimension zéro sont stables par changement de base
au but.

— Sinous complétons un tel morphisme par une forme linéaire générique, il reste sans éclatement
en codimension zéro.

— Les morphismes finis sont sans éclatement en codimension zéro.

Les morphismes sans pente apparaissent alors naturellement par un changement de base
résolvant le discriminant d’un morphisme sans éclatement en codimension zéro.

Les singularités S quasi-ordinaires de dimension d sont les singularités qui admettent une
projection finie sur C? non ramifiée en dehors d’un diviseur & croisement normal. Elles donnent
des familles d’exemples de morphismes sans pente. Ainsi si S est une hypersurface a singularité
quasi-ordinaire de C™ définie par une fonction analytique f et 7 la projection quasi-ordinaire
associée, le couple (m,car U;C) est sans pente. Dans [G-G], P. Gonzalez Perez et M. Gonza-
lez Villa étudie la fibre de Milnor d’une telle fonction f. Notre travail donne dans ce cas des
informations sur ¥;C ou sur le module holonome régulier qui lui correspond. Les morphismes
quasi-ordinaires sont obtenus par changements de base au but de morphismes finis. Ils sont a la
source de la méthode de Jung de résolution des singularités (voir [Li]).

Remerciements

J’exprime tous mes remerciements & M. Merle et C. Sabbah. Ils sont autant par leurs travaux
que par de nombreuses discussions a l'origine et a la conclusion de ce travail.

2. CYCLES EVANESCENTS DES SYSTEMES DIFFERENTIELS SANS PENTE

Soit X une variété analytique complexe de dimension n+p. Nous désignons par Ox le faisceau
des fonctions holomorphes sur X et par Dx celui des opérateurs différentiels holomorphes.

Dans la suite, nous fixons p hypersurfaces lisses Hy, ..., H, de X d’idéaux [J1,...,J, dont la
réunion forme un diviseur & croisements normaux. Notons H l'ensemble {Hy,...,H,} et pour
k = (ki,...,kp) € ZP, nous poserons J* := [[7_, jf, avec la convention que jlk = Ox pour

k; < 0. Ci-dessous, ZP sera muni de son ordre partiel naturel , et on noterak <1< k <let k #1
et 1, =(0,...,1,0,...,0) ou le 1 est placgé a la i-eme place.
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Définition 1. Pour k € ZP, et x € X, nous posons :
(Vi'Dx)s :={P €Dx. | YmeZ", P(T™) C I},
que nous noterons (VikDx )y st aucune confusion n’est a craindre.

De maniére tout a fait analogue au cas ot p = 1 ([K2], voir aussi [M-M], [S1]), nous définissons
alors une filtration croissante Vi Dx de Dx indexée par ZP, qui satisfait a

Vk(DPx)Vm(Dx) C Vitm(Dx),
avec égalité si les composantes de k et m ont méme signe.
Soit I C {1,...,p} et I¢ son complémentaire. En notant Hy = {H; };c1, nous avons pour tout
k; € VAR

H
Vio Dx = E Vi ke Dx = U Vit ke Dx -
kic €Z1°¢ kic €Z1¢

Pour I = {i} et k € Z, VkH“}DX noté V;*Dy, n’est autre que le terme d’ordre k de la
V-filtration de Dx le long de 'hypersurface H; et nous avons :

VeiDx = (V' Dx.

iel
Soit I C {1,...,p}, sur chaque anneau gradué :
VvHI VoDx
eV (VoDyx) = 07X
o ( ) > ier Vo-1,Dx
sont définis les champs d’Euler E; (i € I) induits par I’action de ti% dans un systeme de coor-
données locales (z1,...,xn,t1,...,tp) tel que J; = (¢;). Ces opérateurs commutent deux & deux.

La notion de bonne V-multifiltration pour un Dx-Module cohérent M a été introduite dans
[S1]. Une telle multifiltration croissante U M est indexée par ZP. Pour k € ZP, nous utilisons la
notation U.-x M pour Zk,<k Uy M. Si nous nous donnons une partition {1,...,p} = TUI° nous
posons :

Ucki ke M = E U i, M.
ki<k1

Nous avons des propriétés complétement analogues & celles des bonnes V-filtrations lorsque
p =1 ([K2], voir aussi [M-M], [S1]). Par exemple, nous avons :

— Une V-multifiltration U M de M (i.e. qui satisfait & ViiDx .UM C Uyt M) est bonne
si et seulement si, localement, elle est engendrée par un nombre fini de sections locales
(mj)jes : pour tout j € J, il existe k; € ZP tel que Ux M = ZjEJ Vieti;Dx .myj et cela pour
tout k € ZP.

— Deux bonnes V-multifiltrations U M et U’ M sont comparables localement, c’est & dire que
localement il existe kg € NP tel que pour tout k € ZP on ait :

Ut_ss M C UM C Ujys, M C Ui oo M.

— Dans une suite exacte courte de Dx-Modules cohérents, une bonne V-multifiltration du
terme central induit une bonne V-multifiltration des termes extrémes.
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Considérons une bonne V-multifiltration U M d’un Dx-Module cohérent M. Elle engendre
une bonne VHi-multifiltration U.H1 M de M défini pour tout k; € Z' par

UM = Y UgueM= | Ukaac M
kic €Z1° kic €Z1°
Chaque UEIM est un VOI:IIDX—Module cohérent. Pour tout J C {1,...,p} disjoint de I, I'an-
neau VOII{IDX est muni d’'une VHi-multifiltration indexée par Z’ dont le terme d’ordre kj est
VHIUH"DX. La notion de bonne VHi_multifiltration d’un VOI?IDX—Module cohérent se définit de

O1.ky
manieére analogue & ce qui a été vu ci-dessus, et satisfait a des propriétés similaires. Le Module

UEIM est alors muni de la bonne VHi_multifiltration dont le terme d’ordre k; € Z”? est
H; 77H H;UH
UkJJ(UkIIM) = kI,IkJ ‘M.
De méme, chaque I-multigradué gr%HIM = U]I:IIIM / UE&IM est gr(‘,/IHIDX—cohérent et muni
d'une bonne VI -multifiltration préservée par les champs d’Euler E; (i € ) :

H, Uighe "M +UZ M Uigher " M
Uy (g, M) = —= U s — = UHIuHJI]’WJ UHE
<kg ki, ky N <ki

Le gradué d’ordre kj est :
grU,HJ (gI‘U'HI M) _ UETEJHJM/UEIEJHJ N U?lilM
kj k1 — ;rHUH H;UH H
kst M/ Uiglci, M N U M

H;UH;
UkI,kJ M

H{UH; H{UH; H; :
K<k, M+ U "M NUZ, M

Définition 2. Soit M un Dx-Module cohérent.

(1) On dit que le couple (H, M) est multispécialisable sans pente si au voisinage de tout point
de X, il existe une bonne V-multifiltration U (M) de M et des polynomes b;(s) € C|s]
(i €{1,...,p}) tels que pour tout k € Z?, b;(E; + k;)Ux M C Ux_1,M.

(2) On dit que le couple (H, M) est multispécialisable sans pente par section si, pour toute
section locale m de M, il existe des polynomes b;(s) € C[s] (i € {1,...,p}) tels que
bZ(EZ)m € V(),]_iD)(.m.

Proposition 1. Les deux définitions 2.1 et 2.2 sont équivalentes et si la condition 2.1 est
satisfaite pour une bonne V -multifiltration de M, elle l’est pour toute.

On dira simplement que (H, M) est sans pente lorsque ces propriétés sont satisfaites. Pour
toute section m de M, on notera b; ,,, le polynéme unitaire de plus bas degré tel que b;(E;)m €
Vo—1,Dx.m et b;y (ar) le polynome unitaire de plus bas degré tel que, pour tout k € ZP,
bi,U_(M)(Ei + ki)UkM C Ux_1,M.

Preuve : Supposons (H, M) multispécialisable sans pente par section. Soit une V-multifiltration
U (M) de M. Localement, cette multifiltration est engendrée par un nombre fini de sections
locales (m;);es de poids k; € ZP. On en déduit alors pour tout k € ZP et i € {1,...,p} :

11 biim, (B + ki + k) UM C Ue—a, M,
jEJ
otu kj = (kj1,...,kjp). Ainsi, toute bonne V-multifiltration de M satisfait la définition 2.1.
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Soit une V-multifiltration U (M) de M vérifiant 2.1. Soit I C {1,...,p} de cardinal p — 1 et
{i} =1¢. Pour tout m € M , il existe [; € Z et 1; € Z' tel que m € Uy, 3, = Ullf*(UlI:IIM).

Considérons le VOI:IIDX—Sous—module cohérent VOII{IDX -m de UII;I M. 11 est muni de deux
VHVIID g -multifiltrations.

— La premiere, (V7 VOII{IDX) -m, est celle engendrée par m. Elle est bonne par définition.

— La seconde est la filtration du VOI:IIDX—sous—module VOI?IDX - m induite par la bonne
VHZ'VOII{IDX multifiltration U.H”(UIII{IM ). Elle est aussi bonne d’apres les propriétés vues
plus haut.

Elles sont donc comparables et il existe donc un entier r > 0 tel que :
U (M) N Vel Dxm € VI (Vg Dxm).

Il en résulte :

b v (M) (Bi+li—r+1)--- bi,u () (Ei + 1;)m € Vo_1,Dxm.

Cela montre que (H, M) est multispécialisable sans pente par section.

Théoreme 1. Sile couple (H, M) est sans pente, il existe une unique V-multifiltration globale
note V.(M) telle que les parties réelles des racines des polynomes b; v (ary soient dans l'intervalle
[—1,0[. De plus, nous avons pour tout x € X etk € Z? :

(ViM)y ={m € My ; Rea > —k; — 1, Va € b, (0) et 1 <i < p},
ou Rea désigne la partie réelle du nombre «.

On appelle cette bonne V-multifiltration, la V-multifiltration de Malgrange-Kashiwara (ou
multifiltration canonique de M).

Preuve : Supposons (H, M) sans pente. On montre comme pour p = 1, en utilisant des
opérations élémentaires de décalage d’entiers, I'existence d’une bonne V-multifiltration de M
comme annoncée dans le théoréme. Son unicité se prouve en utilisant un argument de E. Bézout.
Soit m € (V&M ),. Suivant la preuve de la proposition 1, le polynome b; ., divise b; v (ar)(s +
ki =74 1)---b; v (a)(s + k;) pour r entier assez grand. Donc les parties réelles des racines des
b; m sont supérieures ou égales a —k; — 1. Inversement, soit m € M, tel que les parties réelles
des racines des b; ,, sont supérieures ou égales a —k; — 1. Il existe r € IN? tel que m € Vi M.
On a:

blym(El)m S Vofli’l)x.m S Vk+r71iM»

bi,V_(M) (E; + k; + Ti)m € Vikgr—1, M.
Si r; > 0, les polynomes b; v (ar)(s + ki + 7+ 1) et b; m(s) sont premiers entre eux. En utilisant
une identité de E. Bézout, on obtient m € Vicyr—1,M. Il reste & itérer pour obtenir m € (VikM ).

Corollaire 1. Supposons (H, M) sans pente.
— Alors pour tout I C {1,...,p}, le couple (Hy, M) est sans pente.
~ La VD -multifiltration canonique de M est la multifiltration VHI M associée a la multi-
filtration canonique de M : VISIM = keezic Ve M.
Nous avons de plus :

(1) Pour tout x € X :
(Vk}IIIM)Z ={me M, ; Vae bl_rln(O) etViel : Rea > —k; — 1}.
(2) Pour tout I,J C {1,...,p} d’intersection vide et (ki,k;) € Z! x Z7 :
ValIH M = VI M N Vi M.
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(3) Pour toutk € ZP, Vil M = nt_ ;! M.
Nous voyons ainsi que si (H, M) est sans pente, la bonne V-multifiltration canonique V.M

est sans pente au sens de [S1] p.309.

Preuve : Il résulte de la définition de VI que pour tout i € I et k; € Z! :
9\ H H
bi,V(M) (tiaiti)VkI M C VkliliM'

Ainsi, (Hy, M) est sans pente de filtration canonique VM. Une section m appartient & VkI?IM

si et seulement s'il existe lie € Z5° tel que m € Vi 1, M. Donc, si et seulement si les parties
réelles des racine des b; ,, pour 7 € I sont supérieures ou égales & —k; — 1. Cela montre ’assertion
1. Les deux autres assertions s’en déduisent.

Proposition 2. Supposons (H, M) sans pente. Pour tout I,J C {1,...,p} d’intersection vide,
nous avons les isomorphismes naturels de ngHIUH'] (VoDx)-Modules :

O1ug
H;UH;
W gy = ek M pmns
8k, (8T VHIUHJ M 8Tk kg .
<(k1,kJ)

Preuve : La proposition résulte directement du lemme suivant.

Lemme 1. Sous les hypotheses de la proposition 2, nous avons :

H;UH H;UH H H;UH
Vel M + (ViR M vEL M) = VIR

Preuve : Le point clef est de montrer I'inclusion :

H{UH; H; H;UH;
Viak, M0V McC V<(k1,kJ)M'

Soit m € VlgfkuJHJM N V<HkIIM. Soit j € J. Pour a > 0 entier assez grand :

H;UH; HILJ{j}
m € VIR A q VERD M.

Nous avons :

Hi
biv oy (Ej + ki +1) - bjv an)(Bj + kj + a)m € Vg™ M O VAP M.

HUH
bij(Ej + klj)m c ‘/(kII7LliJ)‘]—1j M.
Si a > 0, les polynomes b; v (ar)(s + k;j + 1) ---b; v (ar)(s + kj + a) et bj (s + kj) sont premiers

entre eux, nous déduisons d’une relation de E. Bézout :

H;UH H;UH Hiyyg,
m e V<(ic1,kj)M + (thlk.] M0 V<(i:f’]€§')M)'

Le point clef en résulte par récurrence sur le cardinal de J.

Il résulte de la proposition 2 que pour I = {iy,...,i,} et tout k; € Z!, le gradué grl‘éHIM est
obtenu comme le gradué pour les filtrations induites par les VHis M sur les gradués précédents

H,; H,;
V. -1 v.Hig
gry, | ey M.

Définition 3. Si (H, M) est sans pente, on appelle cycles Hy-proches et Hye-évanescents de M
le gry Dx -Module :

Vg, P, M = Py, Vg, M = gr?y o M.
On appelle cycles H-proches de M et cycles H-évanescents de M respectivement :

UM =gtV M et ®gM = gry M.
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Rappelons que b; v (v (£; + k;) annule gry M et que les parties réelles des racines des po-
lynémes b; v (ar)(s + k;) appartiennent a l'intervalle [—k; — 1, —k;[. Soit, a € CP et

|VO[| = ([a1]7' t |—al)-|)7
ol [ay] est le plus grand entier inférieur ou égal & Re ;. On note alors :
Uy oM =P (UvenKer [(E; 4+ a;)V gr‘{a]M — gr‘[/lﬂ M]).

Les intersections et réunions commutent, car les réunions sont localement finis comme les mul-
tiplicités de la racine —ay; de b; v (ar)(s). Comme les opérateurs E; commutent, nous avons pour
tout k € ZP :

gry M = @ gy o M.
as[a]=k

En particulier :
gy, Ppy,e M = P gy o M.

[ar]=—11;[a1e]=01c
Nous notons que les a pour lesquels Wy o M # 0 sont dans un réseau défini a 1’aide des racines
des polynomes b; v (ar)-

Supposons Hj, ..., H, munis d’équations globales. Le gradué gr(‘{IHI Dx s’identifie &
DmieIHi [El, ey Ep}
Pour j € I¢, nous continuons a noter H; I'hypersurface H; N;er H; de Nie1H;.

Proposition 3. Supposons Hi,...,H, munis d’équations globales et le couple (H,M) sans
pente. Soit I = {i1,... i}, I°= {iy41,...,ip} et ki € ZL.

Le Dn, 11, [(Es)ict]-Module grl‘;HlM est un Dn, m,-Module cohérent.

— Le couple (HIc,grl‘fI'HI M) est sans pente.

— Sa filtration canonique est la filtration VHie (grL/I'HIM ) induite par la filtration canonique
de M.
~ Nous avons l’égalité de Drv_ g, [(E;)ie1]-Module :

Ve, P, M =Wy, Uy, Oy, Py, M

Les foncteurs <I>H,ir+1 Sy ,<I>H1.p W, Uy, commutent quand ils sont appliqués a M.
— Pour tout « € CP, Yy o M =V, o) .- Vh, o M-

Preuve : C’est une reformulation de la proposition 2. La cohérence de ngI'HI M comme Dn,_, f,-
Module provient du fait que ce module est annulé par les opérateurs b; v (ar)(£; + k) pour i € I.
L’assertion sur les Wy, M provient du fait que les opérateurs d’Euler commutent et sont d’ordre
0.

Nous notons que ¥y, Py, M = Uy, (Pup,e M) = Pnppe (Y, M).

3. MORPHISME SANS PENTE ET SYSTEMES DIFFERENTIELS HOLONOMES REGULIERS

3.1. Morphisme sans pente. Soit X un germe de variété analytique de dimension n et Y un
sous-espace irréductible de X. Soit fi,..., f,, p fonctions analytiques sur X nulles a 'origine.
Notons par F' leur produit fi f2--- f,, désignons par f I’application :

f: X —CP | (x1,...,2n) — (fi(x1,- o @0), oy fp(T1, .o, 20))
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et par f|y sa restriction a Y.

On désigne par T*X le fibré cotangent a X et m : T*X — X sa projection canonique.
L’adhérence du fibré conormal a la partie lisse de Y est notée Ty X et appelée espace conormal
aY dans X.

Dans ce sous-paragraphe 3.1, sauf mention du contraire, on supposera que F' n’est pas iden-
tiquement nulle sur Y.

Nous désignons par qul,wfp,Y l'adhérence dans 7" X x CP de

p .
{(x,§+231%,51,...,5p); s;€C, (z,8) € Ty X et F(x) # 0}.
i=1 ¢

C’est un sous-espace irréductible de T X x CP de dimension n + p.

Notons 7g : T* X x CP — CP la projection canonique (z, &, s) — set par m : T* X xCP — T*X
la projection canonique (z,&, s) — (z,£).

Remarque 1. Dans [B-M-M1], nous avions établi les résultats suivants :

(1) Les fibres réduites de la restriction de 72 a Wﬁl,u.,fp,Y sont des sous-espaces lagrangiens
de T*X. La fibre au-dessus de l’origine est un sous-espace lagrangien conique que nous
noterons Wﬁl,..‘,fp,y (0).

(2) La projection par wy de VVﬁ-1 fyy 0 F~1(0) est une réunion d’hyperplans vectoriels de
CPdont les équations sont des formes linéaires a coefficients entiers positifs ou nuls.
Plus précisement, soit G une composante irréductible de Wﬁl. £y N F~Y0), si n;

désigne la multiplicité de f; le long de G, m(G) est l’hyperpla.ﬁ? de CP d’équations :
nisy + -+ nys, = 0.

(3) La partie de V[/'ﬁ1 wnfyy Qu-dessus de la droite vectorielle sy = -+ = s, s'identifie d
i
Wey-
Définition 4. Suivant [B-M-M2], nous dirons que le morphisme f|y est sans pente si la projec-

tion m(Wﬁh_“’fp,Y N F~1(0)) est la réunion des hyperplans de coordonnées.

Nous désignerons par Wy y I'adhérence dans T* X des espaces conormaux aux fibres de f|y.
Cet espace Wy y est donc l’adhérence dans 7% X de

P
{(@, €+ > Nidfi(x) ; Ai € Cet (2,8) € Ty X}
i=1
C’est un sous-espace irréductible de 7% X de dimension n + r ou r est le rang de I'application
Jiy 1Y = CP.

Si 'on considere le diagramme entre espaces cotangents associé a f :
t pt
X <L X xg T*CP I TP,
Iespace Wy y n’est autre que I’adhérence de
Ty X +1f(X xco T*CP).
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Suivant J.-P. Henry, M. Merle et C. Sabbah dans [H-M-S] , donnons la définition d’un mor-
phisme sans éclatement en codimension zéro.

Définition 5. ([H-M-S]) Le morphisme f|y est dit sans éclatement en codimension zéro si
Wiy N (f =0) est de dimension inférieure ou égale a n. Cette intersection est alors une sous
variété lagrangienne de T* X que nous noterons WJ?’Y.

Nous noterons que la définition de Wy y et de f|y sans éclatement en codimension zéro ne
demande aucune hypothése sur la restriction de F' & Y (certains f; peuvent s’annuler sur Y).

Nous notons Crit(f1,..., f», Y) Padhérence de 'ensemble des y € Y, F(y) # 0 pour lesquels
il existe une solution (s1,...,s,) # 0 de l’équation :

P
Z df’ ) Ty X.

Théoréeme 2. ([B-M-M2|, théoreme 2.7) fiy est sans pente si et seulement si fjy est sans
éclatement en codimension zéro et Crit®(fi,..., fp,Y) est vide.

Remarque 2. Rappelons ([B-M-M2], preuve du théoréme 2.7) que si fiy est sans pente :
~Vie{l,...,p}, Wiy N £7H0) € Wiy s 0).
— Le morhisme w1 : Wﬁ,y — Wyy est fini et propre.

— L’espace W})Y N f71(0) est contenue dans s; = -+~ = s, = 0 et s’identifie a la variété
lagrangienne Wy y N f~1(0).
Notons i 'immersion fermée :
1: X > X XxCP | z— (z,t1 = fi(x),...,t, = fp(2)).
Considérons le diagramme entre espaces cotangents associé a i :
. .
T*X + X xxxcr T*(X x CP) =5 (X x CP).
Nous pouvons vérifier :
i (1) "N (T5X) = Ty (X x CP).
Les espaces W(utl,...,tp),i(Y) et Wﬁ’y s’identifient. On en déduit :

Remarque 3. f‘y est sans pente si et seulement si (t1, ..., tp)‘i(y) est sans pente.

Proposition 4. Supposons que f|y soit sans pente, alors pour tout sous-ensemble {iy,. .., i,}
de {1,...,p} le morphisme (fi,,..., fi.)|y est sans pente.

Preuve : On peut supposer {i1,...,i.} ={1,...,r}, posons f' = (f1,..., fr) et F' = fifo... fr.
Comme F est non nulle sur l'espace irréductible Y, tout (z,£) € Ty X est limite de points
n’appartenant pas a F _1(0). Ainsi, adhérence de

T dz
€+Z f ) 1,...,sr,0,...,0);sieC,(m,E)ET;}XetF/(x)#O}

est contenu dans Wf v N (S$r41 =... =5, =0). Comme cette adhérence s’identifie & W, v
IA/}('/Y'C.[/I/Ti (’l"+1:"':8p:0)-

Si G est une composante irréductible de Wf, v NF'71(0), G est contenue dans un f; = 0 pour

ie{l,...,r}. Ainsi, G C Wﬁ,y N fi_l(O) est d’apres la remarque 2 contenue dans s; = 0.
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Proposition 5. Supposons fjy sans pente. Posons, f' = (f1,...,fr), f" = (frg1,--., fp). Si
T2 X est une composante irréductible de W}‘,,ﬁy(O) et que F' = f1... f., est non identiquement
nul sur Z, alors fI’Z est sans pente.

Preuve : Posons : I/ = f,41 ... fp. Nous allons montrer que :
Wfﬁ/,Z C Wﬁ7y m (ST+1 — = Sp - 0).

Soit (z,&,8') € Wfﬁ, », par définition ce point est limite de points :

o+ YT o s0) € C () € TEX et F(5) £0)
i=1 v

D’autre part, les (y,n,0) € Wﬁ'// v (0) sont par définition limites de points :

p
dz
(z A+ ) s “f ,;1+1,...,sg);s;’ec,(z,A)eT;XetF”(z)7A0).
1=r+1

Pour z assez proche de v, F’(z) #0et (2,8 5,0) est limite de points :

dl = dfi(z
A+Z SR J{ sy, 8,

i=r+1

)
ous;, s’ €C,(zA) €TyX et F(z)# 0. Il en résulte 'inclusion attendue. La preuve se termine
comme la preuve de la proposition 4.

Proposition 6. Supposons fy sans pente. Posons, f' = (f1,..., f;) et F' = f1... fr. Soit T; X

une composante irréductible de Wgyy(()), st F' est mon identiquement nul sur Z, alors fl’Z est
sans pente.

Preuve : Nous allons montrer que
Why C Why 0 srin == 5y = ).

Soit (z,&,¢') € VVfﬁ,’Z7 par définition ce point est limite de points :

fi(y)

D’autre part, les (y,n,0) € W§7Y(O) sont par définition limites de points :

o+ 3 s TW ) s eC, () € TIX et F(y) £0).
=1

P
dfi
A+Z f s);s€C, (2,A) €Ty X et F(2) #0).
Alnsi, (z,€,5,0) est limite de points :

z)\—&—Zs—f—s fZ Z

ou s;, s € C, (2,\) € Ty X et F(z) # 0. 1l en résulte I'inclusion attendue. La preuve se termine
comme la preuve de la proposition 4.

/ /
, S+ 81y, S+ 8,8, ..., 5),

Proposition 7. SiT;X est une composante irréductible de qu,,y(()), alors :

W} £(0) € W}, (0).
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Preuve : Si (z,§) € T/VJLECZ(O)7 (x,&,0) est limite d’une suite :

. dl n
xmnn+281 f 751(77’)""’8?”(”))7

ol (xn,nn) € TyX et F'(z,) # 0. De la définition de T4 (X), il résulte que (xy, Ny, 0) est lui
méme limite d’une suite :

dfl (yn,m)

OU Ynms Nn,m € Ty X et F'(yn m) # 0. Il en résulte que (z, ¢, 0) est alors limite d’une sous-suite :

dfz(ynm dfi(yn,m)
“’”’"”7”’"*;5@ Fi W) *2 ) )

p
(yn,m7 nn,m, + Z S; (Tl, m) 757’+1(n7 m)7 ey Sp(nv m))a

i=r+1

s1(n), ..., 80 (n), sp11(n,m), ..., sp(n,m)),

On obtient : (z,&,0) € WﬁY(O)

Proposition 8. Si f|y est sans pente, fr(CFY YTy X) est contenu dans la réunion des conor-
mauz aux intersections des hyperplans de coordonnées de CP.

Preuve : Soit (t,7) = (t1,.. -, tp, M1,y mp) € f=(*f') (T3 X). Supposons :
t17é0,...,t,.7é0 et t7-+1:'~'=tp20.

Par hypothese, il existe (z,§) € Ty X avec t1 = fi1(x),...,t, = fp(x), tel que :

P
Z nidfi(x) =&
i=1

Prenons une suite (x,,&,) € Ty X tendant vers (z,£) avec F(x,) # 0. On observe que la suite
de Wﬁy :

dfz Tn,
‘Truznzfz n )) _gnanlfl(xn)7~~wnpfp(xn»
converge vers ((z,0),m f1(z),...,n-fr(x),0,...,0) qui appartient donc & Wjﬁyy. Comme sous

Ihypothése sans pente (remarque 2), le morphisme Wﬁ y — Wyy est fini et que les fibres de
(x,0) sont homogenes, il en résulte :

mfi(z)=--=mnfr(x) =0 etdonc 7 =---=n=0.

Ainsi : (t,m) € Ty | —..—y,—oCP.
Pour prendre en compte les composantes irréductibles d’une variété lagrangienne conique de

T*X, nous énoncons :

Définition 6. Soit A une variété lagrangienne conique de T*X . Nous disons que (f,A) est sans
pente si pour toute composante irréductible T; X de A, le morphisme (fi,,..., fi.)|z est sans
pente ot {i1,...,i.} est ensemble des indices i entre 1 et p tels fiz #0.
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3.2. Systemes différentiels holonomes réguliers sans pente. Nous conservons les nota-
tions du paragraphe précédent.

Soit M un Dx-Module holonome régulier de variété caractéristique :

car(M) = U Ty, X.
leL
Désignons par Ox|[s1,...,8p, 1/F|fi' ... fp" le Ox[s1,...,8p, 1/F]-Module libre de rang 1 de
base f{' ... fy?. Le produit tensoriel

M ®oy Oxls1,.. 8 LFIf5 .. f3r

est muni de la structure naturelle de Dx|[sq,. .., sp]-Module définie pour toute section m de M
et a de Ox|s1,...,Sp, 1/F] par :

9 (m®aflsl...fzfp):

8131'
9 da P gfj
maft...f»+m S fee m® s;a—t f5r ... fr,
8%1' ® fl fp + ®8IL’1 1 fp +]§ ® J f] 1 fp
Pour toute section m de M, Dxmf;* ... fp* est un Dx-Module cohérent et Dx|[s1,. .., splmfit ... fp?
est un Dx[s1,. .., sp]-Module cohérent.

L’anneau Dx est filtré naturellement par ’ordre naturel des opérateurs différentiels. L’anneau
Dx|[s1,- .., Sp) est filtré en donnant de plus & s; le poids 1.

Proposition 9. (voir théoréme 3.3 [B-M-M3]) Soit M un Dx-Module holonome régulier M de
variété caractéristique | J;c Ty, X et m une section de M engendrant M. Nous avons :
a) Dxmfit ... fy? est un Dx-Module cohérent de variété caractéristique :

carp, (Dxmfit ... fi7) = |J Wh..prom-

Fly, #0
b) Dx[s1,...,spimfit ... fp" estunDx]s1,...,sp|-Module cohérent de variété caractéristique :
CATD y [s1....5,] (Dx[S1, - s SpImfit .. fpr) = U Wﬁhu-,fp,iﬁ'

Fly, #0

Proposition 10. Soit M un Dx -Module holonome régulier M de variété caractéristique | J;c Ty, X
et m une section de M engendrant M. Soit x € X et L' l’ensemble des | € L tels que x € Y] et
Fy, # 0 au voisinage de x. Les conditions locales au voisinage de x sont équivalentes :

(1) Pour toutl e L', fly, est sans pente.
(2) Il existe p polynémes b;(s) € C[s] non nuls tels que :
bi(s1) - bp(sp)mft ... for € Dx[s1,...,spmfi T fortL,
(3) Il existe p polynémes b;(s) € C[s] non nuls tels que :
bi(si)mfi' ... for € Dx[s1,...,spmfifi" ... fpr.

Preuve : L’équivalence entre les propriétés 1 et 2 est 'objet du théoréeme 3.3 [B-M-M3]. Comme
la propriété 3 implique clairement la propriété 2, il reste a montrer que 1 et 2 impliquent 3.
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On commence par remplacer M par M[1/F] qui a pour variété caractéristique (voir [G]

théoréme 5.5) :

U Wiy (0) = | T5.X | Wy, 0 (F =0)).

ler ler ler’
L’avantage est que, sous ’hypotheése 1, si T X est une composante de la variété caractéristique de
M[1/F] non nul sur le produit f; - - - f,, le morphisme (fi - - - f.)|z est sans pente (voir proposition
6). Par récurrence sur p, on peut ainsi supposer que la condition 3 est satisfaite pour toute famille
de p—1 fonctions choisies dans la famille f1, ..., f,. Considérons alors une équation fonctionnelle
non triviale :

P
(%) c(sn)mfit .. for € ZDX[sl,...,sp}mfi S fer

L’existence d’une telle équation provient sous I’hypothese 1 de I'holonomie du Dx-Module :

Dx[s1,. -, splmfit ... fo?

le Dx[sl, ey sp]mfi fl - f;p

Pour la preuve de I'holonomie, on pourra se reporter & la preuve du théoréme 3.3 [B-M-M3]. Les
arguments sont les suivants : sous 'hypothese sans pente la projection Wf — Wyy est finie,
de la proposition 9 il résulte alors la cohérence de L comme Dx-Module, enfin sous 'hypothese
sans pente la proposition 9 donne une majoration de la variété caractéristique de L par une
variété lagrangienne.

En itérant I’équation fonctionnelle *, on trouve pour tout entier k des équations fonctionnelles :

c(syymfit ... fyr €

L =

P
Dxlst,e.oospmfufit oo fir + 3 Dxlor..oosdmfEfi ... for.

=2

D’apres ’hypothese de récurence, nous avons pour tout j € {2,...,p} des équations non triviales :
besy)mfit .. fsj 1fs”lfs” € Dx[s1,...,spImfifi" .. fs] lfsﬁlfs

En multipliant cette équation par f;ﬁ pour un entier k assez grand (pour U € Dx[s1,..., Sy

de degré inférieur a k, f;ﬁkU =V [} ouV € Dxls1,...,s]), nous obtenons :

bes)mfifs o fU P L fer € Dy, splmfuf L f

Nous en déduisons une équation non triviale :
bi(si)mfi' ... fyr € Dx[s1,...,spImfifi' ... 57,

puis par symétrie que 4 est vérifiée. Le théoréeme est démontré. Cette methode avait été utilisée
dans le corollaire 3 page 131 de [B-B-M-M] pour montrer I’existence de telles équations dans le
cas particulier M = Ox.

Notons que M vérifie les hypotheéses de cette proposition 10 si et seulement si M[1/F] les
vérifient.

Revenons maintenant & la situation ot Hy,... H), sont p hypersurfaces lisses dont la réunion
forme un diviseur & croisements normaux. Notons toujours H lensemble {Hq,..., H,}. Soit
(1,...,Zn,t1,...,tp) un systeme de coordonnées dans lequel H; a pour équation t; = 0.
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Corollaire 2. Soit M un Dx-Module holonome régulier M de variété caractéristique | J;¢ . 1y, X.
Soit (1,...,%n,t1,...,tp) un systéme de coordonnées dans lequel H; a pour équation t; = 0.
Soit L' ’ensemble des | € L tels que Fly, # 0 au voisinage de l'origine. Les conditions locales au
votstnage de l'origine sont équivalentes :

(1) Pourtoutle L', (t1,...,tp))y, est sans pente.

(2) Le couple ((t1,...,tp),car M[1/t1...tp]) est sans pente.

(3) Le couple (H, M[x(H, U...UH,)]) est sans pente.
Preuve : Soit m une section d’'un Dx-Module M. Soit b € C[s] un polynéme d’une variable, en
suivant la méme preuve que celle du lemme 4.4-1 [M-M], on montre que les conditions suivantes

sont équivalentes :
a) b(s1)mti' ...ty € Dx[s1,...,sp/mt1t5 ... 4",

b) il existe A € Vpo,....0(Dx) tel que dans M|

]:

ti...tp

b(

tlaitl)m = Atlm

L’équivalence entre les conditions 1 et 3 résulte alors directement de la proposition 10. L’équivalence
entre les conditions 1 et 2 résulte de la proposition 6.

Théoréme 3. Soit M un Dx-Module holonome régulier. Soit un systéme de coordonnées
(1,...,Zn,t1,...,tp) de X dans lequel H; a pour équation t;, = 0. Les conditions locales au
voisinage de l'origine sont équivalentes :

(1) Le couple ((t1,...,t,),car M) est sans pente.
(2) Le couple (H, M) est sans pente.

Preuve : Supposons 1, d’apres le corollaire 2, le couple (H, M|

]) est sans pente. Soit

to L

m € M, il existe donc ¢(s) € C[s] et C € Vi o,...0(Dx) tel que la section m’ = (c(tlﬁ) —Ct1)m

soit nulle dans le localisé M| ]. La classe m/ de la section m/ dans M [ﬁ] est donc
1---Up 13 ... 1p

supportée par to = 0. Les composantes irréductibles Ty X de la variété caractéristique de D xm/
sont ainsi contenues dans t; = 0. Ceux sont des composantes irréductibles des thtg’mtp’ 7(0)
ou T7X décrit les composantes irréductibles de car M. Il résulte de la proposition 6 que si le
produit ¢1¢5 .. .t,, est non nul sur Y, le morphisme (¢1,ts, ... 7tp)|y est sans pente. Ainsi, Dxm/
est supporté par to = 0 et le couple ((t1,t3,...,t,),car Dxm’) est sans pente. Par 'équivalence
entre Dyx-module supporté par une hypersurface H lisse et Dy-module, il existe suivant le

0
corollaire 2 : ¢/(s) € CJs] et C' € Vy,...0(Dx) indépendants de to et 3 tels que la section
2

1
(' (t1 8%1) — C'"t;)m/ soit nulle dans le localisé M[ﬁ] Itérons, on obtient ¢’(s) € Cs]
103 ... Tp

1
et C" € Vio,..0(Dx) tels que la section (C”(tl%) — C"t1)m soit nulle dans le localisé M[t—]

1
D’ou, pour un certain entier r :

0 0
(a—h)%{(c"(tla—h) —C"ty)m =0.

Ainsi, m satisfait une équation fonctionnelle :
0

b(tl aitl

ym = —Atym,
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ou b(s) € Cls]nonnul et A € Vi, 0(Dx). Nous avons ainsi montré que (H, M) est sans pente.

Inversement, si (H, M) est sans pente, d’apres le corollaire 1 pour tout I C {1,...,p}, (Hy, M)
est sans pente. La condition 1 résulte alors du corollaire 2.

Examinons enfin un cas particulier étudié dans [D-M-S-T] et [M-T2] que nous généraliserons
de fagon géométrique a la section 4.3.2.

Remarque 4. Soit M un Dx-Module holonome régulier. Nous supposons que M et M[«H]
sont non caratéristiques pour Hy N ... N H,. Alors (H, M) est sans pente.

Preuve Considérons un systeme de coordonnées (x1,...,Zn,11,...,tp) dans lequel H; a pour
équation t; = 0. Nous avons montré (proposition 3.0.5 [M-T2] ou lemme 3.2 [D-M-S-T]) que
toute section m de M vérifie pour tout ¢ € {2,...,p} des équations fonctionnelles :
8 k a k—1

— +Aiia- Ao+ Ag)m=0

G "o, i) ’
ou les A, ; sont des opérateurs différentiels indépendants de TRy En multipliant par t¥,

1 P
nous obtenons pour i € {2,...,p} :
gk
(tz)k(aT )m S Vvo“”)o(Dx)tim.
K3

De ces équations, nous avions déduit que M est relativement spécialisable par rapport a H;
(proposition 3.0.5 [M-T2] ou proposition 3.1 [D-M-S-T]. Autrement dit, toute section m de M
vérifie une équation fonctionnelle non triviale :

0
b(tlaitl)m = Atlm,

0
ou A est un opérateur de VOH 1(Dx) indépendant de 5 B On obtient donc une équation
2 p

non triviale :

0
7 - Dy).
ty 8t1)m € V_1p,..0(Dx)

Cela montre bien que (H, M) est sans pente.

b(

4. CYCLES EVANESCENTS D’UN FAISCEAU CONSTRUTIBLE PAR UN MORPHISME SANS PENTE

Soit D%(Cx) la catégorie des complexes bornés de faisceaux de C-espaces vectoriels dont les
groupes de cohomologie sont des faisceaux C-constructibles.

4.1. Images directes locales d’un faisceau constructible et complexe d’Alexander
d’un faisceau constructible.

4.1.1. Images directes locales d’un faisceau constructible. Soit X = C", un germe de variété
analytique de dimension n. Soit f = (f1,...,fp) : X — CP un morphisme analytique et
F € Db(Cx).

Suivant [K-S] proposition 8.6.4 , [Bry], [L-M], on sait associer & F sa variété caractéristique
car F qui est un sous-espace analytique conique lagrangien du fibré cotangent a X : car F est la
réunion de l'image du support de F dans la section nulle de T*X et de ’adhérence des points
(z, &) pour lesquels il existe g : X,z — C tel que dg(z) = § et ¢y(F) # 0.
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Définition 7. Soit F € D(Cx) de variété caractéristique car F = J;c . Ty, X . Nous dirons que
(f,car F) est sans éclatement en codimension zéro si pour tout | € L, fy, est sans éclatement
en codimension z€ro.

Cela revient & demander que I'intersection par f = 0 de I'adhérence de car F +t /(X x c» CP)
dans T X soit une variété lagrangienne de 7% X.

Notons :

~ Be={zeC"; > |z |*<é},

— B, I'adhérence de B, dans C" ,

- D, ={t=(t1,...,tp) € CP; | t; |[<n},

- Be,n - Eﬂ f_l(Dn) et Be,n - BE N f_l(Dn)v

- ?e,n : Be,y = Dy et fe, : Be, — D, respectivement les restrictions de f & B, et Be,,.

Proposition 11. Soit F € D(Cx). Supposons que (f,car F) soit sans éclatement en codimen-
sion zéro. Il existe alors eg > 0 et une fonction décroissante n :]0,¢9] — Rt — {0} telle que pour
tout 0 < e <e<eq :

R(?e,n(e’))*]:: R(fe,n(e/))*]:'

Ces images directes sont ¢ cohomologie C-constructible et indépendantes de € € [€,eo]. Leurs
variétés caractéristiques sont contenues dans :

(ffm(é’))vr(tfé,n(g))_1(Ca1“]:).
Nous les appelerons les images directes locales de F.

Remarque sur la preuve : c’est un résultat bien connu sur les morphismes sans éclatement en
codimension 0 qui s’appuie sur les propositions 5.4.17 et 8.5.8 de [K-S]. Par hypothese,

A = car F +1 f'(X xc» CP) N f71(0)

est une variété lagrangienne conique de T*X. Si l'on considere la fonction anlytique ¢(z) =
Sl @i |2 sur A, les valeurs réeles telles qu’il existe z € C™ vérifiant ¢ = ¢(z) et do(x) € A
sont discretes (proposition 8.3.12 [K-S]). La plus petite de ses valeurs strictement positives est
la valeur ¢g attendue dans la proposition (voir preuve de proposition 8.5.8).

4.1.2. Complexze d’Alexander d’un faisceau constructible. Suivant C. Sabbah ([S3] définition
2.2.7) & une image directe propre pres, définissons le complexe d’Alexander de F. Pour ce faire,
considérons le diagramme :

1) 5 X L xr=X-FY0) <& X
' v L V7

{0} - cr (C*)p &L cr,
out CP est le revétement universel de (C*)? et p le morphisme :
CP — (C) & p(z1y...,2p) = (e%”l,. .. ,62”ZP).
Définition 8. On appelle complexe d’Alexander de F € D%(Cx), le compleze :

AV F =i 'Rjp.p tjTF.
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La i°"® monodromie sur AW ¢F est 'isomorphisme :
M;: AU, F— A0 F
induit par le morphisme d’adjonction :
(19)«(3p) ' F — (1p)«(T)T; ' (5p) 7' F = (jp)«(ip) ' F,
ou 7T; est le morphisme de translation :
T, : CP— CP; (z1,...,2p) — (21, .. Zic1, % + 1, Zig1, oo, 2p).

Le morphisme can : i '\ F — AW #(F) désigne le morphisme induit par le morphisme d’adjonc-
tion associé a jop :

f—)j*p*p_lj_l]: P §S—>Ss0j0p.

Pour tout 7 € {1,2,...,p}, il résulte de jopoT; = jop que M; o can = can.

Soit f'=(f1,---, fr)s [ = (fre1,-- s fo), ' =f1... fr et F" = foi1... fp. Considérons les
complexes d’Alexander AV ;/ F et AW ¢ F associés aux diagrammes :

) Sox L xr=x - & X
4 ‘ Lf ) L / L

{0y = C & (C)” e Cr,

f”fl((]) 14”) X L X — X F”fl(()) L Xi/
! L L LI

.71 2

oy 5 oo L (C )P & o

Considérons alors les diagrammes de carrés cartésiens :

1710) = fN0) X o)
\l/ Z'l/ \{ 7, l{ Z‘// \L 7;//

F71(0) 4ox oo

T j//p// ' jl/pll y\ ]p T ,n_//
Xrnpio) S Xn S

Pour simplifier, posons a = j'p’ et b = j”p”. On a les morphismes :
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A‘I’f'|(’4‘1’f~f)
' 'Ra,a %" 'Rb,b~'F
I
' 'Ra,i"ta b b1 F
1 chgt.base/i”
1" 1Ra,a= b, b1 F
~| chgt.base/a
AV F
~1 chgt.base/b
=Y IRb b aga”
1 chgt.base/i
" 1Rb. W a,a~
I
" 'Rbb Vi taa F

1
A\I/f//(A\I/f/f)

F

F

177

A\I/f/ (i//_l]:>
|

o) i’ 'Ra,a= Y"1 F
| ||
@) ' 'Ra,i"ta='F
1 chgt.base/i”
WO Rea\F
I
di. (" )
¢ (jﬁ ) ’L"il(A\I’f/f'.)
I
- (®) "Y' 'Ra,a ' F
// 1Z|/ 1Ra* ]:
Il
a<dj;(b) "Y' 'Ra,a ' F

= 1(|‘|A\Iff/ )

Ces diagrammes commutent puisque 'adjonction commute au changement de base.
Pour i < r, les isomorphismes de translation T; sur X', X, X’ N f”~1(0) commutent aux

mophismes 7" et i”

. On en déduit la commutativité du diagramme :

(A
Aw,F MDAy
+ +
M; (A (AW 0 F)
AT (AT 0 F) oy ) AWy ("1 F).

De méme pour i > r, les isomorphismes de translation T; sur X", X, X" N f'~1(0) commutent

aux mophismes 7" et i’

. On en déduit la commutativité du diagramme :

Ay, F M Ay, F
{ {
AV (M (A 1 F
A\I/f/(A\I/f//]:) ! ( <(— ! )) Awf/(i/,71f>.

En résumé :

Proposition 12. Il eriste un diagrame canonique commutatif compatible aux morphismes de

momnodromies :
AW (A0 F)
/l\
AV F

!
A (AW 4 F).

(_

e

— Ap"F)

/l\
il 1 (A\I’f/]:)

Pour p > 1, suivant C. Sabbah ([S3] définition 2.2.7), AW ;(F) n’est en général pas C-
constructible, par contre c’est un complexe de faisceaux & cohomologie C[ZP] constructible.
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4.2. Cycles évanescents d’un faisceau construtible par un morphisme sans pente.
Soit X un germe de variété analytique de dimension n et Y un sous-espace irréductible de X.
Soit fi,..., f, des fonctions analytiques sur X nulles & l'origine. Notons F' = fifo--- f, leur
produit et désignons par f ’application :

f:X—CP | (21,...,25) — (i1, o 2n), . o fp(z, .o, 20)

et par f|y sa restriction a Y.

Soit F € D2(Cx). Rappelons la définition 6 : le couple ((f1,..., f,),car F) est sans pente si
pour toute composante irréductible T X de la variété caractéristique de F, on ait (f;,, ..., fir)‘ Z
sans pente olt {i1,...,i,} ={0<i<p; fijz #0}.

Si ((f1,-..,fp),car F) est sans pente, ((fi1,...,fp),carF) est sans éclatement en codimen-
sion 0 et nous avons rappelé 'existence d’images directes locales R(fe ,(a))«F dont la variété
caractéristique est majorée par :

(fe,n(a))Tr(tfe/’n(a))_lcar F.

Il résulte de la proposition 8 que le sous-espace (fe ,(a))x (" f! n(e))’lcarF est réunion de conor-

maux a des intersections d’hyperplans de coodonnées de CP. Il résulte alors de la proposition
11:

Proposition 13. Si ((f1,..., fp),car F) est sans pente, les images directes locales R(fe n(a))«F
sont constuctibles et leurs variétés caractéristiques sont réunion de conormaux a des intersections
d’hyperplans de coodonnées de CP.

Les groupes de cohomologie de R(fe ,(q))«F sont alors localement constants sur les strates de
la stratification induite par les intersections des hyperplans de coordonnées de CP. Le complexe
de faisceaux 4 ¥ ¢F est alors la généralisation naturelle pour un morphisme sans pente du foncteur
des cycles évanescents défini par P. Deligne dans [D].

Définition 9. Si ((f1,...,fp),car F) est sans pente, nous appelons AV ;(F) le compleze des
cycles évanescents de F par f et le notons Wy (F).

Théoréme 4. Soit F € D%(Cx), si ((f1,. .., f»),car F) est sans pente, nous avons :
(1) O F € DYCxNf7H(0) etcar Uy F C Unea W 5 7 NF7H0), 06 (T X)aea décrit
les composantes irréductibles de car F sur lesquelles F' est non identiquement nulle.

(2) Pour tout r compris entre 1 et p, les morphismes canoniques :

YitirtdF — i) (Y frin, ) F)

sont des isomorphismes.

Lemme 2. Si ((f1,..., fp),car F) est sans pente, soit le réel positif ey et la fonction n associés
auz images directes locales de F par f. Alors :
— Pour tout 0 < e < ¢

(i_lf)o = RF(Ee,n(e) N f—1(0)7}')
— Pour tout 0 < e < ey, t = (t1,...,tp) € D}y = Dyee — {t1...t, =0} :
(\I/f]:)o = RF(Ee,n(e) N fﬁl(t)af)

On rappelle que i désigne Uinclusion de f~1(0) dans X et Be ) désigne Bc N f~1(Dyye)).
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Preuve du lemme : Nous avons le diagramme commutatif suivant :
RF<§6,77(6)7]:) i> RF<§€J7(6) N f_l(o)’ F)
14 +3

RU(Dyo, Rf. Fig) = (Rf. Figo-

La fleche verticale 1 est un isomorphisme depuis que I'image directe d’un faisceau flasque est
flasque. La fléche horizontale 2 est un isomorphisme par constructibilité de R f*(}'@w(e)) re-
lativement au croisement normal de D, ). La fléche verticale 3 est un isomorphisme, car la
restriction de f & B, est propre. Il en résulte que j. est un isomorphisme.

On a d’autre part, pour tout 0 < € < € < ¢, le diagramme commutatif :

— je (is0) — _
RF(Be,n(e)a ]:) ! — RF(Be,n(e) n f 1(0)7 ]:)
Tel e l« \l/ 4

RU(Bo ey, F) Jer_(i30)
!

Ri(gef,n(e’) N f=1(0),F)
(i7 1 F)o = (@'Fo.

La fleche 4 est un isomorphisme, car : R(?em(i,))*}" = R(?e/’n(e/))*}' (voir proposition 11).

La premiere partie du lemme s’en déduit, puisque les B, ;) forment un systeme fondamental
de voisinages de l'origine.

Montrons la deuxieéme partie du lemme. Reprenons pour cela le diagramme des cycles évanescents
de f en restriction & B () :

B, 7](5 ﬂ f ( ) —> Be n(e) (j E:,n(e’) = Den(e) = Fﬁl(o) £ BEJI(E/)
\Jr ‘ \l/ f€ﬂ7 ‘ i *e n(e) ‘L fEa'fI(fl)
i P -
{O} - DU(E/) Dn(e N D {tl = O} D"(El)

ol Dn(s/) est le revétement universel de D;;(e/). L’application p étant un revétement :
pilR(Fe,n(e’))*‘F = R(.fe,n(e’))*(pilf)‘
Pour tout @ € [)77(6/) et w = p(w), I'égalité des fibres donnent :
RF(PEJ](E/) n f_l(w), .7:) = RF(BE’n(g) n f_l(w),p_l]:).

D’autre part, comme R(f, (e ) F est constructible relativement au croisement normal de Dy,
R(f*¢ y(ery)«F est & cohomologie localement constante. Ainsi, R( f. ()« (p1F) est & cohomo-

logie localement constante sur Dn(ﬁ/), donc constante, car D,7(6 ) est isomorphe a CP.

On obtient, pour tout 0 < ¢ <e<egetw e ﬁn(e,) le diagramme commutatif :

RF(D (fe ,n(e) ) ( 1]:)) i> R(fe,n(e’))*(pilf)w = R(?e,n(e/))*(pilj:)w
} 15

RT(Bey(e),p~ ' F) = RO(Bcn f~(w), F)
} 16

RT(Bs yery, p 1 F) =5 RT(Bo N f~Y(w),F).
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La fleche 5 est un isomorphisme, puisque f,

en(ery est propre. La fléche 6 est un isomorphisme

puisque R(fem(el))*]: = R(fe,m(ﬁ,))*]:.
Par définition du foncteur Wy :

(¥(s,....p,)F)o = lim RT(Be ), ™' F).

On obtient donc pour tout 0 < ¢ < e <eyet w € f)n(i/)
T,y Flo = RO(Be N fH(w), F).

ce qui démontre la deuxieme partie du lemme.

Preuve du théoréme : Nous procédons par récurrence sur p. Posons [’ = (f1,...,fr) et

[ = frgas o5 Jo)-

Pour p = 1, ¥4 F est le complexe des cycles évanescents de P. Deligne [D]. Ce complexe
est constructible (voir par exemple [K-S] proposition 8.6.3.), sa variété caratéristique (voir [G]
théoreme 5.5) est :

U W}}ZQ N f_l(o)a

a€cA

ou (T 7. X Jaca décrit les composantes irréductibles de car F non identiquement nulles sur F'.

Supposons p > 1. Par hypothese de récurrence, Wy, . ;) F est a cohomologie constructible

et sa variété caractéristique est contenue dans la réunion des Wﬁ,, z,(0) o T X est une compo-
sante irréductible de car F non identiquement nulles sur F”’. D’apres la proposition 5, si T5Y est
une composante irréductible de WJE,, z. (0) et que Z est non identiquement nul sur F’ = f; ... f,,

alors f\/z est sans pente. Il en résulte que (f’,car U F) est sans pente.

Posons :

*D%:{t:(tla'“?t?“)gcr; ‘t7‘|<n}’

— D%/:{t/: (tr+1a~"7tp) ch*t/; |tz |//< 77}7

~ Dy =D} —{t1...t, =0} et D))" = D) — {t,41...t, = 0}.

Quitte a les diminuer, on peut supposer que €q et les fonctions 7 associés aux images directes
locales de W (F) par f' et de F par f coincident. D’apres le lemme 2, pour tout 0 < a < €q et

! IES .
tout w’ € Dn(a) :

(Us (U F))o = RU(Ba N f'~Hw'), Upn F).

Nous allons donc calculer : RT'(B, N f'~(w’), ¥ ¢»F). Fixons w’ € D’*

() € considérons 3 et

~ tel que :
0<a<pB<e et 0<y<n(B)—max{|w)|...|w. |=~v(B)}
Posons :

_ diccor. | t; —w}|<~ pourie{l,...,r}
e ~ O\t powrje{r+1,....p} [°
Ty = {x € Bg; f(x) € Dygayqyuw )

D
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Considérons le diagramme :

?ﬁ, ! !
Tsyaw =3 Dygyyw — Dy
| [

1’
Dy sy

f”,B y,w!
—

T3y w!
ol ?B,v,w’ et Wﬁ,%w, désignent les restrictions de f et f” et ou 7" désigne la projection

', t") —t".

Le complexe R(fﬂmw,)*}' est a cohomologie constructible relativement au croisement normal

de D) ,ur- 11 en résulte que R(f75 ., )« F qui est égal & R(w").R(fp - 4 )+F est & cohomo-
logie constructible relativement a ce méme croisement normal.

Reprenons une partie du diagramme des cycles évanescents de f” :

N p// -
T,Ba%w’ — T/L’y,w’ — T,BL’Y,W’
! iy R O
" "% P N/
Doy < D & Dy

ou T3 v = Ty — {fr41... fp = 0}. L'application p étant un revétement :

R(f" gy ) (0" F) = 0" R(F 5y )+ F)

est a cohomologie localement constante sur Dg(ﬁ). Pour tout w” € Efr;(a)’ si w” = p”(w"), on a
les isomorphismes :

RU(Tp s oV F)) = RU(D) g, R(f" 5 00) ("1 F)
= R(ﬂﬁmw’)*(p//il}-)w?/
~ R(f//ﬁ”%w,)*f)w”

12

RU(M_y{] ti = wi [< v} iy {ti = wi'} R(F 55 00) )

Par constructibilité de R(?Bmw’)*]: ) relativement au croisement normal de D, gy ., NOUS
obtenons :

RF(TQ,%U,/ R p’/_lf)

12

RF(Q::I{tl = w;} mf:r—i—l {tl = wgl}7R(?ﬁ,w,w’)*‘F))
~ RU(BsN f~(w',w"), F).

Ainsi pour tout 8 tel que 0 < a < 8 < ¢ et tout (w',w”) € D:‘](a) :
RT(Tp s 0" ' F) ~ RT(Bg N f~ 1 (w',w"), F)
qui sont de plus indépendants de (.

Comme la restriction de f & B, est propre, les Tj.. v forment un systeéme fondamental de
voisinage de B, N f/~1(w’) N f”=1(0). Ainsi :

(U (UgnF))o = RU(BaOf~H(w'), ¥snF)
~ lim RT(Tp 00, p" ' F)
By
~ RI(BgN f~Y(w',w"),F)

(Y (sr,. ) F o
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On obtient enfin, par récurrence, la majoration de la variété caractéristique de U ¢(F) & l'aide
de la proposition 7.

Théoréme 5. Si ((fi1,..., fp),car F) est sans pente, les isomorphismes canoniques :
ilil(\I/fN}—) — \I/f//(ililf)
sont des isomorphismes de DE(Cx). De plus,
car ("W F) C U Wﬁl,...,fp,za N f=40),
a€cA
ot (T X)aeca décrit les composantes irréductibles de car F sur lesquelles F'" est non identique-

ment nulle.

Preuve du théoréme : La constructibilité étant conservée par image inverse, il résulte du
théoreme 4 que les complexes '~ (U ¢/ F) et W sn (i 71 F) sont & cohomologie constructible. Soit
G € D%(Cx), il résulte du corollaire 6.4.4 , de la proposition 6.2.4 et du lemme 6.2.1 de [K-S]
que :

car (i'71(G)) € UW}, , (0),

ou T'7 X décrit les composantes irréductibles de car G. La majoration attendue résulte alors de
celle du théoreme 4 et de la proposition 7. On peut aussi par récurrence traiter le cas ou le but
de f’ est de dimension 1 et utiliser le calcul de la variété caractéristique de la restriction & une
hypersurface donnée dans [G] ou [B-M-M4].

Il nous reste & montrer que '~ et W commutent. Cette preuve est identique & celle du
théoréme 4. On peut supposer que ¢; et les fonctions 7 associées aux images directes locales de
U F par f et de F par f coincident.

D’apres le lemme 2, pour tout 0 < o < €g :
("W F)o = RT(Bo N f7H0), ¥ pn F).

Nous allons donc calculer : RI'(B, N f'~1(0), ¥4+ F). Pour tout 3 tel que 0 < a < 8 < ¢ et
0 < < n(B), posons :

ti |[<y pouri € {1,...,7} }
D te CP; | . ' -
n(B)y { [ |tj|<n(B) pourje{r+1,...,p}

Tsn = {x€Bs; f(x) € Dyp)q}-
Considérons le diagramme :

s

? 1
Ts,~ ﬂDn(b’),v_) Dy

n(B)
[ B [
T f”B,W D//
By — n(B)’

ol fﬁﬂ et Fﬁﬁ désignent les restritions de f et f”.

Le complexe R(f@ﬁ)*]—' est a cohomologie constructible relativement au croisement normal
de Dy g 1l en résulte que R(f”j).F qui est égal & R(x").R(fz.,)«F est & cohomologie
constructible relativement au croisement normal de Dg( )"
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Reprenons une partie du diagramme des cycles évanescents de f” :

"

P

TBW «— TE,J < Tﬁﬁ
l N R P
D" DM (p_ D//

n(8) n(8)’
ou Ty =Tsy—{fr+1... fp = 0}. L'application p étant un revétement :
R(f5) (0" F) = 0 (B(F5)F)

est a cohomologie localement constante sur Dg(ﬂ). Pour tout w” € Efr;(a)’ si w” = p”(w"), on a
les isomorphismes :

12

RT(Tp,,p" "' F) RU(D} g, R(f" 5.,) (0"~ F)
R(f"5.)(0" " F)
R(f B'y) F)w”

RU(iZy {1 s [< v} 0y {8 = wi'}, R(F 5 )+ F))

Par constructibilité de R(f 5 ,)+F relativement au croisement normal de D,,(g) -, nous obtenons :

1

1

R

RF(Tﬂmw’aP/Fl}—) ~ RI(N_{t; —0}ﬂ —r41 {ti= wgl}vR(?ﬁ,'y,w’)*f)
~ RU(Bs N f1(0,w"), F).

Ainsi que pour tout 3 tel que 0 < a < 3 < ¢ et tout w” € Dy
RU(Tp.,p" ' F) ~ RT(Bs N f~1(0,w"), F)
qui sont de plus indépendants de (.

Comme la restriction de f & B, est propre, les T3, forment un systeme fondamental de
voisinage de B, N f/~1(0) N f”~1(0). Ainsi :

(" (W F) o

12

RT(Bo N f'71(0), ¥ F)
lim RT(T,,p" " F)

By

RT(Bs N f71(0,w"), F)
(W (i1 F))o-

1

R

Cela montre le résultat attendu.

Proposition 14. Si ((f1,..., fp),car F) est sans pente, soit (Ty. X)aeca les composantes irréductibles
de car F non contenues dans F~1(0), alors :
car (U, F) = | Wiy nf 1 0) = | Wry, 0 £70)
acA acA

Preuve : Comme fy, est sans pente pour o € A, on a (voir remarque 2) :

W o N FTH0) =Wy, v N FTHO).

Cela montre la derniere égalité dans la proposition. Pour le reste procédons par récurrence sur
.
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Pour p = 1, soit £; les projections des composantes irréductibles T3 X de car F non contenues
dans f; = 0. Suivant [G] théoréme 5.5 :

car (W, (F)) = |J W}, nf7H(0),
Yedr

C’est exactement la proposition pour p = 1.

Pour Y € ¥4, soit X les projections des composantes irréductibles 75 X de Wfﬁl,y N ffl(())
non contenues dans fa ... f, = 0. Comme W;F = Wy, ¢ (Vg F), par hypothese de récurrence :

car (U F) = U U Wf% oz M (f2="=[,=0).

YeX, Zexy,

Comme Y C (fz...f, = 0) implique Wu y C (f2 ... [, =0), on a encore :
car (U, F) = | J U otz N (fa= o= f=0),

Yex, Zesy,
ou X} désignent I’ensemble des projections des composantes irréductibles de car F non contenues
dans F' = 0.
La proposition résultera alors du lemme suivant :

Lemme 3. Soit Y non contenue dans F = 0 et ¥4 les projections des composantes irréductibles
de W}ihy N ffl(O) non contenues dans fa ... f, = 0. Supposons fy sans pente, alors :

i 1
Wiy nftoy= U Wi, cTr X x el
Zexl,
L’identification faite dans ce lemme est justifiée par le fait que sous I’hypothese sans pente

Wﬁ,y N f71(0) est contenue dans s; = 0 (voir remarque 1).

Preuve du lemme : On rappelle de plus que sous 'hypothése sans pente (voir remarque 1)
les composantes irréductibles de Wﬁ,y N f7(0) (qui sont de dimension n + p — 1) ne sont pas
contenues dans I’hypersurface f» ... f, = 0. Il en résulte :

Wiy N7 0) = Wiy 0T O) N (fore fp #0):
Si(x,€,0,82,...,8,) € WJE,Y N 0) N (fa. .. fp #0), il est limite de points :

Grlea) S i)
(wn7£n+81(n) fl(-rn) +jZ2SJ( )f]( ) ( )7"'7 ;D( ))
Le point (x, Z sj(n) C%]((;:))

j=2

,82(n), ..., sp(n)) tend vers

= dfy(@)
(z,;s] fj(x),sz,...,sp).

dfl (xn)
fl (xn) ’

(z,0,0) € W} v N FH0) N (f2.. - fp #0)

Il en résulte que le point (2,,&, + s1(n) s1(n)) tend vers une limite :
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Cela montre I'inclusion :

—1
Wiynfitoyc \J Wi
zZexl,

Inversement, si (z,€, s2,...,5p) € Wﬁz,...7fp,z pour un Z € X, ce point est limite de

- dfj(zn)
(x’n7 n + Sj(n) ) S (n>77517(n)) )
! ; fi(xn) 2

ou (zn,nn) € T5X. Chaque (2, 7,,0) est alors limite de

dfl (xn,m)
fl (zn,m)

(:En,nmnn,m + Sl(n;m) 781(n7m)7

oU (Zy,ms Mn,m) € Ty X. Il en résulte :
(x,&,82,...,8p) € W}Y N f10).

Remarque 5. Soit F € D%(Cx) de variété caratéristique |J Ty X. Désignons par j Uinclusion
ouverte j : F'# 0 — X. Si fy est sans pente pour les Y non contenues dans F~1(0), alors le
couple (f,carj1j~1F) est sans pente pour jij~LF.

Preuve : En effet (voir [G]) :
carjij rF = U Wg’y N E~0).
Fly #0
Il reste a utiliser la proposition 6. Cette remarque est ’analogue géométrique de 1’équivalence
entre les propriétés 1 et 2 du corollaire 2.
Cette remarque est utile puisque pour tout f : WpF = W, (571 F).

4.3. Restriction non caractéristique et morphisme sans pente.

4.3.1. Restriction non caractéristique. Considérons X un voisinage de 'origine dans C™ et Y un
germe de sous-espace analytique de X. Soit ¢ = (g1,...,9p) : X — C? une submersion. Nous
dirons que g est a fibres non caractéristiques pour Ty X si

Ty XN T;ll(o)X CcTxX.
Cela implique pour t € CP voisin de 'origine :
Ty X N T;il(t)X CcTxX.

On notera également que, sous cette hypothese, les g; sont non identiquement nulles sur Y.
Si A et B désignent deux sous-ensembles de T™* X, rappelons la notation :

A+ B={(z,a+0b); (v,a) € Aet (x,b) € B}.

Lemme 4. Si g: C" — CP est une submersion a fibres non caractéristiques pour Ty X, nous
avons :

(1) g-("¢") NIy X) C T¢, CP,
(2) WyyNg 1 0) =Ty X + Ty 1 (0)X (qui est donc sous-variété lagrangienne de T*X).
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Preuve du lemme : Comme le covecteur Y %_, n;dg; () est conormal aux fibres de g, le premier
point résulte du fait que sous nos hypotheses, la relation :

P
Znidgi(m) elyX = m=---=n,=0.
i=1

Suivant [K-S] lemme 5.4.7 et corollaire 8.3.18, ’hypotheése non caractéristique implique que
v X + Tg*,l(O)X est un sous-ensemble analytique lagrangien fermé de T*X.

Il reste & montrer que Wy y (g~ *(0) = T3 X + T7 10X

p
TEX + T X = {(06+ > mdgi(2)) 5 (3,€) € Ty X et g(x) = 0},

i=1
De la définition de Wy y, il résulte :
Ty X +Tyr )X C Wy Ng™H(0).

Nous avons puisque g est une submersion :
P
W, = {(a:,Zmdgi(z)) sxeXet(m,...n) € CPCTHX.
i=1

Il résulte de I'hypotheése non caractéristique que 'intersection de Wy et de 73X est contenue
dans la section nulle de X. Suivant [K-S] lemme 5.4.7 T X + W, est un sous-ensemble analytique
fermé de T*X. Il en résulte :

Wyey CTy X +W,.
D’ot, l'inclusion qui manque, puisque Tg*_l(O)X =W,Ng(0).

Il résulte des lemmes 4 et 2, des propositions 11 et 14 la proposition suivante :

Proposition 15. Soit F € D%(Cx) et g : C"* — CP une submersion d fibres non caractéristiques
pour toute composante de la vari€té caractéristique de F. Alors, nous avons :

— Le couple (g,Car F) est sans pente.

— Les images directes locales Rg.JF sont a cohomologie localement constante.

~ Le morphime canonique i~ 'F — U, F est un isomorphisme.

- Car (i7'F) = Car (V,F) = Car F + Tyr(0)X-

4.3.2. Restriction non caractéristique d’un morphisme sans pente. Considérons X un voisinage
de lorigine dans C™ et Y un germe de sous-espaces analytique de X. On considere une submer-
siong = (g1,...,6r) : C" = C" et f = (fr41,..., fp) : C* — CP~". On note (g, f) I'application :

(9,f): C" — C" : = (g(x), f(2)).

Lemme 5. On suppose que fy est sans pente et que la submersion g est a fibres non ca-
ractéristiques pour Wyy N f=1(0). Alors :

(1) Au voisinage de (g, f)~*(0), le sous-espace (g, f)=(*(g, f)) (I3 X) s’identifie au croi-
sement normal Te-C" x fr(*f")" (T3 X) de CP.

(2) Wig.py 0 (9, 1)710) = (Wpy 0 F10)) + T2y X.
(3) (g, f)y : Y — CP est sans pente.
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Preuve du lemme : Supposons Y ;_; Aidgi(z) + >0 Nidfi(z) € Ty X. Cela implique au
voisinage de (g, f)~1(0) que A; = 0 pour i € {1,...,r}. On obtiendrait sinon un covecteur

non nul dans Wyy N f/royn T;,I(O)X ce qui contredirait I’hypothese que g est a fibres non
caractéristiques. Il en résulte : >V . Ndfi(z) € Ty X et donc (x,Ary1,...,),) appartient &
f=(Cf) YTy X). Cela établit le point 1 de la proposition.

Soit (z,€) € Wry N f71(0) + Ty1 ()X, il s’écrit :

T
(2,6) = (z.a + Y Nidg()) ou (z,a) € Wy et g(z) = f(z) = 0.
i=1
Le point (z, «) est donc limite de (2, Bn+>_1—, 1 Xi(n)dfi(z,)) ot (2n, Bn) € Ty X. Il en résulte
que (x,&) est limite de la suite :

(@ns B+ Y Nidgi(n)) + D Ai(n)dfi(an))-
=1 i=r+1

Ainsi, (z,€) € Wiy ),y N (g, )" 1(0).

Inversement, supposons (z,£) € Wi, ¢y N (g, f)~'(0). Le point (z, &) est alors limite de

(@0 B+ Y Nidgi(n)) + Y Ai(n)dfi(xn)),
=1 i=r+1

ot (2, By) € Ty X. Or, par hypothese, au vosinage de (g, f)~1(0) :
WonNWey C Tx X.
Il en résulte W, + Wy y fermé et (z,£) € Wy + Wy y. Do :
(,6) € Wiy N f7H0)) + Ty-1(0)X.

Ainsi, on obtient I’égalité attendue au point 2.

Enfin, (Wsy N f71(0)) N Ty (g)X est par hypothése contenue dans la section nulle de T X.
Ces deux variétés étant lagrangiennes coniques, il en résulte que (Wyy N f1(0)) + To1 ()X est
elle méme lagrangienne conique. La troisieme assertion résulte alors des deux premieres.

Nous déduisons de ce lemme :

Proposition 16. Soit F € D)(Cx) et UacaTy X sa variété caractéristique. Notons I, = {i €
{r+1,...,p} 5 fipy, # 0} et fa = (fj)je.- Supposons que le couple (f, Car F) soit sans pente
et et que la submersion g soit a fibres non caractéristiques pour les Wy vy, N f;l(O), alors :
- ((g, f),Car F) est sans pente.
— Les images directes locales R(g, f)«F sont & cohomologie constructible relativement au croi-
sement normal TcrC” x fo(tf') " L(car F).
~ Si i désigne Uinclusion de g~ (0) dans X, nous avons les isomorphismes canoniques :

Ui F) i (U F) = Wy 1(F).

—carWy ¢ F) = Uy,ep(Wy,y, Ng~1(0) + T7 10X , ou Y décrit les projections des compo-
santes de car F non identiquement nulles sur le produit F' = fri1... fp.
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Si dans la proposition, nous supposons seulement que la submersion g est a fibres non ca-
ractéristiques sur les Wy y N f ~1(0) ot T3 X est une composante de car F sur laquelle F' est non
identiquement nulle, alors ;5! F vérifie les hypotheses de la propoposition. En particulier, nous
aurons toujours :

Ui F) i M (F) = U, f(F).

Dans nos articles [M-T2] et [D-M-S-T], nous avions étudié cette situation d’un point de vue
algébrique lorque f est constituée d’une seule fonction (p — r = 1). La proposition 16 apporte
un complément géométrique a cette étude.
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ON A SINGULAR VARIETY ASSOCIATED TO A POLYNOMIAL MAPPING

NGUYEN THI BICH THUY, ANNA VALETTE, AND GUILLAUME VALETTE

ABSTRACT. In the paper, “Geometry of polynomial mapping at infinity via intersection ho-
mology”, the second and third authors associated to a given polynomial mapping F : C2 — C2
with nonvanishing Jacobian a variety whose homology or intersection homology describes the

geometry of singularities at infinity of the mapping. We generalize that result.

1. INTRODUCTION

In 1939, O. H. Keller [9] stated the famous Jacobian conjecture: any polynomial mapping
F : C" — C™ with nowhere vanishing Jacobian is a polynomial automorphism. The problem
remains open today even for dimension 2. We call the smallest set Sp such that the mapping
F: X\F~!(Sr) — Y\ SF is proper, the asymptotic set of F. The Jacobian conjecture reduces to
show that the asymptotic set of a complex polynomial mapping with nonzero constant Jacobian
is empty. So the set of points at which a polynomial mapping fails to be proper plays an
important role.

The second and third authors gave in [14] a new approach to study the Jacobian conjecture
in the case of dimension 2: they constructed a real pseudomanifold denoted Np C RY, where
v > 2n, associated to a given polynomial mapping F : C™ — C", such that the singular part of
the variety N is contained in (Sp x Ko(F')) X {Ogv-2n } where Ko(F') is the set of critical values
of F. In the case of dimension 2, the homology or intersection homology of Ny describes the
geometry of the singularities at infinity of the mapping F'.

Our aim is to improve this result in the general case of dimension n > 2 and compute the
intersection homology of the associated pseudomanifold Np. Let F; be the leading forms of the
components F; of the polynomial mapping F' = (F},...,F,) : C* — C". We show (Theorem
4.5) that if the polynomial mapping F' : C* — C™ has nowhere vanishing Jacobian and if
rank(DF'i)i:LMn > n — 2, then the condition of properness of F' is equivalent to the condition
of vanishing homology or intersection homology of Ngp. Moreover, it is indeed more precise
to compute intersection homology rather than homology. In order to compute the intersection
homology of the variety Nr, we show that it admits a stratification which is locally topologically
trivial along the strata. The main feature of intersection homology is to satisfy Poincaré duality
that is more interesting in the case where the stratification has no stratum of odd real dimension.
We show that the variety Np admits a Whitney stratification with only even dimensional strata.

It is well known that Whitney stratification are locally topologically trivial along the strata.
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2. PRELIMINARIES AND BASIC DEFINITION

In this section we set-up our framework. All the considered sets in this article are semi-

algebraic.

2.1. Notations and conventions. Given a topological space X, singular simplices of X will
be semi-algebraic continuous mappings o : T; — X, where T} is the standard i-simplex in R¥*1!.
Given a subset X of R™ we denote by C;(X) the group of i-dimensional singular chains (linear
combinations of singular simplices with coefficients in R); if ¢ is an element of C;(X), we denote
by |e| its support. By Reg(X) and Sing(X) we denote respectively the regular and singular
locus of the set X. Given X C R", X will stand for the topological closure of X. Given a point
x € R" and a > 0, we write B(z, @) for the ball of radius « centered at  and S(z,«) for the

corresponding sphere, boundary of B(x, ).

2.2. Intersection homology. We briefly recall the definition of intersection homology; for
details, we refer to the fundamental work of M. Goresky and R. MacPherson [3] (see also [2]).

Definition 2.1. Let X be a m-dimensional semi-algebraic set. A semi-algebraic stratifica-

tion of X is the data of a finite semi-algebraic filtration
(2.2) X=X, 20X, 1D --DXgoDX_ 1=

such that for every 4, the set S; = X; \ X;_; is either empty or a topological manifold of

dimension 7. A connected component of S; is called a stratum of X.

Definition 2.3 ([16]). One says that the Whitney (b) condition is realized for a stratification
if for each pair of strata (S,S5’) and for any y € S one has: Let {z,} be a sequence of points in
S’ with limit y and let {y,} be a sequence of points in S tending to y, assume that the sequence
of tangent spaces {7, S’} admits a limit T for n tending to +oo (in a suitable Grassmanian
manifold) and that the sequence of directions z,y, admits a limit A for n tending to +oco (in
the corresponding projective manifold), then A € T'.

We denote by cL the open cone on the space L, the cone on the empty set being a point.
Observe that if L is a stratified set then cL is stratified by the cones over the strata of L and a
0O-dimensional stratum (the vertex of the cone).
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Definition 2.4. A stratification of X is said to be locally topologically trivial if for every
z € X;\ Xi—1, ¢ > 0, there is an open neighborhood U, of = in X, a stratified set L and a

semi-algebraic homeomorphism

h:U, — (0;1)" x cL,

such that h maps the strata of U, (induced stratification) onto the strata of (0;1)¢ x cL (product
stratification).

We will use the following definition of a semi-algebraic pseudomanifold :

Definition 2.5. A (semi-algebraic) pseudomanifold in R™ is a subset X C R" whose
singular locus is of codimension at least 2 in X and whose regular locus is dense in X.
A stratified pseudomanifold (of dimension m) is the data of an m-dimensional pseudo-

manifold X together with a semi-algebraic filtration:
X=Xn20Xm12D2Xmoa2D--DX9oDX_1=0,
which constitutes a locally topologically trivial stratification of X.

Definition 2.6. A stratified pseudomanifold with boundary is a semi-algebraic couple
(X,0X) together with a semi-algebraic filtration

X=XpnDXn 1D2Xpn 2D - DXoDX_ 1=0,

such that:

(1) X\ 0X is an m-dimensional stratified pseudomanifold (with the filtration X; \ 0X),

(2) 0X is a stratified pseudomanifold (with the filtration X} := X;1 N 9X),

(3) 90X has a stratified collared neighborhood: there exist a neighborhood U of 90X in
X and a semi-algebraic homeomorphism ¢ : 0X x [0,1] — U such that

$(X!_, x [0,1]) = U N X; and $(dX x {0}) = 9X.

Definition 2.7. A perversity is an (m — 1)-uple of integers p = (p2,ps,.-.,Pm) such that
p2 =0 and pry1 € {pk,pr + 1}

Traditionally we denote the zero perversity by 0 = (0,...,0), the maximal perversity by
t =(0,1,...,m — 2), and the middle perversities by m = (0,0,1,1,..., [mT*Z]) (lower middle)
and m = (0,1,1,2,2,...,[’”7’1]) (upper middle). We say that the perversities p and g are
complementary if p+q = t.

Given a stratified pseudomanifold X, we say that a semi-algebraic subset Y C X is (p,1)-
allowable if dim(Y N X,,,_x) <i—k + py for all & > 2.

In particular, a subset Y C X is (¢,14)-allowable if dim(Y N Sing(X)) <i — 1.

Define ICP(X) to be the R-vector subspace of C;(X) consisting of those chains ¢ such that
€] is (P, 1)-allowable and |0¢| is (P, ¢ — 1)-allowable.

Definition 2.8. The i'" intersection homology group with perversity 7, denoted by
THP(X), is the i*" homology group of the chain complex IC?(X).
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Goresky and MacPherson proved that these groups are independent of the choice of the
stratification and are finitely generated [3, 4].

Theorem 2.9 (Goresky, MacPherson [3]). For any orientable compact stratified semi-algebraic

m-dimensional pseudomanifold X, generalized Poincaré duality holds:

(2.9) THL(X) = THT,_,(X),
where p and G are complementary perversities.

In the non-compact case the above isomorphism holds for Borel-Moore homology:
(2.9) TH}(X) =~ IH?n—k,BM(X)7

where IH, ppr denotes the intersection homology with respect to Borel-Moore chains [4, 2]. A
relative version is also true in the case where X has boundary.

Proposition 2.10 (Topological invariance, [3, 4]). Let X be a locally compact stratified pseudo-
manifold and P a perversity, then the intersection homology groups ITHF (X) and IHfBM (X) do
not depend on the stratification of X.

2.3. L cohomology. Let M C R" be a smooth submanifold.

Definition 2.11. We say that a differential form w on M is £ if there exists a constant K
such that for any z € M:

lw(a)| < K.

We denote by /(M) the cochain complex constituted by all the j-forms w such that w and dw
are both £>°. The cohomology groups of this cochain complex are called the £>*°-cohomology
groups of M and will be denoted by H* (M).

The third author showed that the £ cohomology of the differential forms defined on the
regular part of a pseudomanifold X coincides with the intersection cohomology of X in the

maximal perversity ([15], Theorem 1.2.2):

Theorem 2.12. Let X be a compact subanalytic pseudomanifold (possibly with boundary). Then,
for any j:

HI (Reg(X)) ~ IH!(X).

Furthermore, the isomorphism s induced by the natural mapping provided by integration on

allowable simplices.
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2.4. The Jelonek set. Let F': C* — C" be a polynomial mapping. We denote by S the set
of points at which the mapping F' is not proper, i.e.,

Sr = {y € C" such that I{xz,} C C", |zg| — o0, F(xk) = y},

and call it the asymptotic variety or Jelonek set of F'. The geometry of this set was studied
by Jelonek in a series of papers [6, 7, 8]. Jelonek obtained a nice description of this set and gave
an upper bound for its degree. For the details and applications of these results we refer to the

works of Jelonek. In our paper, we will need the following powerful theorems.

Theorem 2.13 ([6]). If F' : C™ — C™ is a generically finite polynomial mapping, then S is
either an (n — 1) pure dimensional C-uniruled algebraic variety or the empty set.

Theorem 2.14 ([6]). If F: X =Y is a dominant polynomial map of smooth affine varieties

of the same dimension then S is either empty or is a hypersurface.

Here, by a C-uniruled variety X we mean that through any point of X passes a rational
complex curve included in X. In other words, X is C-uniruled if for all x € X there exists a
non-constant polynomial mapping ¢, : C — X such that ¢, (0) = .

In the real case, the Jelonek set is an R-uniruled semi-algebraic set but, if nonempty, its

dimension can be any integer between 1 and (n — 1) [8].

3. THE VARIETY Np

The variety Nr was constructed by the second and third authors in [14]. Let us recall briefly
this construction.

3.1. Construction of the variety Nr ([14]). We will consider polynomial mappings F : C* —
C" as real ones F : R?" — R?". By Sing(F) we mean the singular locus of F' that is the zero
set of its Jacobian determinant and we denote by Ko(F') the set of critical values of F, i.e., the
set F(Sing(F)).

We denote by p the Euclidean Riemannian metric in R?”. We can pull it back in a natural
way:

Fpy(u,v) = p(d F(u), d F(v)).

Define the Riemannian manifold Mp := (R?" \ Sing(F); F*p) and observe that the mapping F'
induces a local isometry near any point of Mp.

Lemma 3.1 ([14]). There ezists a finite covering of Mg by open semi-algebraic subsets such

that on every element of this covering, the mapping F induces a diffeomorphism onto its image.

Proposition 3.2 ([14]). Let F': C* — C" be a polynomial mapping. There exists a real semi-
algebraic pseudomanifold Np C RY, for some v = 2n + p, where p > 0 such that

Sing(Nr) C (Sp U Ko(F)) x {Og» },
and there exists a semi-algebraic bi-Lipschitz mapping

hg : Mg —)NF\(SFUK()(F)) X {ORP}
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where Np \ (Sp U Ko(F)) x {Ore } is equipped with the Riemannian metric induced by R”.

The variety Np is constructed as follows: let F': C™ — C" be a polynomial mapping. Thanks
to Lemma 3.1, there exists a covering {Uy,...,Up} of Mp = R?" \ Sing(F) by open semi-
algebraic subsets (in R?") such that on every element of this covering, the mapping F induces a
diffeomorphism onto its image. We may find some semi-algebraic closed subsets V; C U; (in M)
which cover My as well. Thanks to Mostowski’s Separation Lemma (see Separation Lemma in
[10], page 246), for each i, i = 1,...,p, there exists a Nash function v; : Mp — R, such that v,
is positive on V; and negative on Mg \ U;. We define

hp = (Fyi1,...,¢p) and Np := hp(Mp).

In order to prove hp is bi-Lipschitz, we do as follows: choose x € Mp, then there exists U;
such that = € U; and the mapping Fy, : U; — R?" is a diffeomorphism onto its image. Define,
for y € F(U;), the following functions:

(3.3) bily) = i o (Fi,) " (v),

fori=1,...,p, and

We then have the formula

(3.5) hp(x) = (F(x),1(F(2)),...,%p(F(x)) = $(F(x)).

As the map F : (U;, F*p) — F(U;) is bi-Lipschitz, it is enough to show that ¢ : F(U;) — R2"+P
is bi-Lipschitz. This amounts to prove that 1/;1- has bounded derivatives for any ¢ = 1,...,p. In

order to prove this, we chose the functions 1; sufficiently small, by using Lojasiewicz inequality

in the following form:

Proposition 3.6. [1] Let A C R™ be a closed semi-algebraic set and f : A — R a continuous
semi-algebraic function. There exist ¢ € R, ¢ > 0 and q¢ € N such that for any x € A we have

[f(@)] < (1 + [2f*).

In fact, we can choose the Nash functions v; sufficiently small by multiplying v; by a huge
power of ﬁ which is a Nash function (see Proposition 2.3 in [14]).

Thanks to Lojasiewicz inequality, we also can choose the functions ; such that they tend to
zero at infinity and near Sing(F'). This is the reason why the singular part of Np is contained
in (SpUKy(F)) x {Oge }.

Moreover, the following diagram is commutative:

(3.7) Mp s Np

N

RQn
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where 7 is the canonical projection on the first 2n coordinates, and hp is bijective onto its
image Np \ ((SF U K()(F)) X {ORp}).

Remark that the set Vg is not unique, it depends on the covering of My that we choose and
on the choice of the Nash function ;.

We see that in the complex case, even in the case C?, the real dimension of the variety Ng is
greater than 3, so it is difficult to draw the variety Np in this case. The natural question arises
if the variety N exists in the real case. The answer is yes, but we note that in this case, the
variety Np is not necessarily a pseudomanifold, because in the real case, the real dimension of

the Jelonek set of a polynomial mapping F': R™ — R™ can be n — 1.

Proposition 3.8 ([14], [11]). Let F': R™ — R™ be a polynomial mapping. There exist

a) a real semi-algebraic variety Np C R”, for some v = n + p where p > 0, such that
Sing(Ng) C (Sp U Ko(F)) X {Oge} CR™ x R?,
b) a semi-algebraic bi-Lipschitz mapping
hp: Mp — Np\ (SpUKy(F)) X {Orr}
where Ng \ (Sp U Ko(F)) X {Oge } is equipped with the Riemannian metric induced by R”.
In order to understand better the variety N, we give here an example in the real case.
3.2. Example.

Example 3.9. [11] Let F': ]R%z s ]R%a 5) be the polynomial mapping defined by

F(z,y) = (z,z%y(y + 2)).

Let us construct the variety Np in this case. By an easy computation, we find:
Sing(F) = {(z,y) € R?x,y) cx=0o0ry=—1},
Ko(F) = {(0,8) € B2, )£ 6 = —a?),
Sp={(0,8) € R%awg) : 8> 0}.

We see that R? is divided into four open subsets U; by Sing(F) (see the Figure la). The
mapping F' is a diffeomorphism on each U;, for i = 1,...,4. Observe that U; is closed in Mp
so that we can chose V; = U; for i = 1,...,4 (see section 3.1). There exist Nash functions
¥; : Mp — R such that each ; is positive on U; and negative on U; if j # ¢. Since Np is the
closure of hp(Mp) where hp = (F,4¢n,...,%4), then Np has 4 parts (Ng),,...,(Ng), where
(Np), is the closure of hp(U;) for i =1,...,4.

Again, an easy computation shows:
F(Uh) = F(Uz) = {(a, B) €RY, ) - >0, 8> —a?},

F(Us) = F(Us) = {(c, ) €RY, gy - v < 0, 8> —a®}.

Each (Np), is F(U;) embedded in R, gy x R* but (Np), does not lie in the plane R, g
anymore, it is “lifted” in Ra,p) X R*. However, the part contained in Ky(F) x SF still remains
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in the plane R, gy since the functions ¢; tend to zero at infinity and near Sing(F) (see the
Figure 1b).

Now we want to know how the parts (Np), are glued together. Using diagram (3.7), for any
point a = (a, 3) € R? \ Ko(F) the cardinal of 75" (a) \ ((Ko(F) U Sr) x {0gs}) is equal to the
cardinal of F~!(a) since hp is bijective. Consider now the equation

F(z,y) = (z,2%y* + 22%y) = (o, B)
where 8 # —a?. We have
(3.10) a?y? + 2%y — =0.

As the reduced discriminant is A’ = o* + o8 = a?(a? + ), then

1) if B < —a?, the equation (3.10) does not have any solution,

2) if B > —a?, the equation (3.10) has two solutions.

Then (Ng), and (Ng), are glued together along (Ko(F)USF) x {Ogs}. Similarly, (Ng), and
(NF), are glued together along (Ko(F)U Sp) x {Oga} (see the Figure 1c).

¥ A ﬁ
SF
SingF Y !'._\\-_LJ
- (] z ‘?x_,_a;
1 o]\ %‘A
1
U, - T
U s -
R! i
la 1b lc

FIGURE 1. The variety Np.

3.3. Homology and intersection homology of Np.

Lemma 3.11 ([14]). Let F : C?> — C? be a polynomial mapping. There exists a natural strati-
fication of the variety Ng, by even (real) dimension strata, which is locally topologically trivial

along the strata.
In fact, the stratification of the variety Ng is showed in [14] to be
Nr D (SFpUKy(F)) x {Ore } D (Sing(Sr U Ko(F)) U B) x {Ore} D 0,

where B = SF‘FA(SF).
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Theorem 3.12 ([14]). Let F : C2 — C? be a polynomial mapping with nowhere vanishing
Jacobian. The following conditions are equivalent:

(1) F is non proper,

(2) Hy(Nr) #0,

(3) IHY(NF) # 0 for any perversity p,

(4) IHg(NF) # 0 for some perversity p.

We notice that, for a given polynomial map F : C2 — C2, the fact that the homology group
Hs(Np) vanishes or not only depends on the behavior of F' at infinity.

4. RESULTS

The following theorem generalizes Lemma 3.11 and shows existence of suitable stratifications

of the set S in the case of a polynomial mapping F : C* — C™.

Theorem 4.1. Let F : C* — C" be a generically finite polynomial mapping with nowhere

vanishing Jacobian. There exists a filtration of Np:
Np=Vop, DVap1 D Vop2D---DViD VDV 1 =0

such that :
1) for any i < n, Vajp1 = Vay,
2) the corresponding stratification satisfies the Whitney (b) condition.

Proof. We have the following elements

+ Thanks to Sard Theorem, we have dimc Sing(Sr) < n — 2, i.e., dimg Sing(Sr) < 2n — 4.

+ Let My, _o = F~1(Sr)N Mp. The mapping F restricted to Ma, _o is dominant. Thanks to
Jelonek’s Theorem (Theorem 2.14), we have dim¢ SF‘MZ%2 =n—2 (since dim¢ Ma,—o = n—1).
Thus, we obtain dim¢ SF|M271_2 =2n—4.

+ Thanks to Whitney’s Theorem (Theorem 19.2, Lemma 19.3, [16]), the set B, _o of points
x € Sp at which the Whitney (b) condition fails is contained in a complex algebraic variety of
complex dimension smaller than n — 1, so dimg Bs,,_s < 2n — 4.
We will define a filtration (W) of R?" by algebraic varieties and compatible with Sg:

(W): WQ,LZRQHDWQn_1DWgn_QZSFD-"DWQkJ,_lDWQkD"'leDWQD[Z)

by decreasing induction on k. Assume that W5, has been constructed. If dimg W, < 2k then
we put

Wak—1 = Wap—o = Wa
otherwise we denote Moy = F~1(War) N Mp and W5, = Way \ (Sing(Way) U SF‘M%). We put

(42) Wor—1 = Wap_o = Slng(ng) U SF‘M% U A2k7
where Agj is the smallest algebraic set which contains the set:

if ith h > 2k th
BQk:{xEWQ’k:IxGWhWI > en }

the Whitney (b) condition fails at « for the pair (W3, W})
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Now, consider the filtration (V) of Np
(V) : Np=Voy DVon 1D Vap 2D+ D Vo1 DVor, D--- D Vi DV D0

where V; = ng(Wi) and 7 is the canonical projection from Nz to R?", on the first 2n coordi-

nates (see diagram (3.7)).

Let S5, = Wa; \ Wa;—2. We claim that F|p-1(s; ) is proper. This is obvious if S;; is empty.
If S, is not empty, suppose that there exists a sequence {x;} in F~1(S%,) such that F(x;) goes
to a point a in S},. We have to show that the sequence {z;} does not go to infinity. Since
S, = Wa; \ Wa;_o, where Wa;_o = Sing(Wa;) USF ., UA2;, we have a ¢ SFy,, - I 1 tends
to infinity then a € SF|F71(s§i)’ which is a contradiction.

Let X be a connected component of 7' (Z), where Z C Wo;\ Wa;_5. We have X C Va;\ Va;_s.
We claim that either X C Z x {Oge} or X N (Sp X {Ors}) = 0. Assume that there exist 2’ € X
but ' ¢ Z x {Oge} and 2” € X N (Sp X {Ogr}). Then we have z” = (z,0rs), where x € Sp.
There exists a curve y(t) = (71(t),72(t)) € X where v1(t) € R™ and v,(t) € RP, such that
v(0) = 2’ and (1) = z”. Let us call u = 7(tp) the first point at which v meets Sg X {Oge }.
Thus, we have y2(t) # 0 whenever ¢ < to and hp'(y(t)) is in My, for t < t;. Moreover,
F(hp' (v(t))) = mr(y(t)) tends to mp(u) and hy'(y(t)) tends to infinity as ¢ tends to to. Hence,
Tr(u) € Spia,, C Wai—a, 50 u is in Va; o, contradicting u € X C Vo, \ Va;_a.

Let us show that Sg; := Va;\ Va;_2 is a smooth manifold, for all i. Because F|F71(S§i) is proper,
the restriction of 7 to 7' (S%;) \ (Sk x {Ogr}) = hp(F~1(Sh,)) is proper. Consequently, 75 is
a covering map on So;. This implies that So; is a smooth manifold.

Observe that in the case where X N (Sp x {Ogr}) is nonempty then it is included in Wa;_o x
{Og»}, if dim X = 2i, since every point of X N (Sp x {Orr}) is a point of Sgjnr,, € Wai—a. As
7F is a covering map on Ng \ (S x {Ogs}), this implies that Sy, x {Ogs} is open in 75" (S;).

Let us prove that the filtration (V) defines a Whitney stratification: at first, we prove that

the stratification (W) is a Whitney stratification. If the stratum S5, = Wa; \ Wa;_5 is not empty,
then by (4.2), we have

Sh; = Wai \ Wai_o C Wa; \ Ag; C Wa; \ Ba;.
This shows that the stratification (W) satisfies Whitney conditions.
We denote
Yy = {X": X" is a connected component of Wo; \ Wa; 2,0 < i < n},

¥y :={X : X is a connected component of Va; \ Va;_2,0 <1i < n}.
We now prove that if X € ¥y then np(X) € Xyy. If X C Sp x {Og,} then 7p , is the identity
and thus X belongs to Xyy. Otherwise, X C Ng \ (S X {Ogr}. Assume that X C V; \ Va;_o.
This implies that X N W}l(ng_2) = (). This amounts to say that 7r(X) N Wo;_o = 0. Thus
mr(X) C Wy \ Wa;_o. Therefore, to show that 7p(X) € Xy, we have to check that mp(X)
is open and closed in Wy; \ Wa;_o. As 7p is a local diffeomorphism at any point = of X, the

set mp(X) is a manifold of dimension 2i, which is open in S5;. Let us show that it is closed in
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SY;. Take a sequence y,, C mp(X) such that y,, tends to y ¢ 7p(X). Let z,, € X be such
that 7p(2m) = ym. Since wp is proper, x,, does not tend to infinity. Taking a subsequence if
necessary, we can assume that z,, is convergent. Denote its limit by z. As mp(z) =y ¢ 7p(X),
then the point = cannot be in X and thus belongs to Va;_ since X is closed in Va; \ Va;_2. This
implies that y = 7mp(x) € Wa;_q, as required.

Let us consider a pair of strata (X,Y) of the stratification (V) such that X NY # () and let
us prove that (X,Y") satisfies the Whitney (b) condition. That is clear if X, Y C Sp x {Oge }. If
none of them is included in Sp X {Oge}, then, as 7w is a local diffeomorphism and Whiney (b)
condition is a C! invariant, this is also clear. Therefore, we can assume that X N(Sg x {Og»}) = 0
and Y C Sp x {Oge } (if X C Sp x {Og»}, then Y meets Sr x {Ogs} at the points of X and then
Y C (Sr x {Ogre})). Set for simplicity Y := Y’ x {Oo» }.

As Y is open in 7' (Y”), there exists a subanalytic open subset U’ of Ny such that

Unan'(Y)=Y' x {Ors}.
Let U” := hx'(U' N Np \ (SF x {Ogs})). We have
U// ) F—l(y/) — @

(see diagram (3.7)). Consequently, the function distance d(F(z);Y’) nowhere vanishes on U”.
As U" is a closed subset of R2", by Lojasiewicz inequality, multiplying the ¥;’s by a huge power

of we can assume that on U”, for every i

(4.3) Yi(2m) << d(F(zm);Y")

for any sequence z,, tending to infinity.

Now, in order to check that Whitney (b) condition holds, we take z,, € X and y,, € Y tending
toy € Y N X. Assume that [ = lim7,,9,, and 7 = lim T}, X exist, we have to check that [ is
included in 7.

For every m, x,, belongs to hp(U;) for some j. Extracting a subsequence if necessary, we

may assume that it lies in the same hp(U;). On Uj, 7p is invertible and its inverse is

&(y) = (yﬂ/;l(y)a e ,d;p(y)),

(see section 3.1, see also Proposition 2.3 in [14]).

where 1/31 (y) =1; 0 F|7.

1
- J

Let p, = (zh,;¢(x),)) and ym = (y,,0re), where x}, = 7p(y) and y,, = 7F(Ym), then
T — ym = (x, — ! b(z])). We claim that

(4.4) (@) << |2 = Y.

If 2, = F~Y(a},) then F(z,,) = x,, so that by (4.3), we have

w@(l'/m) << d($/m§yl) < |$/m - y/m|’

showing (4.4).
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On one hand, the sets 7p(X) and 7 (Y") belong to Xy, they satisfy the Whitney (b) condition.

As a matter of fact
x/ _ y/
lim F:" - y:”| =I'C7 =lmT, mp(X)
m m

/7
. . xr — .
(extracting a sequence if necessary, we may assume |I7”7‘Z7"| is convergent). We have
™

m

|Zm — Yml |Zm — Yml

On the other hand, observe that

dompt = (Id, dpth1, . . ., Outhy).

= (I',0) = 1.

Multypling 1 by a huge power of ﬁ, we can assume that the first order partial derivatives of
¥ at 2/, tend to zero as m goes to infinity. Then T, X tends to 7 = lim T}, 7p(X) x {Ops} =
7' x {Opr}. But since ' e 7/, 1 = (I',0) € 7 = 7" x {Orr }. O

We now generalize Theorem 3.12. Firstly we notice that a polynomial map F; : C* — C can

be written
F; =%, F;;

where Fj; is the homogeneous part of degree d; in Fj. Let dj the highest degree in Fj, the
leading form Fz of F; is defined as

F; == Fiy.

Theorem 4.5. Let F': C" — C™ be a polynomial mapping with nowhere vanishing Jacobian. If
rankc (DF})

equivalent:

i=1,..n > N —2, where F} is the leading form of Fy, then the following conditions are
(1) F is non proper,

(2) Hz(Np) # 0,

(3) IHY(Ng) # 0 for any (or some) perversity p,

(4) IHgn—ZBM(NF) # 0, for any (or some) perversity D.

Before proving this theorem, we give here some necessary definitions and lemmas.

Definition 4.6. A semi-algebraic family of sets (parametrized by R) is a semi-algebraic set
A C R™ x R, the last variable being considered as parameter.

Remark 4.7. A semi-algebraic set A C R™ x R will be considered as a family parametrized by
t € R. We write A;, for “the fiber of A at t”, i.e.,

Ap = {x e R": (z,t) € A}.

Lemma 4.8 ([14]). Let § be a j-cycle and let A C R™ x R be a compact semi-algebraic family
of sets with |8| C Ay for any t. Assume that |B| bounds a (j + 1)-chain in each Ay, t > 0 small

enough. Then B bounds a chain in Agp.
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Definition 4.9 ([14]). Given a subset X C R", we define the “tangent cone at infinity”,

called “contour apparent a I’infini” in [11] by:

Coo(X) := {A €S"71(0,1) such that 3y : (t,to + ] — X semi-algebraic,
t
lim (t) = oo, lim () = A}

t—to Ti=to | (t)]
Lemma 4.10 ([11]). Let F = (Fy,...,F,) : R™ = R"™ be a polynomial mapping and V the zero
locus of F := (Fl, .. .,F‘n), where F} is the leading form of F; fori=1,...,n. If X is a subset
of R"™ such that F(X) is bounded, then Cuoo(X) is a subset of S*~1(0,1) NV,

Proof. By definition, Cs(X) is included in S"71(0,1). We prove now that Cuo(X) is included
in V. In fact, given A € Co(X), then there exists a semi-algebraic curve v : (to,to +¢] = X

such that tlir? ~(t) = oo and hm g(g‘ = X. Then ~(t) can be written as v(t) = At™ + ... and
—to

F = Fi()\)tmd"' 4 ... where d; is the homogeneous degree of F,. Since F(X) is bounded, then Fj;
cannot tend to infinity when ¢ tends to g, hence 13’1()\) =0foralli=1,...,n. O

Let us prove now Theorem 4.5. We use the idea and technique of the second and third authors
n [14].

Proof of the Theorem 4.5. (4) < (3) : By Goresky-MacPherson Poincaré duality Theorem, we
have

IHg(NF) = IHgn—Q,BM(NF)’
where g is the complementary perversity of p. Since I Hg (Np) # 0 for all perversities P, then
THY (Ng) # 0, for all perversities g.

(3) = (1),(3) = (2) : If F is proper then the sets Sp and Ky(F') are empty. So Sing(Np) is
empty and Ny is homeomorphic to R?". It implies that Ho(Ng) = 0 and IH?(NF) =0.

(1) = (2), (1) = (3) : Assume that F' is not proper. That means that there exists a complex
Puiseux arc 7y : D(0,7) — R?", v = uz® + ..., (with « negative integer and u is an unit vector
of R?") tending to infinity in such a way that () converges to a generic point xg € Sp. Let
J be an oriented triangle in R?" whose barycenter is the origin. Then, as the mapping hr o vy
(where hp = (F,¢n,...,1,)) extends continuously at 0, it provides a singular 2-simplex in Ng
that we will denote by c.

Since codimgSF = 2, then

0 = dimg{zo} = dimg((SF x {Ore}) N|c|) <2 -2+ pa,
because py = 0 for any perversity p. So the simplex c is (0, 2)-allowable for any perversity p.
The support of dc lies in Np \ Sp x {Ogs }. By definition of Nx, we have N\ Sp x {Og» } =~ R?™.
Since H;(R?") = 0, the chain dc bounds a singular chain e € C?(Np \ Sp x {Ogs}). Sooc =c—e
is a (p, 2)-allowable cycle of Np.

We claim that ¢ may not bound a 3-chain in Np. Assume otherwise, i.e., assume that there
is a chain 7 € C3(Np), satisfying 07 = o. Let

A:=hg'(lo| N (Np \ (Sr x {O0rr}))),
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B = hz' (7| N (Np \ (Sp x {0g}))).

By definition, Cs (A) and Co, (B) are subsets of S>*~1(0,1). Observe that, in a neighborhood
of infinity, A coincides with the support of the Puiseux arc 7. The set Co(A) is equal to St.a
(denoting the orbit of a € C™ under the action of S' on C™, (e, 2) + €™z). Let V be the zero
locus of the leading forms F := (F},...,F,). Since F(A) and F(B) are bounded, by Lemma
4.10, Coo(A) and Co (B) are subsets of V N S?"~1(0,1).

For R large enough, the sphere S>"~1(0, R) with center 0 and radius R in R?" is transverse
to A and B (at regular points). Let

or:=S*"""10,R)N A, TR :==S*""1(0,R) N B.

After a triangulation, the intersection op is a chain bounding the chain 75.

Consider a semi-algebraic strong deformation retraction p : W x [0;1] — Sl.a, where W is a
neighborhood of St.a in §2"~1(0, 1) onto S!.a.

Considering R as a parameter, we have the following semi-algebraic families of chains:

1) og := %%, for R large enough, then o' is contained in W,

2) o'r = p1(cr), where p1(x) := p(z, 1), zeW,

3) Or = p(dr), we have 00 = 0 — oR,

4) ¢'r = Tr + O, we have 00 = o;.

As, near infinity, oz coincides with the intersection of the support of the arc v with S2*~1(0, R),
for R large enough the class of o, in S'.a is nonzero.

Let r = 1/R, consider r as a parameter, and let {d,}, {o,}, {0,} as well as {6/} the corre-
sponding semi-algebraic families of chains.

Denote by E, C R?™ x R the closure of |6,|, and set Ey := (R?>" x {0}) N E. Since the strong
deformation retraction p is the identity on Co(A4) x [0,1], we see that

Eo C p(Coo(A) x [0,1]) = St.a c VNS0, 1).

Denote E!. C R?" x R the closure of |¢/.|, and set E} := (R?" x {0}) N E’. Since A bounds B,
50 C(A) is contained in C(B). We have

Bl C EyUCL(B) c VNS> 1(0,1).

The class of o/, in S'.a is, up to a product with a nonzero constant, equal to the generator of
S'.a. Therefore, since o’. bounds the chain 6., the cycle S!.a must bound a chain in |¢.| as well.
By Lemma 4.8, this implies that S'.a bounds a chain in E{ which is included in V NS?"~1(0, 1).

The set V is a projective variety which is an union of cones in R?™. Since

=

ranke(DF) Loon > N—2,

it follows that corank(c(Dﬁl)i:LMn =dim¢cV <1, s0dimg V < 2 and dimg VNS?"71(0,1) < 1.
The cycle S'.a thus bounds a chain in Ej, C V NS?"71(0,1), which is a finite union of circles. A
contradiction. O

We have the following corollary
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Corollary 4.11. Let F = (Fy,...,F,) : C* — C" be a polynomial mapping with nowhere
vanishing Jacobian and such that rankC(DFi)i:L_”’n > n — 2, where F; is the leading form of
F;. The following conditions are equivalent:

(1) F is nonproper,

(2) H(Reg(N§)) # 0,

(3) HY *(Reg(NF)) # 0,
where NE := Nr N B(0, R), which R is large enough.

The proof is similar to the one in [14].
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THE UNIVERSAL ABELIAN COVER OF A GRAPH MANIFOLD

HELGE MOPLLER PEDERSEN

ABsTrACT. Complex surfaces singularities with rational homology sphere links play an im-
portant role in singularity theory. They include all rational and splice quotient singularities,
and in particular in the latter case the universal abelian cover of the link is a key element of
the theory. All such links of singularities are graph manifolds, and to a rational homology
sphere graph manifold one can associate a weighted tree invariant called splice diagram. It is
known that the splice diagram determines the universal abelian cover of the manifold. In this
paper we give an explicit method for constructing the universal abelian cover from the splice
diagram, which works for most of the graph manifolds in particular for all links of singularities.

1. INTRODUCTION

Splice quotient singularities are an important class of normal complex surface singularities
with rational homology sphere links (QHS) recently discovered by Neumann and Wahl (see
[NWO05b| and [NWO05a]). They include all rational and minimally elliptic singularities with QHS
links by work of Okuma [Oku04], and all weighted homogeneous singularities with QHS links
([Neu83a]). Splice quotient singularities also play an important role in recent works of Némethi
and Okuma ([NOO08, NO09]). Their analytic structures are defined by the corresponding ana-
lytic structures of their universal abelian covers which in turn are given by complete intersection
equations called splice diagram equations. Although these equations are fairly simple, the topol-
ogy of the universal abelian cover is in general rather complicated. The aim of this paper is to
give a general way to describe it.

Links of normal complex surface singularities belong to a specific class of 3-manifolds called
graph manifolds, which are defined as having only Seifert fibered pieces in their JSJ-decomposi-
tions, or alternatively having no hyperbolic pieces in their geometric decompositions. If one
restricts to QHS’s, then one has a non complete invariant of graph manifolds called splice
diagrams. Splice diagrams were original introduced by Eisenbud and Neumann in [EN85] and
by Siebermann in [Sie80] for integer homology sphere graph manifolds, and were then later
generalized by Neumann and Wahl to QHS’s in [NW02]. In [NWO05a|, Neumann and Wahl
define the splice diagram equations when the splice diagram I" of M satisfies, what they call the
semigroup condition. The splice diagram equations define an isolated complete intersection. If M
also satisfies the congruence condition, they show that there exists a splice quotient singularity
whose link is M, and that the link of the isolated complete intersection is the universal abelian
cover of M.

Based on the result for links of singularities in [NW05a] Neumann and Wahl conjectured that
the splice diagram determines the universal abelian cover for a QHS graph manifold, even when
the graph manifold is not a singularity link. In [Ped10] the following theorem proved this:

Theorem 1.1 (|[Ped10]; 6.3). Let My and Ms be two QHS graph manifolds having the same splice

diagram. Let M; — M; be the universal abelian cover. Then My and Ms are homeomorphic.

2000 Mathematics Subject Classification. 57M10, 57M27.
Key words and phrases. rational homology sphere, abelian cover.
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Graph manifolds are also the 3-manifolds which are boundaries of plumbed 4-manifolds. A
very common method to describe a graph manifold M is to give a plumbing diagram of a 4-
manifold X, such that M = dX. Neumann gave a complete calculus for changing X but keeping
M fixed in [Neu81]. In section 3 we are going to construct a plumbing diagram of the universal
abelian cover.

The proof of Theorem 1.1 consists of inductively constructing the universal abelian cover from
the splice diagram, and the purpose of this article is to extract from this proof an algorithm
for constructing the topology of the universal abelian cover. The explicit construction given
will only work under the assumption that the splice diagram has no edge weight of 0. This
assumption is always satisfied if the manifold is a singularity link.

In the proof of Theorem 1.1 one had to extend the notion of splice diagram to a class of
orbifolds called graph orbifolds, and in [Pedb| the congruence condition is extended to graph
orbifolds. Hence if X is a singularity defined by the splice diagram equations associated to the
splice diagram I'; one can use this algorithm to construct a dual resolution diagram, provided
that there is a manifold or orbifold satisfying the congruence condition and having I" as its splice
diagram. This is for example always true if I" only has two nodes (see [Pedb]). Neumann and
Wahl conjecture that in fact the splice diagram equations always define the universal abelian
cover.

In section 2 we recall the definition of splice diagrams from [Ped10], and their relation with
plumbing diagrams, and we state the results needed for the algorithm. In section 3 we describe
the algorithm giving the plumbing diagram of the universal abelian cover by performing it on
an example, and we give further examples.

Acknowledgements: The auther was supported by the Hungarian Academy of Sciences’
Lendiilet LDT program.

2. SPLICE DIAGRAMS

A splice diagram is a weighted tree with no vertices of valence two. By the valence of a vertex
we mean the number of adjacent edges. We call vertices of valence greater than two nodes. At
a node one assigns a sign, and on edges adjacent to nodes one assigns a non negative integer
weight.

Let M be a QHS graph manifold. Let M = J, M, be the JSJ-decomposition of M, that is
the unique minimal decomposition of M into Seifert fibered pieces M, with dM, a union of tori.
We associate a splice diagram I'(M) to M by the following procedure:

e Take a vertex v for each M,,.

e Connect two vertices v and w by an edge if M, (| M, # 0.

e Add a leaf, i.e., a valence one vertex connected by an edge, to a vertex v for each singular
fiber of the Seifert fibration of M,,.

e To each vertex v assign the sign of the linking number of two nonsingular fibers of M,,.
See Definition 2.1 in [Ped10] for the precise definition of these linking numbers.

e Let v be a node and e an edge adjacent to v. Then the edge weight d,. is determined
in the following way. Cut M along the torus T' corresponding to e (either a torus of the
boundary of M, or the boundary of a tubular neighborhood of a singular fiber) into the

pieces M/ and M, where M, C M. Then glue a solid torus into the boundary of M/,

by identifying a meridian with the image of a fiber of M, and call this new closed graph
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manifold M,.. Then

P |Hy(Mye)| if Hi(Mye) is finite
0 if Hy1(M,.) is infinite.

A common way to represent graph manifolds is by plumbing diagrams, and we will next
describe how to get the splice diagram from a plumbing diagram A of M.

To construct the graph structure of I'(M) from A one just suppresses all vertices of valence
two, i.e., replacing any configuration like

—b1 b2 —by,
o—o—o— — — — —0——o0
with an edge v w
O——O
v w

Let A(A) be the intersection matrix of the 4 manifold defined by A. The edge weights and
signs are computed by the following two results.

Lemma 2.1 ([Ped10] 2.1). Let v be a node in T'(M) and e be an edge at that node. We get the
weight dye by dye = |det(—A(A(M)ye))|, where A(M)ye is the connected component of A(M)
after we remove e, which does not contain v.

A(M)ye

Lemma 2.2 ([Ped10] 2.3). Let v be a node in I'(M). Then the sign € at v is € = —sign(ayy),
where a,, is the entry of A(M)~! corresponding to the node v.

In the algorithm the rational Euler number of a Seifert fibered piece of M will play an
important role. If M is a closed Seifert fibered manifold, then the rational Euler number e, is
defined by

where (po, o), - - -, (Pn, ¢n) are the unnormalized Seifert invariants (see [NR78]). Notice that we
use the opposite choice of orientation when we define the invariants, this is the reason for the
sign difference in our formula for e;; compared to the one they use. If we consider M as a
plumbed manifold, then the plumbing diagram is star shaped with n strings connected to the
central vertex. As explained in [NR78] one can change the Seifert invariants such that pp = 1
and p; > ¢; > 0 for i = 1,...n. Then ¢y is the weight at the central vertex, and p;/g; for
i =1,...n is the continued fraction

1
[aila @i2, .- - 7aikti] = ;1 — 1
iz — o=
where —a;1, —a;2, . .., —a;k, are the weights along the i’th string of the plumbing diagram leading

from the central vertex. In this case the splice diagram of M is also star shaped, it has n leaves
with weights p1,...,pn, and the sign at the node is —sign(eps).
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We need the rational Euler number ey, of a Seifert fibered pieces M, of the JSJ-decomposition
of M. Since M, is not closed, we need additional information to define it. We consider a simple
closed curve in each boundary component of M,,. Each curve is the image of a fiber of the Seifert
fibered piece on the other side of the corresponding torus. One glues a solid torus in each of
the boundary components of M,, by identifying the simple closed curve with a meridian, and
takes ey, to be the rational Euler number of this closed manifold. If M is given by a plumbing
diagram A, then the M,’s correspond to the vertices v’s with valence > 3 (or vertices with non
zero genus). One gets e, as the rational Euler number of the starshaped piece containing v,
after one removes from A all the vertices corresponding to M,,’s with w # v.

The splice diagram itself does not determine neither the rational Euler numbers nor |H;(M)|.
But |H;(M)| and the splice diagram do determine the rational Euler number of any of the Seifert
fibered pieces of M, for this result we need the following definition. The edge determinant D(e)
associated to an edge e between two nodes v and w is

D(e) :=ryry — EUEw(H nm)(H Nw;),

where r, and r,, are the edge weights on e, where ¢, and ¢,, are the signs on the nodes and
where the n,;’s and n,,;’s are the weights adjacent to the nodes not on e.

Proposition 2.3 ([Ped10] 3.4). Let v be a node in a splice diagram decorated as in Figure 1
below, with r; # 0 for i # 1, and let e, be the rational Euler number of M,. Then

k
£S81 62M2>
i

(1) e = —d< |
ND; H?:z re o ribi

where d = |Hy(M)|, N = H?Zl n;, M; = H?ﬂ myj, and D; is the edge determinant associated
to the edge between v and v;.

Mkl

Figure 1

Note that this does give a formula for e, /|Hi(M)| from T, which we will need later.

In the algorithm to construct the universal abelian cover of M from I'(M), a number associated
to each end of an edge in T'(M) is going to be very important. It is the ideal generator, which
is constructed in the following way. Let v and w be two vertices of I'(M), then we define the
linking number l,, of v and w as the product of all edge weights adjacent to but not on the
shortest path from v to w. We define I/, in the same way, except that we omit weights adjacent
to v and w. If e is an edge adjacent to v, we let I';. be the connected component of I'(M) — e
not containing v, and define the following ideal in 7Z

Iye :=(ll,,| waleaf in Ty.).

Then we define the ideal generator d,. associated to v and e to be the positive generator of I..
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Definition 2.4. A splice diagram I satisfies the ideal condition if the ideal generator d,,. divides
the edge weight d,. for all nodes v and adjacent edges e.

Proposition 2.5. Let M be a QHS graph manifold. Then T'(M) satisfies the ideal condition.

This proposition follows from the following topological description of the ideal generator in
Appendix 1 of [NWO05a).

Theorem 2.6. The ideal generator d,. equals |Hy(M/M))|.

Remember we defined M, when we constructed I'(M) at the beginning of the present section.

v

3. CONSTRUCTION OF THE UNIVERSAL ABELIAN COVER: AN EXAMPLE

In this section we explain how the proof of Theorem 1.1 [Ped10] can be used to construct the
universal abelian cover M of a graph manifold M from the splice diagram T'(M). We specify
M by constructing a plumbing diagram A for M. To illustrate the construction we use the
following example

F:
18 3

There are four different manifolds which have I" as their splice diagram, and also several non
manifold graph orbifolds. By Theorem 4.1 in [Ped10] T" is the splice diagram of a singularity link,
and [Peda] gives that M is a rational homology sphere. The example is also interesting, since
none of the manifolds having splice diagram I' satisfy the congruence condition of Neumann
and Wahl (see [NWO05a]). But there are non manifold orbifolds with splice diagram I'" which
satisfy the orbifold congruence condition (see [Pedb]). Below are plumbing diagrams for the four
manifolds having splice diagram I':
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The construction of the universal abelian cover is done in two steps. First we construct a
one-node splice diagram for each node in I', each of these one-node splice diagrams is then used
to define a Seifert fibered manifold. We call these Seifert fibered manifolds the building blocks.
In the second step we take a number of copies of the building blocks, and use the information
given by I' to glue them together to create the universal abelian cover.

3.1. Constructing the building blocks. The inductive procedure in the construction of the
universal abelian cover consists of taking an edge e between two nodes of I', and making a new
non connected splice diagram I'., where e has been replaced by two leaves. So starting with
the edge called e; and going through this process of cutting the edges until we have cut the
last edge between two nodes ex_1, we get that I'.,,_, is a collection of one-node splice diagrams
Cens = {%1},. For each of these one-node splice diagrams %; one then takes a number of
copies of a specific manifold M;, and uses the information from the I'c,’s to glue the pieces
together. So the first step is to determine these manifolds {M;}} |, which are the building
blocks of the universal abelian cover.

First let us describe the L, ’s. Each time we cut an edge e between the nodes w; and ws in
I', we divide every edge weight d,.s such that w; or ws is in I'y.r, by the ideal generator Ewie
of the edge weight d,., where v is not in I'y,,.. In our example we only have two edge weights,
which have to be divided when we cut along the central edge e namely d,,. = 23 and d,,. = 15,
and d,,. = 1 and d,,. = 3. So the two one-node splice diagrams ¢, and %, are

Y23 (1,1

The pair added to the new leaves, which will be used to describe the gluings, is defined as follows:
the first number specifies the order the sequence of cuttings this is, and the second number is
the ideal generator associated to the weight before cutting.

Next we want to find the building block M; associated to each of the ¥;’s. To do this we have
to separate the ¥;’s into two types. The first type consists of the ¢;’s that do not have an edge
weight of 0, and the second type consists of the ¥;’s that have an edge weight of 0. At most
one weight adjacent to a node can be 0, since if there were two edge weights of 0 adjacent to
a node the edge determinant of any edge with the edge weight 0 would be 0. Then by using
The Edge Determinant Equation (Corollary 3.3 of [Ped10]) the Seifert fibration can be extended
over the torus corresponding to the edge, hence we would not have cut along this torus in the
JSJ-decomposition of M.

In the first case we use the following theorem

Theorem 3.1. Let M be a QHS orbifold S*-fibration over a orbifold surface with Seifert invari-
ants (a1, 1), .-, (Qn, Bn). Then the universal abelian cover of M is the link of the Brieskorn
complete intersection X(ayq, ..., Q).

The way one constructs the manifolds after cutting an edge may result in graph orbifolds
instead of just graph manifolds as explained in the proof of 6.3 in [Ped10]. Hence we need this
theorem for orbifold S!-fibrations. Neumann proves this theorem for Seifert fibered manifolds
in [Neu83a] and [Neu83b|, but the proof given in [Neu83b| also works in the general case of an
orbifold S'-fibration. These theorems assume that the rational Euler number ej; is positive,
but if ep; < 0 one just composes with an orientation reversing map. Notice that aq,...,a, are
exactly the edge weights of I'(M). The value of the sign ¢ at the node does not matter, since
reversing the orientation of a Seifert fibered manifold only changes the §;’s not the «;’s, and
hence only changes the splice diagrams by replacing € with —e.
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So in our example M7 is the link of (3, 18,23), and M, is the link of ¥(2,3,5).
Next we use the description of the Seifert invariants of ¥(ayq,. .., ay) given by Neumann and
Raymond in [NR78] to get plumbing diagrams for the M;’s.

Theorem 3.2. Let M be the link of the Brieskorn complete intersection ¥(aq,...,an). A
plumbing diagram for M is given by

—A1ky_ — 7‘11&1/ S—ank, T~ TAnk,
. o o e
—_———— —_————
t1 128

The values of g and of the t;’s are given by

Hj;ﬁi(aj)

) el
lem;zi(a;)
(n—=2)11], o -

3 =1 2 AN T S A t:).
(3) 9=5(2+ S0 g i)
One calculates numbers py,...,p, as

lem; (o
(1) pi = —mglag)

lemjizi (a;)
and finds numbers qi,...,q, as the smallest no negative solutions to the equations

lem.s (s
(5) Mqi = —1( mod p;).
5

The a;;’s are given by the continued fraction p;/q; = [ai1, ..., ax,). If pi = 1 then the string of
valence two vertices is empty. Finally b is given by

b— [L; o + lemy (o) 3, s Hj;éi Qj
B (1cmk ak)Q '

(6)

Before we use this theorem to make a plumbing diagram A; for M;, notice that we have to
remove some solid tori from M; to make the gluing, so we need to record this data in A;. Some
leaves in ¥; have a pair of integers attached. These leaves correspond to the tori in M we cut
along when we created ¢;. Since M; is the universal abelian cover of any graph orbifold having
splice diagram ¥;, several fibers sit above the singular fiber corresponding to these leaves. We
have to remove a neighborhood of each of these fibers. So if a; is an edge weight in ¥; to a leaf
with a pair attached, the ¢; fibers above the leaf correspond to all the strings with the weights
—@j1,- .-, —Ajp;. So in the plumbing diagram for M; we replace these strings by arrows, and
add a triple which consists of the pair attached to the leaf and p;/q; = [a;1,. .., aj,] to each of
the arrows. If the fibers sitting above are non singular, i.e., the set {a;;} is empty, we still add
t; arrows and triples, and in this case the third number is 1/0.
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Using this on our example we get the following plumbing diagrams

(1,1,23/14)

—6 —2,71,1,23/14 1,3,5/4) —2
Ay = ( /14) Ay — ( /4)

(1,1,23/14)

Notice that the weight of the node is only well define for a closed manifold, so when we remove
the solid torus corresponding to an arrow we lose that information. The weight of the nodes are
then gotten trough the gluing process in the next section.

The second case, i.e., when there is an edge weight of 0, is not as easy. The proof of Theorem
6.3 in [Ped10] gives an explicit construction as a gluing of 3-spheres along S? boundaries in this
case. But it might not be a Seifert fibered manifold, and I have at the present no simple way to
find a plumbing diagram for the building blocks in this case. Hence the explicit algorithm does
not work in this case.

3.2. Gluing the building blocks. The only thing that remains to construct the universal
abelian cover is to glue together the building blocks M;. This will be done by using the plumbing
diagrams A; to create a plumbing diagram A for M.

We start by taking two of the A;’s and create a plumbing diagram G;. Then we take another
of the A;’s and glue this to G; to create Go. We continue this process until all the A;’s have
been used, and then A = G_1 where Gy_ is the last created plumbing diagram.

Now the order we glue the A;’s together in is important. This is why we added a triple to
the arrows. We start by taking A; which has at least one arrow having the triple (N — 1, d;,r;),
where NV —1 is the highest value for the first number in any triple. We next take A; such that at
least one arrow has the triple (N —1,d;, ;). By the method we constructed the A;’s, there are
exactly two graphs A; and A; satisfying respectively these conditions. Then we take d; copies
of A; and d; copies of Aj;. We create an intermediate Gy by removing the arrows with triple
(N —1,d;,r;) (vespectively (N — 1,d;,7;)) on the A;’s (respectively A;’s), and by replacing
these with dashed lines between copies of A; and Aj, such that a copy of A; is only connected
to a copy of A; once. We also replace the weights at the nodes in the A; piece by an unknown
variable b; and in the A; piece by an unknown variable b;. This will create a connected weighted
graph (N}’l, with no arrows which have first number in the triple equal to N — 1.

Let us see how this is done in our example. We only have two A;’s, so we start by gluing A,
to Ag. The triples are (1,1,23/14) and (1,3,5/4). So we start by taking one copy of A; and
three copies of Ay, replacing each of the arrows in the copy of A; with a dashed line to one of
the copies of Ay replacing its arrow, and replace the weights at the nodes. We get
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The next step to create G is to replace the dashed lines by a string of valence two vertices
and find the weights at the nodes. We have to compute the number of vertices along the string
and their Euler numbers. First by symmetry all the strings will be the same, so we only have
to calculate one of them. Likewise the weights at the nodes are the same at the corresponding
ends of the identified strings.

Now G1U(U;; A1) is a plumbing diagram for the non-connected manifold which is the
universal abelian cover of any non-connected manifold with splice diagram I’ Hence it is
r we need to use, when we make the calculations in the following.

eEN—2°
eN—2 °©

Choose nodes v; and v; of G, which are attached to each other by a dashed line such that
v comes from a Ay piece. First we find the fiber intersection number p, which is also the
numerator of the two continued fractions associated to the string. Now p = f; - f; where fi
is a fibre in the boundary of Mj. These fibres are gotten as connected components of the
preimage of fibres fi, of a graph orbifold M with splice diagram I'(M) = T, _,. This implies
that 7= (f;) -7~ (f;) = d(fi - fi) where d = |H1°Tb(M)|. The intersection number f; - f; = |D|/d
by The Edge Determinant Equation (Corollary 3.3 of [Ped10]), where D is the edge determinant
of the corresponding edge in I'., ,. Hence n;n;p = |D| where ny is the number of connected
pieces of 771(fx). We have that n, = deg(n|ns, )/ deg(n|y,). Now deg(m|nr, ) = d/dy where dy,
is given by the triple attached to the arrow in Ay, and deg(7|y, ) is calculated in the end of the
proof of Theorem 6.3 in [Ped10] to be d/Ax. Here A\, = [[m;/lem(mq/d1,...,m;/d;), where the
m;’s are the edge weights adjacent to the node corresponding to vy in T, _,, and the d;’s are
the ideal generators associated to the edges. Putting this together we get the following formula
for calculating p:

_ did;
P=N

D]

In our example I'.,,_, =T, so |D| =21 and A; = Ay = 3 and we get that p = 7.

To find the complete string and the by’s we use that there are two different ways to calculate
the rational Euler number of the Seifert fibered piece corresponding to a node in G;. One using
(1 and one given by the splice diagram by a formula derived at the end of the proof of Theorem
6.3 in [Ped10].

From G the rational Euler number e, is given by by + ). ge/pe, where the sum is taken over
all edges adjacent to v; (including the dashed lines), and (pe, g.) is the Seifert pair associated to
the string starting with the edge e. Now there are four types of different edges attached to v;,
and we need to see how to get (pe, ge) from each type of the edge. We will first explain how to
get (pe, qe) for an edge e if e is not a dashed line. Then use this to give an equation relating e,,
to by and the Seifert pair associated to the dashed lines, notice that all the dashed lines have
the same Seifert pair (p, gr). We will then calculate e,, in another way, and use this to get the
qx’s and the bg’s.

If e is on a string that ends at a valence one vertex then we get (pe,¢.) from the continued
fraction associated to the string, i.e., pe/qe = [ae1, - - -, Gek,]-

If e is on a string that leads to a node (when one makes G these do not exist, but they can be
there when we are going to make G2). We again get the Seifert pair from the continued fraction,
this time from the string between v, and the other node.

If e is an arrow, we get (pe, g.) from the triple (n.,d., r.) attached to the arrow as p./qe = 7e.

We can now write the equation relating e, , by and (p, gx).

qk Ge
7 eo, = dp = —pp+ 32
() k kp - Pe
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where the sum is taken over all edges at vy except the dashed lines, and d), is the number of
dashed lines at v;. Notice that if vy = v; is a node sitting in a A; piece, then dj, = d;.
Returning to our example, if we use the leftmost node as vy, the equation becomes

1
€v1:3q71_b]_+6.

For one of the rightmost nodes the equation becomes

(8) Cvp = =&y, /d.

Remember we defined \; and d when we calculated p in the beginning of this section, and
D=1T], d; where the d;’s are the ideal generators of all the edges adjacent to v, in I'.,,_,. Notice
that there is a mistake in the formula in [Ped10], there one only divides by dj. and not D. It does
not change the result of that article, but it is important when one wants to actually calculate e,
as we do. Now neither é,, nor d are determined by I'c, _,, but proposition 2.3 gives a formula
for €,, /d only using I'.,,_, (the proposition also works for graph orbifolds).

In our example we find that Ay = Ay = 3, é,,/d = —5/378 and é,,/d = —23/126, so
ey, = —5/42 and e,, = —23/42.

Now one finds an equation relating by and g by combining the equations (7) and (8). Since
bi is an integer this equation gives us an congruence equation mod p involving g as the only
unknown. This equation involving ¢ might not determine gx( mod p), since it is possible that
qr is multiplied by a divisor of p. But the equation involving ¢; and the equation involving g;
together with the equation ¢;¢; = —1( mod p) enable us to find ¢; and ¢; ( mod p), and since
we know 0 < ¢;,g; < p we can determine ¢; and g;.

In our example the equations relating b; and ¢; becomes

2
77

g 1 5 @
b:— — —_— =9
1 37+6+42 37+

and the equations relating by and g5 is

We get that ¢; = 4 and g2 = 2. Remember that p/q; is the continued fraction associated to
the string replacing the dashed lines when seen from v;. We find by by putting ¢ back into the
equation we just used. In our example this gives that by = 2 and by = 2.
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Replacing all the dashed lines with the strings corresponding to the continued fractions and
adding the b;’s one gets G from G;. In our example we get the following plumbing diagram:

IfT.,_, # T, then one adds G to the collection of A;’s not used, and one repeats the process
by taking the two plumbing diagrams of this collection having arrows whose triples start with
N — 2. One continues this process until all the A;’s have been used, and the final G _; is then
a plumbing diagram for the universal abelian cover M of M.

We will finish by performing the algorithm on a couple of other examples. We will leave the
details of the calculation to the readers.

Example 3.3. Let M be the manifold defined by the following plumbing diagram:

Its splice diagram is:

I =

VI gy 5 U2
€1

2
3

If we first cut along the edge called ey, we get:

2
Vio29 (1,2) (161) 5 V2

C

2
T, =
3
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and cutting along es gives us:

Iy Iy I's

Next one determines the 3 building blocks and gets the following plumbing diagrams:

9 (1,1,5/1) (2,1,7/2) -2
(1,2,11/7) —ba (2,2,9/7)

(1,1,5/1) (2,1,7/2)
Aq Ao As

One first glues one copy of Ay to two copies of Az, and gets after calculating the strings and
weights at nodes:

(1,1,5/1) -5

G1

(1,1,5/1)

Then gluing two copies of A; to G; and calculating the strings and weights at nodes gives the
following plumbing diagram for the universal abelian cover:
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Example 3.4. Let M be the graph manifold with the following plumbing diagram:
_3 -2

Its splice diagram is:

Vi oo7 150 Y2

I =

5 3
Cutting the edge gives us the one-node splice diagrams:

5

T, = 99 (175,5) Iy —
5 )
and the building blocks become
W39/ 1 s/ (1,5,10/9)
A = —b (1,3,9/7) Ay = (1,5,10/9) ; —by
(1,3,9/7) (13970 (1,5,10/9) ,

So to create the plumbing diagram G of the universal abelian cover, we glue 3 copies of Aj to 5
copies of As, we calculate the string and the weights at nodes, and get

—4 -2 -2 -2 -2 -2 -2 -2 —2 —4 -2 -2 -2 -3
O=s—=0— ——=0
ST == —-—- - - ==
< < - — - - — _ - = -

I~ - - - - _ _ - - 1]
~ — — — —
~ T - — _ - - - _ _ -
~ — — == _ _ —
~ _ ~ < — I - —- _ _ -3
~ -~ - = — - —
~ _ - _ == _ - _ _Z==0
- _~—_ — - _ - == —
=~ -~ - == —
-7 > S (1
— - pEp— ~ — -
4 - - = ~ - _ - - — -3
—_— = - = — = ~ — \\ // —~ —
oM E = - —m - —m - e e C B E e e e T e e — - — — = =0
S==z = - -7 T < - - =~ P
- =—Z - ——-__ _ — o~ =~ -
- _ — =l _ -7~ == (1]
T = - - T T === T~
_ - _= - _ ~_ -3
- — — — — ~ —_ - — =
— _ - T == ~ — = =0
//// —_ - >~ = -
- _ - _ - T == - ~ 1
_ - T = = ~ il
-~ - - - == - — _ T~
-4 _ZzZ=ZZ - —— - - < 3
0==E== - - — — — — — — e e - - = =0

1
where all the dashed lines represent strings identical to the string at the top. Notice that the
graph is not a planar graph. So any intersections between the strings represented by the dashed
lines do not represent intersections in G, just crossings arising from a planar projection of G,
which is what we see here.

Example 3.5. Let M be defined by the following plumbing diagram
-5 -3
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Its splice diagram is:

Since both ideal generators are 1, the one-node splice diagrams I'; and I'; have the same weights

as I', and the pairs added to the new leaves are (1, 1) for both. The building blocks become:
_2 -2

—4
SN (LLumEB//”Z//i;
2 = O

—4

-2

If we use Theorem 3.2 to find the values at the node of the closed Seifert fibered manifolds we
got the building blocks from, we will get that at the node in A; the Euler number is —1 and
at the node in As the Euler number is —2. Gluing a copy of A; to a copy of A, and finding
the remaining Euler numbers gives us the following plumbing diagram for the universal abelian
cover of M:

-2
—4
—11 -2
O
—4
-2

Notice that the Euler number of the rightmost node in the universal abelian cover is —11, which
is very different of the —2 that was the Euler number of the building block.
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MILNOR FIBERS OF REAL LINE ARRANGEMENTS

MASAHIKO YOSHINAGA

ABSTRACT. We study Milnor fibers of complexified real line arrangements. We give a new
algorithm computing monodromy eigenspaces of the first cohomology. The algorithm is based
on the description of minimal CW-complexes homotopic to the complements, and uses the
real figure, that is, the adjacency relations of chambers. It enables us to generalize a vanishing
result of Libgober, give new upper-bounds and characterize the As-arrangement in terms of
non-triviality of Milnor monodromy.

1. INTRODUCTION

The Milnor fiber is a central object in the study of the topology of complex hypersurface
singularities. In particular, the monodromy action on its cohomology groups has been inten-
sively studied. Monodromy eigenspaces contain subtle geometric information. For example, for
projective plane curves, the Betti numbers of Milnor fiber of the cone detect Zariski pairs [1].
In other words, Betti numbers of Milnor fiber of the cone of a plane curve are not in general
determined by local and combinatorial data of singularities.

In the theory of hyperplane arrangements, one of the central problems is to what extent
topological invariants of the complements are determined combinatorially. For example, the
cohomology ring is combinatorially determined (Orlik and Solomon [16]), while the fundamental
group is not (Rybnikov [1, 11]). Between these two cases, local system cohomology groups and
monodromy eigenspaces of Milnor fibers recently received a considerable amount of attention.

There are several ways to compute monodromy eigenspaces of the Milnor fiber, especially
for line arrangements. One is the topological method developed by Cohen and Suciu [4]. They
first give a presentation of the fundamental group of the complement. Then, using Fox calculus,
they compute the monodromy eigenspaces. Another approach is the algebraic method, which
computes the multiplicities of monodromy eigenvalues as the superabundance of singular points.
This approach has recently been well developed, especially for line arrangements having only
double and triple points [14].

The purpose of this paper is to develop a topological method of computing Milnor monodromy
for complexified real arrangements following Cohen and Suciu. The new ingredient is a recent
study of minimal cell structures for the complements of complexified real arrangements [19,
22]. By using the description of twisted minimal chain complexes, we obtain an algorithm
which computes monodromy eigenspaces directly from real figures without passing through the
presentations of 7.

The paper is organized as follows. In §2 we recall a few results which are used in this paper.
83 is the main section of the paper. First, in §3.1, we introduce discrete geometric notions, the
so-called k-resonant band and the standing wave on this band. These notions are used in §3.2 for
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the computation of eigenspaces. Several consequences of our algorithm are discussed in §3.3, §3.4
and §3.5. Among other things, we prove that if the arrangement contains more than 6 lines and
the cohomological monodromy action (of degree one) is non-trivial, then each line has at least
three multiple points (see Corollary 3.24 for a precise statement). Such arrangements have been
studied in discrete geometry as “configurations”, and several examples are provided in [8, 9]. In
84, we apply our algorithm to arrangements appearing in papers by Griinbaum [8, 9]. We also
present several examples and conjectures.

2. PRELIMINARIES

2.1. Milnor fiber of arrangements. Let A = {H;,...,H,} be an affine line arrangement
in R? with the defining equation Q4(z,y) = []i_; i, where a; is a defining linear equation
for H;. In this paper, we assume that not all lines are parallel (or equivalently, .4 has at least
one intersection). The coning cA of A is an arrangement of n + 1 planes in R? defined by the
equation Qea(x,y, z) = 2" Q(%, ¥). The line {z = 0} € cA is called the line at infinity and is
denoted by He. The space M(A) = C?\ {Q4 = 0} = P2\ {Q.4 = 0} is called the complexified
complement. In this article, A always denotes a line arrangement in R? and cA denotes a line
arrangement in RP2. We call p € RP? a multiple point if the multiplicity of cA at p (that is, the
number of lines passing through p) is greater than or equal to 3.

Definition 2.1. F4 = {(z,y,2) € C3 | Qca(z,y,2) = 1)} is called the Milnor fiber of A. The
automorphism p : Fq — Fu, (z,y,2) — ((z,Cy, (z), with { = exp(27i/(n + 1)), is called the
monodromy action.

The automorphism p has order n + 1. It generates the cyclic group (p) ~ Z/(n + 1)Z. The
monodromy p induces a linear map p* : H*(F4,C) — H*(F4,C). Since (p*)"*! is the identity,
we have the eigenspace decomposition H'(Fa,C) = @41y H' (Fa,C)x, where H'(F4,C), is
the the set of \-eigenvectors with eigenvalue A € C*. When X\ = 1, H'(F4); = H'(F4)" is the
subspace of elements fixed by p*, which is isomorphic to H*(F4/(p)). It is easily seen that the
quotient by the monodromy action is Fl4/(p) ~ M(A). Therefore, the 1-eigenspace of the first
cohomology is combinatorially determined, H*(F4); ~ H'(M(A)) ~ C". In general, let Ly be
a complex rank one local system associated with a representation

m(M(A)) — C*, yu — A,
where g is a meridian loop of the line H. Then it is known that
(1) HY(F4)x ~ H (M(A), Ly).
(See [4] for details.)

2.2. Multinets and Milnor monodromy. In this section, we recall a relation between the
combinatorial structures known as multinets and the eigenvalues of Milnor monodromy. We note
that a k-multinet gives a lower bound on the eigenspace.

Definition 2.2. A k-multinet on cA is a pair (N, X), where A is a partition of cA into k > 3
classes Aj, ..., Ax and X is a set of multiple points such that
(i) [Ar] =--- = [Ag];
(i) H € A; and H' € A; (i # j) imply that HN H' € X;
(iii) for all p € X, |[{H € A; | H 5 p}| is constant and independent of ;
(iv) for any H,H' € A; (i = 1,...,k), there is a sequence H = Hy, Hy,...,H, = H' in A;
such that H;_1NH; ¢ X for 1 < j <r.

The following is a consequence of [7, Theorem 3.11] and [6, Theorem 3.1 (i)]
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Theorem 2.3. Suppose there exists a k-multinet on cA for some k > 3 and set A\ = e>™/k,
Then

dim HY(Fa)x > k — 2.
2.3. Twisted minimal cochain complexes. In this section, we recall the construction of the
twisted minimal cochain complex from [19, 20, 21], which will be used for the computation of
the right hand side of (1).

A connected component of R? \ J,. 4 H is called a chamber. The set of all chambers is
denoted by ch(A). A chamber C € ch(A) is called bounded (resp. unbounded) if the area is
finite (resp. infinite). For an unbounded chamber U € ch(A), the opposite unbounded chamber
is denoted by U" (see [21, Definition 2.1] for the definition; see also Figure 1 below).

Let F be a generic flag in R?

F:0=F'cFcF'cF =R
where F* is a generic k-dimensional affine subspace.
Definition 2.4. For k = 0,1,2, define the subset ch’(A) C ch(A) by
chb(A) == {C e ch(A) |CNFF £0,CnF1 =p).
The set of chambers decomposes into a disjoint union as
ch(A) = ch%(A) Uchk(A) Uch%(A).
The cardinality of ch%(A) is equal to by(M(A)) for k = 0,1,2.
We further assume that the generic flag F satisfies the following conditions:

e F! does not separate intersections of A,

e F0 does not separate n-points AN F'.
Then we can choose coordinates x1,ro so that F° is the origin (0,0), F! is given by x5 = 0, all
intersections of A are contained in the upper-half plane {(x1,z2) € R? | 23 > 0} and AN F* is
contained in the half-line {(z1,0) | 21 > 0}.

We set H; N F! to have coordinates (a;,0). By changing the numbering of lines and the signs

of the defining equation «; of H; € A we may assume that

e U<ay <ag <+ < ay,

e the origin ¥ is contained in the negative half-plane H;” = {a; < 0}.
We set chy (A) = {Up} and ch{ (A) = {Uy,...,U,_1, Uy} so that U,NF" is equal to the interval
(ap,apy1) for p=1,...,n—1. It is easily seen that the chambers Uy, Uy, ...,U,—1 and Uy have
the following expression:

Uy = ﬁ{ai < 0},

=1

(2) Up:m{ai>0}ﬁ ﬂ{ai<0}, (p=1,...,n—1),

i=p+1

n
Ua/ = ﬂ{ai > 0}.
i=1
The notations introduced to this point are illustrated in Figure 1.
Let £ be a complex rank-one local system on M(A). The local system £ is determined by
non-zero complex numbers (monodromy around H;) ¢; € C*, i = 1,...,n. Fix a square root

qil/2 € C* for each 1.
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vy | oy | vy | oy ch(A) = {Uo}

chi-(A) = {UY,Uy,...,Us}
chZ(A) ={UY,...,U),C1,Cy}

J—_'l

Hs

FiGURE 1. Numbering of lines and chambers.

Definition 2.5. (1) For C,C" € ch(A), let us denote by Sep(C,C’) the set of lines H; € A
which separate C' and C’.
(2) Define the complex number A(C,C") € C by

accy= 1] «”- I &'

H;€Sep(C,C") H;€Sep(C,C")

Now we construct the cochain complex (Clch%(A)],d.).
(i) The map d : Clch%(A)] — C[ch’%(A)] is defined by

n—1
de([Uo]) = A(Uo, Uy U] + Z A(Uo, Up)[Uy).
p=1
(ii) dr : C[ch’%(A)] — C[ch%(A)] is defined by
de(Up) == ). AU, OCI+ Y. AU,0)C), (forp=1,...,n—1),
CéechZ(A) Cech%(A)
ap(C)>0 a,(C)<0
ap+1(C)<0 ap+1(C)>0
de([U) =— > AUy, 0)C].
ay, (C)>0

Example 2.6. Let A= {Hy,...,Hs}, and let the flag F be as in Figure 1. Then

1 —
1/2 _q 1/2
1/2 —1/2
q%22 - 1721/2
de([Uo]) = (U], [Ua], [Us], [U], [0S]) | a1ha — a1y | »
1/2 Z1/2
1234 — 41234
2 -1/

‘1}2345 — 12345
dﬁ([Ul]’ [UQL [U3]’ [U4}7 [U(;/]) = ([Ulv]a [UZV]’ [U?:/]’ [Uéll]v [01}7 [02])

1/2 —1/2 1/2 —1/2
G g0 0 R
GG, Tl sae) L0 L, Mg Tia s
% 41235 — 41235 0 —(CI15 — 415 ) CI14215 - Q1zi51/2 —(q11/42 - q1f1/2)
1 0 1 . 0 1 0 T12345 — Q12315 —(Q1934 — Q1234 )
412 — 412 —(¢,"" —q ) 0 0 0
0 0 (@ - a4’ @ -



224 MASAHIKO YOSHINAGA

Theorem 2.7. Under the above notation, (Clch%(A)],d.) is a cochain complex and
H*(C[ch%(A)],d;) ~ H*(M(A), L).
See [19, 20, 21] for details.

3. RESONANT BAND ALGORITHM
Let A= {Hi,..., H,} be an arrangement of affine lines in R?, and let F be a generic flag as
in §2.3.
Fix an integer k > 1 with k|(n + 1), and set A = ¢*™/k. In this section, we will give an
algorithm for computing the A-eigenspace H'(F4)x of the first cohomology of a Milnor fiber.

3.1. Resonant bands and standing waves.

Definition 3.1. A band B is a region bounded by a pair of consecutive parallel lines H; and
Hi+1.

Each band B includes two unbounded chambers U; (B), U2(B) € ch(A). By definition, Uy (B)
and Uz (B) are opposite each other, Uy (B)Y = Uy(B) and Ux(B)Y = Uy (B).

Define the adjacency distance d(C,C") between two chambers C' and C’ to be the number of
lines H € A that separate C and C’, that is,

d(C,C") = |Sep(C,C")|.
The distance d(Uy(B),Uz2(B)) is called the length of the band B.

Remark 3.2. Let B be the closure of B in the real projective plane RP?. B intersects Hoo in
one point, BN Hy,. Each line H € AU {H} either passes B N Ho, or separates Uy (B) and
Us(B). Therefore the length of B is equal to n 4+ 1 — mult(B N Hy).

Definition 3.3. A band B is called k-resonant if the length of B is divisible by k. We denote
the set of all k-resonant bands by RB(A).

To a k-resonant band B € RBy(A), we can associate a standing wave V(B) € C[ch(A)] on
the band B as follows:

V(B) _ Z (emd(ulk(m,c) e wid(Ulk(B),C)> . [C]

Cech(A),
®) 2y

2i sin(”d(Ul(B)’C))[C].

k
Cech(A),
CccB
Remark 3.4. Since the length d(U;(B), Us(B)) of the band B is divisible by k, the coefficients
of [U1(B)] and [Uz(B)] in the linear combination in (3) are zero. Hence the chambers in the
summations in (3) run only over bounded chambers contained in B. We also note that exchanging
of U1(B) and Uy(B) affects at most the sign of V(B).

Remark 3.5. To indicate the choice of U;(B) and Ua(B), we always put the name B of the
band in the unbounded chamber Uy (B) (see Figure 2).
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3.2. Eigenspaces via resonant bands. The map B —— V(B) can be naturally extended to
the linear map

(4) V : C[RBy(A)] — C[ch(A)].

Theorem 3.6. The kernel of V is isomorphic to the A-eigenspace of the Milnor fiber monodromy,
that is,

Ker (V : C[RBy(A)] — Clch(A)]) ~ H'(F4)x.
In particular, dim H'(F )y is equal to the number of linear relations among the standing waves
V(B), B € RBi(A).

Proof. Let Ly be the rank-one local system on M(A) defined by ¢; = -+ = ¢, = A € C* (see
§2.1 and §2.3). In this case, A(C,C") depends only on the adjacency distance d(C,C"), or more
precisely,

d(c.c’) d(c.c’)
p) p)

A(C,C) =) -7
Now, we consider the first cohomology group H'(C[ch%(A)],d,) of the twisted minimal cochain
complex. The image d : C[ch%(A)] — Clch:(A)] is generated by

n—1
P

de([Uo]) =D (A5 = A 5)[U,] + (AF —A73) [Uy].

p=1

Since A = €*>™/* with k > 1 and k|(n + 1), we have A3 — X\=% = A=3(\" — 1) # 0. Thus the
coefficient of [UY] in d([Up]) is non-zero. Define the subspace V' of C[ch(A)] by
n—1
v=@c- (U,
p=1
( ~ Coker (d¢ : Clch%(A)] — Clchx(A)])).

Then H*'(C[ch%(A)],d.) is isomorphic to Ker (dz|y : V — Clch%(A)]). It is sufficient to show
that Ker(dz|yv) ~ Ker V, which will be done in several steps. Suppose that

()

n—1
= cy-[Up] € Ker(dgl|v).
p=1

(i) If H; and H;y; are not parallel, then ¢; = 0.

Note that if j # i, then the chamber [U;] does not appear in dz([U;]). Thus the coefficient of
U] in

de(p) =3 cp - de((0,))
p=1

is ¢; - A(U;,UY) = ¢;(A? — A~ 2). This equals zero if and only if ¢; = 0.

Now we may assume that ¢ = >_ ¢, - [Up] € Ker(d) is a linear combination of [Upls such
that H, and Hp,., are parallel. Suppose that H; and H;;; are parallel and denote by B; the
band determined by these lines.

(ii) If B; is not k-resonant, then ¢; = 0.
d(U; , UY) d(U;,UY)
In this case, A(U;, UY) = A = . By the assumption that d(U;, U}) is not divisible
by k, we have A(U;,U;) # 0. Since ¢ is a linear combination of [U,]s with parallel boundaries
H, and H,.1, the term [UY] appears only in d.([U;]), which is equal to ¢; - A(U;, UY)[U].
Therefore ¢; = 0.
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Finally we may assume that ¢ is a linear combination of [Up]s such that the boundaries H,
and H,;; are parallel and the length of the corresponding band B, is divisible by k. In this
case, it is straightforward to check that the maps d and V are identical. This completes the
proof. ([l

Example 3.7. (As-arrangement, A(6,1) or Bg) The three arrangements in Figure 2 are pro-
jectively equivalent, and are respectively called As-arrangement, A(6,1) or Bgs. (See §4 for the
latter two notations.) We use the left figure to compute dim H'(F4)x. (The symbol oo indicates
that the line at infinity is an element of A.) Since |[cA| =n+1 =16, k € {2,3,6} and we have
RB2(A) = RBs(A) = 0, RB3(A) = {By1, Ba}. By definition, we have

V(B1) = vV=3-[C1] + V=3 - [Cs]
V(By) = vV=3-[C1] + V=3 -[Cy].

Hence we have a linear relation V(B; — Bs) = 0 and dim H'(F4), = 1 for A = €2™/3. (Hence
the As-arrangement is pure-tone; see Definition 4.1.)

o B
Ui (By)
Ch
By  Ui(By) Cs Us(B2)
B 7 A\

FIGURE 2. The Az-arrangement (= .A(6,1) = Bg)

Example 3.8. (A(12,2) from [8]) Let A be the line arrangement in Figure 3 (together with
the line at infinity). Then |cA| = n + 1 = 12. There are seven bands, Bi,...,B7;. Among
them, Bs, Bg and B7 have length 7 which is coprime with 12 so we can ignore them. We have
RB3(A) = {B1, B4} and RB2(A) = RB4(A) = {B2, B3}. First consider the case k = 3. Then
V(B1)=v-3-[Ci]+...,
V(B4) =v-3- [C(;] + ...
Since the chamber Cy is not contained in the band B, it does not appear in the linear com-
bination for V(B;). Hence V(B;) and V(By) are linearly independent. We conclude that
HY(Fp)x = 0 for A = ¢?™/3. The cases k = 2 and k = 4 are similar. More precisely, since
By, B3 € RB3(A) = RB4(A) are parallel and they do not overlap, V(Bz) and V(Bj3) are lin-

early independent. Consequently we have H'(F4); = 0 and so the cohomology does not have
non-trivial eigenvalues.

The argument used in Example 3.8 is generalized in the next section. See §4 for further
examples.
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Bl\ /
o) S0
Bs o C-
Bs ¢ o
Cs
B‘/ Bs Bs B, \

Hy
FIGURE 3. A(12,2)

Remark 3.9. The cohomology of the Milnor fiber H'(F4) depends only on the projective
arrangement AU {Hy}. The change of the line at infinity H., sometimes makes the structure
of resonant bands RBj, simpler. This fact will be used in Corollary 3.16.

3.3. Vanishing. Fix k and X\ as above. We describe some corollaries to Theorem 3.6.
Corollary 3.10. If RB(A) =0, then H'(F4)x = 0.

Proof. Since C[RBy(A)] = 0, obviously Ker(V : C[RBg(A)] — Clch(A)]) = 0. By Theorem 3.6,
H'(Fy)y = 0. O

Using the interpretations in Remark 3.2, we have the following.
Proposition 3.11. A band B is k-resonant if and only if mult(B N H,) is divisible by k.
Corollary 3.12. Suppose that there are no points on H., where the multiplicity of
cA=AU{Hy}
is divisible by k. Then H'(F4)x = 0.

Proof. By Proposition 3.11, the assumption is equivalent to RB;(A) = 0. We then use Corollary
3.10. 0

Remark 3.13. Corollary 3.12 is proved by Libgober [13, Corollary 3.5] for more general complex
arrangement cases.

For the real case, we obtain a stronger result as follows.
Theorem 3.14. Suppose that all k-resonant bands are parallel to each other. Then H(F4)y = 0.

Proof. By the assumption, RBy(A) = {Bi,..., By} consists of parallel bands. Now, the sup-
ports of V(By),...,V(By,), that is, the set of chambers appearing in each standing wave, are
mutually disjoint. They are obviously linearly independent. (Recall that, in this paper, we as-
sume that the arrangement A has at least one intersection.) Hence H'(F4)) = 0. (See Example
3.8.) O

Corollary 3.15. Suppose that there is at most one point p € Hy such that the multiplicity of
cA=AU{Hy} at p is divisible by k. Then H'(F4)x = 0.
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Proof. Again by Proposition 3.11, the assumption is equivalent to RBy(A) consisting of parallel
bands. We then use Theorem 3.14. (I

Let us denote by H'(Fa)z1 = @ H'(F4), the direct sum of non-trivial eigenspaces. The
A£1
following is immediate from Corollary 3.15 and Remark 3.9.

Corollary 3.16. (1) Suppose that H'(F4)x # 0. Then each line H € cA= AU {Hy} has
at least two multiple points, such that the multiplicity is divisible by k.
(2) Suppose that H'(F)x1 # 0. Then each line H € cA = AU{Hx} has at least two
multiple points.

Proof. Let H be such a line. Choose an affine open set in such a way that H is a line at
infinity. O

Remark 3.17. We do not know whether Corollary 3.16 holds for complex arrangements. We
will prove a stronger result in §3.5.

3.4. Upper-bound. Recall that two lines H, H' in the real projective plane RP? divide the
space into two regions.

Definition 3.18. Let cA be a line arrangement in the real projective plane RP2. Then the
pair of lines H;, H; € cA is said to be a sharp pair if all intersection points of cA\ {H;, H;}
are contained in one of two regions or lie on H; U H;. (In other words, there are no intersection
points in one of the two regions determined by H; and Hj;.)

Example 3.19. A fiber-typer arrangement has a sharp pair of lines.

Example 3.20. In the Pappus arrangement (Figure 7), the line at infinity and the leftmost
vertical line form a sharp pair. So do the two boundary lines of the band B;. Furthermore,
all line arrangements appearing in this paper contain sharp pairs of lines. (There also exist
arrangements which have no sharp pairs.)

Theorem 3.21. Assume that the arrangement cA contains a sharp pair of lines. Then:
(i) dim HY(F)y <1 for A # 1.
(ii) Suppose that the pair Hy, Hy € cA is sharp. Let p = Hy N Hy be the intersection. If the
multiplicity of cA at p is not divisible by k, then H'(F)y = 0 for A\ = e*™/k,

Proof. By the PGL3(C) action, we may assume that the line at infinity Ho, and Hy = {x = 0}
form a sharp pair and that there are no intersections in the region {(z,y) € R? | z < 0} (see
Figure 3). The intersection is p = Hoo N Hy = {(0 : 1 : 0)}. Let B be a horizontal (that
is, non-vertical) band, that does not passing through the point p. Denote by Cp the leftmost
bounded chamber in B (e.g., in Figure 3, Cp, = C1,Cp, = C3,Cp, = C4 and Cp, = Cs).

First, consider the case where the multiplicity of cA at p is not divisible by k. Then all
k-resonant bands are horizontal. Let B € RBy(.A). Then

(6) V(B) = 2isin (%) Cel+---,

and so [Cp| has a non-zero coefficient. Since Cp is contained in the unique k-resonant band B,
[Cp] does not appear in the linear combinations of other k-resonant bands. Hence,

V(B), B € RBj(A)

are linearly independent. Thus (ii) is proved.



MILNOR FIBERS OF REAL LINE ARRANGEMENTS 229

Now we assume that the multiplicity of A at p is divisible by k. In this case, there are vertical
k-resonant bands. Denote by Bj.; the leftmost vertical band (in Figure 3, Bicst = Bs). Suppose
that

Cleft - Bleft +--- € KQI(V)

Let B € RBg(A) be a horizontal k-resonant band. Then, since C'p is contained in only B and
Bicst, the coefficient cjcf: of Bjey+ determines the coefficient of B. The coefficients of other
vertical k-resonant bands are also determined by those of the horizontal bands. Hence Ker(V)
is at most one-dimensional. O

Example 3.22. Let A be as in Figure 4, with |cA| = 12. Let k = 3. Then
RB3 = {B%aBévBévBianngaBngz}

contains eight bands. Suppose that 2?21 2?21 ¢ij[Bi] € Ker(V). By computing

2 4
DO e V(BY),
i=1 j=1

as in the figure, we conclude that all the coefficients are ¢;; = 0. Hence H'(Fy4), = 0 for
A\ = e?™/3_ Note that the multiple points on the diagonal line are triple points. If we put the
diagonal line at infinity, then RBy = RB4 = RBg = (. Therefore,

HYF4)_1 = H (Fy); = H'(F4)o2riss = 0

by Corollary 3.16.

o
—C14—C24
B% —c11+c24 —c12+C24 —ci13
—C14—C24
—c13
B% —ci1+ca3 —ci2+cCa3 —cC23
—ca3
C22
B% Cc22 C13—C22 C14—C22
C12
c11+c21
B% C12 c13—C21 C14—C21
c11+C21
Bi B; Bj Bj

FicURE 4. Example 3.22
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3.5. A characterization of the As-arrangement. Now we give a characterization of the
As-arrangement in terms of non-trivial Milnor monodromy.

Theorem 3.23. Assume that H (F4)x # 0 with X\ = e*™/% £ 1, and that the set of k-resonant
bands RBy(A) consists of at most two directions (this condition is equivalent to Heo containing
at most two multiple points which have multiplicities divisible by k). Then cA is equivalent to
the As-arrangement.

Proof. 1f RBk(A) consists of one direction, then by Theorem 3.14, H'(F4)y = 0. Thus we
may assume that RBg(A) consists of two directions. After a suitable change of coordinates, we
assume the following (see Figure 5):

e RBx(A) ={B{,Bs,...,B,,B},B3,...,B:}.
e BB ..., B; are parallel to the vertical line z = 0 and may be expressed as
Bl = {(z,y) €R? | a; < x < ai1}

with a; < -++ < apq1. The lines H} = {x = a;}, i = 1,...,p + 1, which are vertical
lines, are boundaries of these bands.
e B2 B2 ..., Bg are parallel to the horizontal line y = 0 and may be expressed as

B ={(z,y) € R* | b; <y < b1}

with b < +++ < bgt1. The lines H? = {y = b;}, i = 1,...,¢ + 1, which are horizontal
lines, are boundaries of these bands.

P q
o Let > c1;- B2+ Y ¢9;- B? € Ker(V) be a non-trivial relation among k-resonant bands.
] Z

1= =1

Higr
2
Bq
BZ
le 1 a C
1 1 1
% Bi | By | -~ | B} K
H{ H;3 Hp

FIGURE 5. Proof of Theorem 3.23

The multiplicity of ¢A at (0:1:0) = B} N Hy is p + 2, which must be divisible by k by
Proposition 3.11. Hence p can be expressed as p = ks — 2 (s € Zs¢). Similarly, set ¢ = kt — 2
(t € Z~g). So far, together with Hu,, we have (s+t)k—1 lines. The remaining n+1—(s+1¢)k+1
can be expressed as ku + 1, which in particular cannot be zero. We prove that (1) v = 0, (2)
k=3,(3)p=gq, (4) p=¢=1, and conclude that cA is the As-arrangement.

(1) We first prove that u = 0. Consider the open segment

o={(z:y:1)eR?|y=b;,—c0 <z <a}CH}
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which is bounded by the two points (1 : 0:0) and (ay : by : 1). (See Figure 5.) Let us prove
that there are no intersections on o. Suppose that the line K € A intersects 0. The leftmost
chamber C in B} is not contained in the other k-resonant bands and satisfies d(Uy (B?),C) = 1.
Since

V(B}) = 2isin (%) 01+,
and the coefficient of [C] is non-zero, we have cz; = 0. This implies that
cin=cig=---=¢p =0

Then we have cgp = -+ = cgq = 0. This contradicts the hypothesis that HY(F4)x # 0. This
contradiction proves that there are no intersections on the segment ¢. Similarly there are no
intersections on the seven other similar segments, that is, the boundaries of the four regions

{z:y:D]ez<a,y<b} {(z:y:1)|z<ai,y> by},
{w:y: ) ]|x>apy<bi}, {(x:y:1)]|x>apy> by}
Thus K € A must be one of the two diagonals
K, = the line connecting (a1 : by : 1) and (ap : by @ 1),
K, = the line connecting (a, : by : 1) and (a1 : by : 1).

Hence ku + 1 < 2, and we have u = 0.
(2) Now we prove k = 3. Using the above notation, we may assume that

A={H}, ... H, | H .. H | K},

where K is the diagonal line connecting (as : by : 1) and (ay : by : 1). Then the point (aq : by : 1)
has multiplicity 3. The line Hi has exactly two multiple points, (a; : by : 1) and (0 : 1: 0). By
Corollary 3.16, k is a common divisor of 3 and the multiplicity of (0 : 1 : 0). Since k # 1, we
have k£ = 3.

(3) If p # q, then there exists a (either vertical or horizontal) line which intersects the diagonal
line K normally (that is, with multiplicity 2, the right-hand side of Figure 5). Then the line has
only one multiple point on Hy, (either (0:1:0) or (1:0:0)). This contradicts Corollary 3.16.
Hence p = q.

(4) If p = q > 1, then we can prove that H!(F4).2i/s = 0 by an argument similar to Example
3.22. Hence p = g = 1. This obviously implies that c¢.A4 is isomorphic to the As-arrangement. [

Corollary 3.24. Assume that A is a real arrangement as above, and assume that
cAl=n+1>7.

If HY(FA)x # 0, then each line H € cA passes through at least three multiple points which have
multiplicities divisible by k.

Remark 3.25. We do not know whether Theorem 3.23 and Corollary 3.24 hold for complex
arrangements.

4. EXAMPLES AND CONJECTURES

By the previous result (Corollary 3.24), the Milnor fiber cohomology has non-trivial eigenspaces
only when each line has at least three multiple points. Classes of line arrangements known
as “simplicial arrangements” and “configurations” provide such examples. In this section, we
present examples of non-trivial eigenspaces H'(Fy) 21 #0.
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4.1. Observation. As far as the author knows, all examples of real arrangements with

H'(Fa)z1 #0

have the following “pure-tone” property, that is, only the third root of 1 appears with multiplicity
one.

Definition 4.1. A is said to be pure-tone if H1(F )y = 0 for A*> # 1 and dim H*(F4), = 1 for
\ = e£2mi/3.
Furthermore, it is observed that all known examples with H'(F4)1 # 0 satisfy

e cA has a sharp pair of lines,
e cA has a k-multinet structure with £ = 3.

These two properties imply by Theorem 3.21 and Theorem 2.3 that A is pure-tone.

4.2. Simplicial arrangements. Let A = {Hi,..., H,} be a line arrangement in R2. Then the
projective arrangement cA = AU {H..} in the real projective plane RP? is called simplicial if
each chamber is a triangle. Griinbaum [8] presents a catalogue of known simplicial arrangements
with up to 37 lines (see [5] for additional information).

Notation. The symbol oo in a figure indicates that the (n + 1)-st line is Hy. The notation
A(n, k) comes from [8], which is the k-th simplicial arrangement of n-lines.

Example 3.7 can be generalized in two ways.

Definition 4.2. For a positive integer n € Z~q, A(2n,1) is described as follows. Starting with
a regular convex n-gon in the Euclidean plane, A(2n, 1) is obtained by taking n lines determined
by the sides of the n-gon together with the n-lines of symmetry of that n-gon. A(2n,1) is a
simplicial arrangement of 2n-lines.

Obviously, the As-arrangement is equivalent to A(6, 1).
Example 4.3. Let cA = A(12,1) (Figure 6). Then RB3(A) = {By,..., Br}.

V(BQ) = \/—73(01 +C5 —Cs —Cg +Cs +C10)
V(B3) = V=3(Ch +C3 -Cy —Cy )
V(Bs) = v=3( Cy +Cy —Cy —Cho)
V(B7) = V=3( Cy +Cy —C5 —Cg +C% +Cy )

Hence we have a linear relation
V(B2) — V(Bs) + V(Bs) — V(Br) = 0,
and so we have that A(12,1) is pure-tone.

More generally, using Theorem 2.3 and Theorem 3.21, we can prove that A(6m, 1) is pure-
tone. All other examples except for A(6m, 1) in the catalogue [8] (and [5]) satisfy H'(F4).1 = 0.
It seems natural to pose the following.

Conjecture 4.4. Assume that cA is a simplicial arrangement. Then the following are equiva-
lent.

) cA = A(6m,1) for some m > 0.

) H'(Fa)z #0.

) A is pure-tone.

) ¢A has a k-multinet structure for some k > 3.

)
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FIGURE 6. A(12,1)

4.3. Zoo of non-trivial eigenspaces.

Example 4.5. Let cA be the Pappus arrangement (Figure 7), so that [cA] =n+1=19. Let
k = 3. Then RB3(A) = {By, Bs, B3}. By the expressions

V(Bl) = —3(01 +03 —09 —Cn)
V(BQ) = 73(01 JrCz Jng +C4 *Cg 709 7010 *Cll)
V(Bg) = *3( CQ +C4 *Cg *Clo )

there is a unique relation V(B;) — V(B2) + V(B3) = 0. Hence the Pappus arrangement is

pure-tone.
B \ By Bs
@)

Co
C1
Cs Ca
Cs Ceg Cr
Csg Cy
Cho Cu

RN

FIGURE 7. Pappus arrangement (Example 4.5)
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Example 4.6. (Taken from [9, page 244].) Let A be as in the right-hand side of Figure 8. Then
lcAl =n+1=12 and RB3(A) = {Bi,...,Bs}. There is a unique linear relation

V(B1) = V(Bs2) +V(Bs) —V(Bs) =0

(B5 does not appear). Hence A is pure-tone.

Bs

By
Bs

FIGURE 8. Example 4.6

Example 4.7. (Taken from [9, page 244].) Let A be as in the right-hand side of Figure 9. Then
|cA| =n+1=12 and RB3(A) = {By, ..., Bs}. There is a unique linear relation

V(B1) = V(B2) + V(B3) = V(B4) = 0.
Hence A is pure-tone.

Example 4.8. (Taken from [9, page 44].) Let A be as in the right-hand side of Figure 10. Then
lcA| =n+1=15 and RB3(A) = {By, ..., B7}. There is a unique linear relation

V(B1) = V(Bs3) + V(B1) = V(Bs) + V(B7) =0
(B3 and By do not appear). Hence A is pure-tone.

Definition 4.9. For a positive integer m € Z~g, B3, is described as follows. Starting with a
regular convex 2m-gon in the Euclidean plane, Bs,, is obtained by taking 2m lines determined
by the sides of the 2m-gon together with m-diagonal lines connecting opposite vertices. (Note
that Bg is equivalent to the As-arrangement, see Figure 2.)

Example 4.10. Using Theorem 2.3 and Theorem 3.21, we can prove that the Bs,,-arrangement
is pure-tone.



FIGURE 9. Example 4.7

0.0,

PR * 4“}1 \\

FiGURE 10. Example 4.8



236

(1]
2]

(3]
(4]

MASAHIKO YOSHINAGA

M

\ .

/ - &
/l

FIGURE 11. 815 and Blg

\

/

REFERENCES

E. Artal-Bartolo, Sur les couples de Zariski. J. Algebraic Geom. 3 (1994), no. 2, 223-247.

E. Artal-Bartolo, J. Carmona Ruber, J. I. Cogolludo Agustin, M. A. Marco Buzunariz, Invariants of com-
binatorial line arrangements and Rybnikov’s example. Singularity theory and its applications, 1-34, Adv.
Stud. Pure Math., 43, Math. Soc. Japan, Tokyo, 2006.

D. Cohen, A. Dimca, P. Orlik, Nonresonance conditions for arrangements. Ann. Inst. Fourier 53 (2003),
1883-1896. DOI: 10.5802/aif.1994

D. C. Cohen, A. Suciu, On Milnor fibrations of arrangements. J. London Math. Soc. 51 (1995), no. 2,
105-119.

M. Cuntz, Simplicial arrangements with up to 27 lines. arXiv:1108.3000

A. Dimca, S. Papadima, Finite Galois covers, cohomology jump loci, formality properties, and multinets.
Ann. Scuola Norm. Sup. Pisa, 10 (2011), 253-268.

M. Falk, S. Yuzvinsky, Multinets, resonance varieties, and pencils of plane curves. Compos. Math. 143
(2007), no. 4, 1069-1088.

B. Griinbaum, A catalogue of simplicial arrangements in the real projective plane. Ars Math. Contemp. 2
(2009), no. 1, 1-25.

B. Griinbaum, Configurations of points and lines. Graduate Studies in Mathematics, 103. AMS, 2009.
xiv+399 pp.

M. A. Marco Buzunériz, A description of the resonance variety of a line combinatorics via combinatorial
pencils. Graphs Combin. 25 (2009), no. 4, 469-488.

G. L. Rybnikov, On the fundamental group of the complement of a complex hyperplane arrangement. Funct.
Anal. Appl. 45 (2011), no. 2, 137-148

A. Libgober, Alexander polynomial of plane algebraic curves and cyclic multiple planes. Duke Math. J. 49
(1982), no. 4, 833-851.

A. Libgober, Eigenvalues for the monodromy of the Milnor fibers of arrangements. Trends in singularities,
141-150, Trends Math., Birkh&user, Basel, 2002.

A. Libgober, On combinatorial invariance of the cohomology of the Milnor fiber of arrangements and the
Catalan equation over function fields. Arrangements of hyperplanes-Sapporo 2009, 175-187, Adv. Stud. Pure
Math., 62, Math. Soc. Japan, Tokyo, 2012.

A. Libgober, S. Yuzvinsky, Cohomology of the Orlik-Solomon algebras and local systems. Compositio Math.
121 (2000), no. 3, 337-361.

P. Orlik, L. Solomon, Combinatorics and topology of complements of hyperplanes. Invent. Math. 56 (1980),
167-189. DOI: 10.1007/BF 01392549


http://dx.doi.org/10.5802/aif.1994
http://dx.doi.org/10.1007/BF01392549

(17]

(18]

[19]
[20]

21]

22]

MILNOR FIBERS OF REAL LINE ARRANGEMENTS 237

P. Orlik, H. Terao, Arrangements of Hyperplanes. Grundlehren Math. Wiss. 300, Springer-Verlag, New York,
1992. DOI: 10.1007/978-3-662-02772-1

A. Suciu, Fundamental groups of line arrangements: enumerative aspects. Advances in algebraic geometry
motivated by physics (Lowell, MA, 2000), 43-79, Contemp. Math., 276, Amer. Math. Soc., Providence, RI,
2001.

M. Yoshinaga, Hyperplane arrangements and Lefschetz’s hyperplane section theorem. Kodai Math. J., 30
(2007) no. 2, 157-194.

M. Yoshinaga, The chamber basis of the Orlik-Solomon algebra and Aomoto complex. Arkiv for Matematik,
vol. 47 (2009), 393-407.

M. Yoshinaga, Minimality of hyperplane arrangements and basis of local system cohomology. To appear in
the proceedings of the 5-th Franco-Japanese Symposium on Singularities, IRMA Lectures in Mathematics
and Theoretical Physics.

M. Yoshinaga, Minimal stratifications for line arrangements and positive homogeneous presentations for
fundamental groups. Configuration Spaces: Geometry, Combinatorics and Topology, 503-533, CRM Series,
14, Ed. Norm., Pisa, 2012.

(23] T. Zaslavsky, Facing up to arrangements: Face-count formulas for partitions of space by hyperplanes. Mem-

oirs Amer. Math. Soc. 154 1975.

DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY, NORTH 10, WEST 8, KITA-KU, SAPPORO 060-0810,

JAPAN E-MAIL: YOSHINAGA@QMATH.SCI.HOKUDAI.AC.JP


http://dx.doi.org/10.1007/978-3-662-02772-1

Journal of Singularities received 24 April 2013

_ in revised form 7 August 2013
Volume 7 (2013)’ 238-252 DOI: 10.5427/jsing.2013.7m

ARC SPACES OF cA-TYPE SINGULARITIES

JENNIFER M. JOHNSON AND JANOS KOLLAR

Let X be a complex variety or an analytic space and x € X a point. A formal arc through
x is a morphism ¢ : Spec C[[t]] — X such that ¢(0) = z. The set of formal arcs through = —
denoted by K\rc(x € X) — is naturally a (non-noetherian) scheme.

A preprint of Nash, written in 1968 but only published later as [Nas95], describes an injection
— called the Nash map — from the irreducible components of K\rc(x € X) to the set of so called
essential divisors. These are the divisors whose center on every resolution 7 : X’ — X is an
irreducible component of 7=1(x). The Nash problem asks if this map is also surjective or not.
Surjectivity fails in dimensions > 3 [IK03, dF12] but holds in dimension 2 [FdBP12b].

In all dimensions, the most delicate cases are singularities whose resolutions contain many
rational curves. For example, although it is easy to describe all arcs and their deformations on Du
Val singularities of type A, the type E cases have been notoriously hard to treat [PS12, Perl3].

The first aim of this note is to determine the irreducible components of the arc spaces of cA-
type singularities in all dimensions. In Section 1 we prove the following using quite elementary
arguments.

Theorem 1. Let f(z1,...,2,) be a holomorphic function whose multiplicity at the origin is
m > 2. Let X := (:Ey = f(z,.. ,zn)) C C"*2 denote the corresponding cA-type singularity.
Assume that n > 1.

(1) K;:(O € X) has (m — 1) drreducible components Kr\cl(O €X) for0<i<m.
(2) There are dense, open subsets Arc; (0 € X) C Arc;(0 € X) such that

(41(1). 2(t), 1(1). .., B (1)) € Are; (0 € X)
iff mult ¢ (t) = i, multyo(t) = m — i and mult f(d)l(t), e, gbn(t)) =m.

We found it much harder to compute the set of essential divisors and we have results only
if multy f = 2. If dim X = 3 then, after a coordinate change, we can write the equation as
(ry = 22 —u™). Already [Nas95] proved that these singularities have at most 2 essential divisors:
an easy one obtained by blowing-up the origin and a difficult one obtained by blowing-up the
origin twice. In Section 2 we use ideas of [dF12] to determine the cases when the second divisor
is essential. The following is obtained by combining Theorem 1 and Proposition 9.

Example 2. For the singularities X,, := (zy = 22 — u™) C C* the Nash map is not surjective
for odd m > 5 but surjective for even m and for m = 3.

Thus the simplest counter example to the Nash conjecture is the singularity
(2 +y*+ 22 +t°=0)cChL
In higher dimensions our answers are less complete. We describe the situation for the divisors
obtained by the first and second blow-ups as above, but we do not control other exceptional

divisors. Using Theorem 1 and Proposition 22 we get the following partial generalization of
Example 2.
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Example 3. Let g(uq,...,u,) be an analytic function near the origin. Set m = multy g and let
gm denote the degree m homogeneous part of g. If m > 4 and the Nash map is surjective for
the singularity

Xy = (zy=2"—gu,...,u,)) CC*?

then g, (u1,...,u,) is a perfect square.

Since we do not determine all essential divisors, the cases when g, (u1,...,u,) is a perfect
square remain undecided.

On the one hand, this can be interpreted to mean that the Nash conjecture hopelessly fails
in dimensions > 3. On the other hand, the proof leads to a reformulation of the Nash problem
and to an approach that might be feasible, at least in dimension 3; see Section 5.

In Section 4 we observe that the deformations constructed in Section 1 also lead to an enu-
meration of the irreducible components of the space of short arcs — introduced in [KN13] — for
cA-type singularities.

Question 4 (Arcs on cDV singularities). It is easy to see that Theorem 1 is equivalent to saying
that the image of every general arc on X is contained in an A-type surface section of X.

It is natural to ask if this holds for all ¢cDV singularities. That is, let (0 € X) C C™ be a
hypersurface singularity such that X N L3 is a Du Val singularity for every general 3-dimensional
linear space (or smooth 3-fold) 0 € L3 c C".

Let ¢ be a general arc on X. Is it true that there is a 3—fold L3 C C" containing the image
of ¢ such that X N L3 is a Du Val singularity?

Acknowledgments. We thank V. Alexeev, T. de Fernex, R. Lazarsfeld, C. Plénat and M. Spi-
vakovsky for corrections and helpful discussions. Partial financial support to JK was provided
by the NSF under grant number DMS-07-58275 and by the Simons Foundation. Part of the
paper was written while the authors visited Stanford University.

1. ARCS ON cA-TYPE SINGULARITIES

Definition 5 (cA-type singularities). In some coordinates write a hypersurface singularity as
X = (f(a:l, ey Xpg1) = 0) c cntL.

Assume that X is singular at the origin and let fy denote the quadratic part of f. If multy f = 2
then (fo = 0) is the tangent cone of X at the origin. We say that X has cA-type if rank fo > 2
and cAj-type if rank fo > 3. By the Morse lemma, if rank fo = r then we can choose local
analytic or formal coordinates y; such that

f=vi+ - +y>+9Wrs1,.-- Yn+1) where multog > 3.

In the sequel we also use other forms of the quadratic part if that is more convenient.

Note that by adding 2 squares in new variables we get a map from hypersurface singularities
in dimension n — 2 (modulo isomorphism) to cA-type hypersurface singularities in dimension n
(modulo isomorphism). This map is one-to-one and onto; see [AGZV85, Sec.11.1]. Thus cA-type
singularities are quite complicated in large dimensions.

We rename the coordinates and write a cA-type singularity as
X = (zy=f(z1,...,2)) C cnt2,
Thus an arc through the origin is written as

t (V1(t), Ya(t), $1(1), - - dn(1)),
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where v;, ¢; are power series such that mult¢;, mult¢; > 1fori=1,2and j =1,...,n. We set
o(t) = (p1(t), .. -,¢n(f))-
A deformation of ¢(t) is given by power series (®1(t,s),...,®,(t,s)). Then we compute
f(@1(t,s),...,®,(t,5)) € C[[t, s]]
and try to factor it as
Uy (t,s)Us(t,s) = f(@l(t, 8)y-e, Dyt s))
where W;(t,0) = ¢;(t). Usually f(®1(¢,s),..., P, (t, s)) is irreducible, but Newton’s method of

rotating rulers (Lemma 7 below) says that

f(@1(t,s7), ..., Pt s"))

factors for some r > 1.

6 (Proof of Theorem 1). If $(0) = 0 then mult f($(t)) > m. Thus, for every 0 < i < m we can
choose any 1 () such that mult ¢ (¢t) = ¢ and then set 12(t) = ¢ (t)_lf(q;(t)). This shows that

the families K;:j (0 € X)) are nonempty and open in K;:(O € X).

In order to show that their union is dense, after a linear change of coordinates we may assume
that 2]* appears in f with nonzero constant coefficient.

Set D :=multy f(¢1(t),...,¢n(t)). Assume first that D < oo and consider

1.2

We know that ¢™ divides F(s,t) (since multy f = m) and (st)"™ appears in F' with nonzero
coefficient (since z{" appears in f with nonzero coefficient). Thus ¢™ is the largest ¢-power that
divides F'(s,t).

Furthermore, t” is the smallest ¢-power that appears in F with nonzero constant coefficient.
Thus, by Lemma 7 below, there is an r > 1 such that

F(t,5) = F(01(8) + st 2(0), . 6(0) = 3 5

D

F(t,s") = u(t,s) [[(t - oi(s)),

i=1
where u(0,0) # 0 and 0;(0) = 0. Furthermore, exactly m of the o; are identically zero.
For j = 1,2 write ¥;(t) = t%v;(t) where v;(0) # 0. Note that a; + az = D and
u(t,0) = v1(t)va(t).
Divide {1,..., D} into two disjoint subsets A1, Ay such that |A;| = a; and they both contain
at least 1 index 4 such that o;(¢) = 0. Finally set

Ui (t,s) =vi(t) - [] (t—oi(s)) and %@@:“@Q-Ha—m@y

1€A, 1€A,

Then
(\Ill (ta 5), \Ij2(t7 5)7 ¢1 (t) + St7 ¢2(t)a RN ¢n(t))
is a deformation of (1 (t), ¢2(t), ¢1(t), ..., ¢n(t)) whose general member is in the rth irreducible

component as in Theorem 1.2 iff exactly r of the {o; : i € A1} are identically zero.
(This also shows that arcs with mult ¢ (¢t) > m — 1 and mults(t) > m — 1 constitute the

intersection of all of the KE:I(O €X).)
If D = oo, that is, when f((;ﬁl(t), .. ,¢n(t)) is identically zero, we need to perform some
similar preliminary deformations first.
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First, if both 1 (t),1¥2(t) are identically zero then we can take
(St, O, (bl (t)a ¢2(t)a RS ¢7z(t)) .

Hence, up-to interchanging = and y, we may assume that d := mult 11 (f) < co. Again assuming
that 2]* appears in f with nonzero coefficient, we see that

F(t,s) = f(¢1(t) + st ga(t), ..., dn(t))

is not identically zero and divisible by t4*1. Thus F\(t, s) /11 (t) is holomorphic and divisible by
t. Therefore
F(t,s)

0 )¢@%mﬁ“¢ﬂm“w%@»
),
(41

(va(t),

(t
is a deformation of (11(t),0,1(t), ¢2(t), ..., ¢y (t)) such that

mult, f(¢r(t) + st ga(t), ..., dn(t)) < oo
for 0 < |s| < 1. O
We used Newton’s lemma on Puiseux series solutions in the following form.

Lemma 7. Let g(z,y) € Cl[z,y]] be a power series. Assume that m := multg g(x,0) < co. Then
there is an r > 1 such that one can write g(z,2") as
g(x,z2") = u(x, z) H(ac —0i(2))
i=1
where u(0,0) # 0 and 0;(0) = 0 for every i. The representation is unique, up-to permuting the
oi(2).
Furthermore, if g(z,y) is holomorphic on the bidisc D, x D, then u(z,z) and the o;(z) are
holomorphic on the smaller bidisc D, x D, (e) for some 0 < e < 1. O

2. ESSENTIAL DIVISORS ON cA;{-TYPE 3-FOLD SINGULARITIES

In dimension 3, the only cA;-type singularities are X,,, := (zy = 2% —t™) for m > 2. Already
[Nas95, p.37] proved that they have at most 2 essential divisors. We use the method of [dF12,
4.1] to determine the precise count.

Definition 8. Let X be a normal variety or analytic space and E a divisor over X. That is,
there is a birational or bimeromorphic morphisms p : X’ — X such that F C X’ is an exceptional
divisor. The closure of p(E) C X is called the center of E on X; it is denoted by centerx E. If
centery F = {z}, we say that E is a divisor over (z € X).

We say that E is an essential divisor over X if for every resolution of singularities 7 : ¥ — X,
centery E is an irreducible component of 7! (centerX E) (Note that 7= top : X' -5 Y is
regular on a dense subset of F, hence centery E is defined.)

If X is an analytic space, then Y is allowed to be any analytic resolution. If X is algebraic,
one gets slightly different notions depending on whether one allows Y to be a quasi-projective
variety, an algebraic space or an analytic space; see [dF12]. We believe that for the Nash problem
it is natural to allow analytic resolutions.

Proposition 9. Set X,, := (vy = 22 —t™) C C*.
(1) If m > 5 is odd, there are 2 essential divisors.
(2) If m > 2 is even or m = 3, there is 1 essential divisor.

Even in dimension 3, it seems surprisingly difficult to determine the set of essential divisors.
A basic invariant is given by the discrepancy.
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Definition 10. Let X be a normal variety or analytic space. Assume for simplicity that the
canonical class Kx is Cartier. (This holds for all hypersurface singularities.) Let 7 : Y — X be
a resolution of singularities and write

Ky ~ F*KX + ZZG(E“X)E“

where the E; are the m-exceptional divisors. The integer a(E;, X) is called the discrepancy of
E;. (See [KM98, Sec.2.3] for basic references and more general definitions.)

For example, let X be smooth and Z C X a smooth subvariety of codimension r. Let 7z :
Bz X — X denote the blow-up and Fz C Bz X the exceptional divisor. Then a(Ez,X)=7r—1
and easy induction shows that a(F, X) > r for every other divisor whose center on X is Z.

We say that X is canonical (resp. terminal) of a(E;, X) > 0 (resp. a(E;, X) > 0) for every
resolution and every exceptional divisor.

For instance, normal cA-type singularities are canonical and a cA-type singularity is terminal
iff its singular set has codimension > 3; see [Rei83] for a proof that applies to all cDV singularities
or [Kol13, 1.42] for a simpler argument in the cA case.

11 (Resolving X,,). Blow up the origin to get m : X1 := BoX, — X,n. The exceptional
divisor is the singular quadric B = (zy — 22 = 0) C P3(z,y, 2, 1).

If m € {2,3} then ByX is smooth, hence the only essential divisor is Fj.

For m > 4 the resulting By X,, has one singular point, visible in the chart

(z1, 91,21, t) := (x/t,y/t, z/t, 1)

where the local equation is x1y; = 22 —t™~2. We can thus blow up the origin again and continue.
After r := [ F | steps we have a resolution

IL : X = Xoppe1 = - = X1 — X
We get r exceptional divisors E,,...,E;. For 1 < ¢ < r the divisor E, first appears on X, ..
At the unique singular point one can write the local equation as

X = (Teye = 22 —t"72°) and E. = (t =0).
where (Z¢,Ye, ze, t) := (x/tc,y/tc,z/tc,t).

We thus need to decide which of the divisors Fy, ..., EL%J are essential. It is easy to see that
E; is essential and a direct computation (Lemma 15 below) shows that Ejs, ... ’EL% | are not.
(This is actually not needed in order to establish Example 2.) The hardest is to decide what
happens with Fs.

Lemma 12. Notation as above. Then
(1) a(Eq, Xpm) = c for every c.
) Ej is the only exceptional divisor whose center is the origin and whose discrepancy is 1.
) E1 appears on every resolution of X,, whose exceptional set is a divisor.
) Letp:Y --+ X, be any (not necessarily proper) bimeromorphic map from a smooth an-
alytic space Y such that centery E1 C Y is not empty. Then centery E is an irreducible
component of the exceptional set Ex(p).

Proof. The first claim follows from the formula
I (dm/\dy/\dt) — ¢ . dzendycndt

z Ze

Let F' be any other exceptional divisor whose center is the origin. Then centerx, F' lies on one
of the E., thus a(F, X) > a(FE., X) > 1. (This also proves that X, is terminal.)
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To see (3) set W7 := centery E; C Y. Let F; CY be the exceptional divisors and note that,
as in [KM98, 2.29],

a(Er, Xp) > (codimy Wy — 1) + 3, multw, F; - a(F;, Xp,). (12.5)

Note that a(Eq, X,,) = 1 and a(F;, X,,) > 1 for every 4. If Wi is not an irreducible component
of Ex(p) then W; C F; form some i and then both terms on the right hand side of (12.5) are
positive, a contradiction. (I

13 (Small resolutions and factoriality of X,,). If m = 2a is even, then X, has a small resolution
obtained by blowing up either (x = z — t* = 0) or (z = z 4+ t* = 0). The resulting blow-ups
Yic (Ciyzt x Pl are defined by the equations
Yzi::rank( xa 2t u)
@ ZFt Y v

We show that X,,, does not have small resolutions if m is odd. More generally, let
Xs = (zy = f(2,t)) c C*

be an isolated cA-type singularity. Write f = Hj f; as a product of irreducibles. The f; are
distinct since the singularity is isolated. Set D; := (z = f; = 0). By [Kol91, 2.2.7] the local
divisor class group is

v

<1 (13.1)

Div(0 € Xy) = (32,2[D;]) /32;1D;]- (13.2)
In particular, Xy is factorial iff f is irreducible.

This formula works both algebraically and analytically. If we are interested in the affine
variety Xy, then we consider factorizations of f in the polynomial ring. If we are interested
in the complex analytic germ X, then we consider factorizations of f in the ring of germs of
analytic functions. Thus, for example,

(xy = 22 —t* — %) c C*

is algebraically factorial, since 22 —t? — 3 is an irreducible polynomial, but it is not analytically

factorial, since
Pt -t = (2= tVI+t) (2 +tVI+1).
Thus if m is odd then X,, is factorial (both algebraically and analytically) and it does not
have small resolutions; see Lemma 17 below for stronger results.

Lemma 14. If m is even then there is a divisorial resolution whose sole exceptional divisor is
birational to E1. Thus the only essential divisor is Ej.

Proof. The m = 2 case was noted in Paragraph 11, hence we may assume that m = 2a > 4.
There are 2 ways to obtain such resolutions. First, we can blow up the exceptional curve in

cither of the Y= as in (13.1).
Alternatively, we first blow up the origin to get ByX,, which has one singular point with local
equation z1y; = 27 — t?ad and then blow up
Dt = (1 =2 th‘ll_l =0)

or
D™ = (3}1 =21 — tle_l = O)

Lemma 15. [Nas95, p.37] The divisors Es, ..., E, are not essential.
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Proof. If m is even, this follows from Lemma 14, but for the proof below the parity of m does
not matter.

If 26 > a > 0 and m > a then (u,v,w,t) — (ut, vt wttt1 t) = (z,y,2,t) defines a
birational map

2t2b—a o tm—2—a) — X,

g(a,bym) : Zapm = (uv = w

Note that Ex(g(a,b,m)) = (t = 0) is mapped to the origin and Zu4,, is smooth along the v-axis,
save at the origin.
If 1 <e<m/2then (¢, Ye, 2e, t) = (@l yet€, 2.t%,t) = (x,y, z,t) defines a birational map

h(c,m) : Xppe = (Yo = 22 — tm_zc) — X.
By composing we get a birational map g(a,b,m)~! o h(c,m) : Y, -+ Zapm given by
(Ter Yo, Zer t) = (et yet ™0 257071 1) = (u, v, w, t)
which is a morphism if ¢ > a+ 1,0+ 1. If c=a+ 1 and ¢ > b+ 1 then we have
(Ter Yer 2er ) = (@t ye, 2857071 8) = (u,v, w0, 1)

which maps F. to the v-axis.
If ¢ > 3 then by setting a = ¢ — 1,b = ¢ — 2 we get a birational morphism

p(e,m) := g(c,c—1, m)_1 o h(e,m)

given by
(Tey Y, Zes t) = (Tl Yo, 2et, 1) = (u, v, w, t).
Note that
ple,m) 1 Yo = (woye = 22 — tm_2c) — (uv = w?t2 — tm_c) =Zee—1,m
maps E. onto the v-axis. Thus F. is not essential for ¢ > 3. O

Lemma 16. If m > 5 is odd then Ey is essential.

Proof. We follow the arguments in [dF12, 4.1]. Let p : ¥ — X,, be any resolution and
set Z := centery Fy C Y. Since X,, is factorial (here we use that m is odd), Ex(p) has pure
dimension 2 by Lemma 17.2.

Assume to the contrary that Z is not a divisor. Using that a(Fs, X,,) = 2, (12.5) implies
that Z is a curve, there is a unique exceptional divisor F' C Y that contains Z, F' is smooth at
general points of Z and a(F, X,,) = 1.

If p(F) is a curve then Z is an irreducible component of p~1(0). The remaining case is when
p(F) =0, thus F = E; by Lemma 12.2.

Since t vanishes along Fo with multiplicity 1, it also vanishes along Z with multiplicity 1.
Since p*z, p*y,p*z,p*t all vanish along FEj, the rational functions p*(z/t), p*(y/t),p*(z/t) are
regular generically along Z. Thus p; := 7r1_1 op:Y --» X, is a morphism generically along
Z. Note that our E, is what we would call £ if we started with X,, 1. Applying Lemma 12.4
top1:Y --» X, 1 we see that Z is an irreducible component of Ex(p;). Since m is odd, X, 1
is analytically factorial by Paragraph 13, hence Z is a divisor by Lemma 17.2 below. This is a
contradiction. (]

Lemma 17. Let X,Y be normal varieties or analytic spaces and g : Y — X a birational or
bimeromorphic morphism. Then the exceptional set Ex(g) has pure codimension 1 in'Y in the
following cases.

(1) Y is an algebraic variety and X is Q-factorial.
(2) dimY =3 and X s analytically locally Q-factorial.
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Proof. The algebraic case is well known; see for instance the method of [Sha74, Sec.I1.4.4].

If dimY = 3 and Ex(g) does not have pure codimension 1 then it has a 1l-dimensional
irreducible component C' C Y. After replacing X by a suitable neighborhood of ¢(C) € X we
may assume that there is a divisor Dy C Y such that Ex(g) N Dy is a single point of C' and g¢|p,
is proper. Thus Dy := g(Dy) is a divisor on X. If mDx is Cartier then so is g*(mDx) hence its
support has pure codimension 1 in Y. On the other hand, Supp (g*(mDX)) = Ex(g) U Dy does
not have pure codimension 1. (Note that there are many possible choices for Dy ; the resulting
Dx determine an algebraic equivalence class of divisors.) (]

Somewhat surprisingly, the analog of Lemma 17.2 fails in dimension 4.

Example 18. Let W C P* be a smooth quintic 3-fold and C' C W a line whose normal bundle
is O(—1) + O(—1). Let X C C® denote the cone over W with vertex 0; it is analytically locally
factorial by [Gro68, XI.3.14].

The exceptional divisor of the blow-up By X — X can be identified with W; let C C By X be
our line. Its normal bundle is O(—1) + O(-1) + O(-1).

Blow up the line C' to obtain BoBgX — ByX. Its exceptional divisor is £ 22 P! x P2. One
can contract E in the other direction to obtain g : Y — X.

By construction, Ex(g) is the union of P? and of a 3-fold obtained from W by flopping the
line C. The two components intersect along a line.

This completes our analysis of 3-dimensional cA;-type singularities. Our study of the higher
dimensional cases relies on a deeper understanding of the proof of Lemma 17.2 for

X, = (my =22 - ctm),

where ¢ # 0.

The reader may wish to jump to Section 3 and return to this point once formula (22.3) shows
why the question answered in Proposition 19 is of interest.

Let g. : Y. — X, be a proper birational or bimeromorphic morphism and F. C Ex(g.) a
1-dimensional irreducible component.

The proof of Lemma 17.2 associates to E. an algebraic equivalence class of non-Cartier divisors
on X.. Thus m has to be even by Paragraph 13.

If m = 2a is even then the divisor class group is Div(X.) = Z. The two possible generators
correspond to (z = z — /ct® = 0) and (z = z + /ct® = 0). Starting with F. we constructed a
divisor D, C X, which is a nontrivial element of Div(X.). Thus [D,.] is a positive multiple of
either (z = z — /ct* = 0) or (x = z + /ct* = 0). Hence, to E. C Y. we can associate a choice
of /c.

This may not be very interesting for a fixed value of ¢ (since many other choices are involved)
but it turns out to be quite useful when c¢ varies.

Proposition 19. Let g(uy,...,u,,v) be a holomorphic function for u; € C and |v| < € such
that g(uq, ..., u.,0) is not identically zero. For m > 4 set

X = (xy =22 —v"g(uy,... ,ur,v)) ccrt,
Let m:Y — X be a birational or bimeromorphic morphism. Assume that there is an irreducible
component Z C Ex(m) that dominates (v =y =2z =v =0) C X, has codimension > 2 in'Y and

such that 7|z : Z — (x =y = z =v = 0) has connected fibers.
Then m is even and g(uy,...,u.,0) is a perfect square.

Proof. For general ¢ = (c1,...,¢,) € C" the repeated hyperplane section
X(c) := (zy = 2*> —v™g(c,v)) C C*
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has an isolated singularity at the origin and we get a proper birational or bimeromorphic mor-
phism 7(c) : Y(c¢) — X(c) where Y (c) C Y is the preimage of X(c).

Furthermore, Z(c) := ZNY (c) is an irreducible component of Ex(7(c)) and has codimension
>21in Y(c).

Thus, as we noted above, m = 2a is even and our construction gives a function

(c1,...,¢-) +— a choice of \/g(cy,...,cp,0).

It is clear that this function is continuous on a Zariski open set U C C". Therefore g(uq,...,u,,0)
is a perfect square. O
Remark 20. Conversely, assume that m is even and g(uq, . . ., u,,0) = h?(uy,. .., u,) is a square.

Write the equation of X as
Ty =22 — vm(hz(ul, ooy Uy) +vR(uq, ... ur,v))
Over the open set X C X where h # 0, change coordinates to w := h~2v. (Equivalently, blow
up (v =h =0) twice.) Then
D= (x =z— wm/th'H\/l +wR(ut, ..., Up, th))

is a globally well defined analytic divisor. Blowing it up gives a bimeromorphic morphism
Xp — X whose exceptional set over X° has codimension 2.
It seems that even if X is algebraic, usually X p is not an algebraic variety.

3. ESSENTIAL DIVISORS ON cA1-TYPE SINGULARITIES

In higher dimensions cA;-type singularities are more complicated and their resolutions are
much harder to understand. There is no simple complete answer as in dimension 3.

In the previous Section, the key part was to understand the exceptional divisors that corre-
spond to the first 2 blow-ups. These are the 2 divisors that we understand in higher dimensions
as well.

21 (Defining Fy and Es). In order to fix notation, write the equation as

X = (2y= 22— g(us, . .. Jup)) C Ccr 3. (21.1)
Set m := multg g and let gs(uq,...,u,) denote the homogeneous degree s part of g. In a typical
local chart the 1st blow-up o7 : X7 := By X — X is given by
iy = 2 = () gluul, ) (212)
where x = zul,y = y1ul,z = z1ul, uy = wjul, ..., u,—1 = ul._jul and u, = ul.. The excep-
tional divisor is the rank 3 quadric
Ey = (z1y1 — 21 =0) C P2 (21.3)
Note also that
(ur) (e up_yup,up) =

(21.4)

!/

-2
= ()" (g (W U 1) F g (0 g 1) ).
From this we see that, for m > 4, the blow-up X is singular along the closure of the linear space
L:=(x1=y1 =2 =u,. =0), (21.5)

X3 has terminal singularities and a general 3-fold section has equation

)
T1y1r = Z% - (u;ﬂ)m (gm(cla sy Cr—1, 1) + u;gmﬂ(cl, ey Cr1, 1) + - )
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Blowing up the closure of L we obtain X5 with exceptional divisor F5. As in Lemma 12 we
compute that
(6) a(Ey,X)=r,
(7) a(Be, X) =r+1,
(8) a(F,X) > r+1 for every other exceptional divisor whose center on X is the origin and
(9) the pull-backs of the w; vanish along F1, F5 with multiplicity 1.

The key computation is the following.

Proposition 22. Notation as above and assume that m > 4.

(1) Ey is an essential divisor.
(2) Es is an essential divisor iff gm(ui, ..., u,) is not a perfect square.

Proof. By (21.6) and (21.8), E; has the smallest discrepancy among all divisors over X whose
center on X is the origin. Thus FE; is essential by Proposition 24.

If F5 is non-essential then there is a resolution 7 : ¥ — X and an irreducible component
W C Supp7~1(0) such that Z := centery Fy C W. By (21.9), the 7*u; vanish at a general point
of Z with multiplicity 1. Since the 7*u; vanish along W, this implies that Supp 7~*(0) is smooth
at a general point of Z. In particular, W is the only irreducible component of Supp 7~1(0) that
contains Z and W is smooth at general points of Z. Therefore the blow-up By Y is smooth over
the generic point of Z. So, if we replace Y by a suitable desingularization of By'Y, we get a
situation as before where, in addition, W is a divisor.

The 7*u; are local equations of W at general points of Z and 7*z, 7*y, n*z all vanish along
W. Thus the rational functions

W*(x/ur)a 7 (y/ur)a 7T*(Z/ur)a T (ul/ur)v (RS T (urfl/ur)v
are all regular at general points of Z. Hence the birational map o' o7 :Y — ByX = X, is a
morphism at general points of Z. Furthermore, o, Lo 7 maps W birationally to Fy C X; and it
is not a local isomorphism along Z since Y is smooth but X; is singular along the center L of
E5. Thus Z is an irreducible component of Ex(of ! 077). Since F; — L has connected fibers, all
the assumptions of Proposition 19 are satisfied by the equation of the blow-up

—2
1Y) = zf — (u;)m (gm(ull, cesth D) g (W g, 1) ) (22.3)
Thus m is even and g, (u},...,u,._;,1) is a perfect square. Since it is a dehomogenization of
gm(u1, ..., ur—1,u,), the latter is also a perfect square.
The converse follows from Remark 20. O

Definition 23. For (z € X) let min-discrep(x € X)) be the infimum of the discrepancies a(E, X)
where E runs through all divisors over X such that centerx F = {z}. (It is easy to see that
either min-discrep(z € X)) > —1 and the infimum is a minimum or min-discrep(z € X) = —o0;
cf. [KM98, 2.31]. We do not need these facts.)

Proposition 24. Let (x € X) be a canonical singularity and E a divisor over X such that
centery E = {z} and a(E, X) < 1+ min-discrep(z € X). Then E is essential.

Proof. Let F be any non-essential divisor over X whose center on X is the origin. Thus
there is a resolution 7 : ¥ — X and an irreducible component W C Suppn~!(z) such that
Z = centery F' C W. Let Ew be the divisor obtained by blowing up W C Y. As we noted in
Definition 10,

a(Ew,Y) =codimy W —1 and a(F,Y) > codimy Z — 1 > codimy W. (24.1)
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Write Ky = 7*Kx + Dy where Dy is effective since X is canonical and note that
a(Ew,X) =a(Bw,Y) +multyy Dy and a(F,X) > a(F,Y)+ multy Dy. (24.2)
Since multz Dy > multy Dy, we conclude that
a(F,X)>1+a(Ew,X) > 1+ min-discrep(z € X). (24.3)

Thus any divisor E with a(E, X) < 1 4+ min-discrep(z € X) is essential. O

4. SHORT ARCS

Let D C C denote the open unit disk and D C C its closure. The open (resp. closed) disc of
radius € is denoted by D(e) (resp. D(e)). If several variables are involved, we use a subscript to
indicate the name of the coordinate.

25 (Short arcs). [KN13] Let X be an analytic space and p € X a point. A short arc on (p € X)
is a holomorphic map ¢(t) : Dy — X such that Supp ¢~1(p) = {0}.

The space of all short arcs is denoted by ShArc(p € X). It has a natural topology and most
likely also a complex structure that, at least for isolated singularities, locally can be written as
the product of a finite dimensional complex space and of a complex Banach space; see [KN13,
Sec.11] for details.

A deformation of short arcs is a holomorphic map ®(t, s) : D; x Dy — X such that

q)(t, SU) : ﬁt — X

is a short arc for every sg € D,. Equivalently, if Supp ®~!(p) = {0} x Ds.
In general the space of short arcs has more connected components than the space of formal
arcs. As a simple example, consider arcs on (xy = 2™) C C3. For 0 < i < m the deformations

(t,s) = (E(t+ )"t (t+ )" H(t + 5)) (25.1)

show that the arc (™,¢™,t?) is in the closure of the families Kr\cj (0 € X), provided we work in
the space of formal arcs. However, (25.1) is not a deformation of short arcs and (¢, ™, t?) is a
typical member of a new connected component of ShArc (O € (xy = zm))

By contrast, adding one more variable kills this component. For example, starting with the
arc (t™,t™ ¢2,0) on (xy = z™) C C*, we have deformations of short arcs

(t,s) = (E'(t+s)" A" (t+ ) t(t+ ), ts). (25.2)

This example turns out to be typical and it is quite easy to modify the deformations in the
proof of Theorem 1 to yield the following.

Theorem 26. Let X = (vy = f(z1,...,2n) C C"2 be a cA-type singularity. Assume that
n > 2 and m := multy f > 2.
Then ShArc(0 € X) has (m — 1) irreducible components as in Theorem 1.2.

It is not always clear if a deformation ®(¢, s) is short or not. There is, however, one case when
this is easy, at least over a smaller disc D(€) C Dy.

Lemma 27. Let ®(t,s) = (<I>1(t, 8)y ..o, (1, s)) be a deformation of arcs on X C C". Assume
that ®(t,0) is short and ®,(t, s) is independent of s and not identically zero for some i. Then
®(t,s0) : Dy — X is short for |so| < 1.
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Proof. By assumption ®(*, s0)~!(p) C D;(*,50) " (p) = ®;(x,0)"1(p) for every sy € Dy, thus
there is a finite subset Z = ®;(*,0)~!(p) C D; such that

7 10)c ZxDy and & H0)N(s=0)={(0,0)}.
Since ®71(0) is closed, this implies that
®1(0)N (D x Dy(e)) € {0} x Dy(e) for0<e< 1. O

28 (Proof of Theorem 26). At the very beginning of the proof of Theorem 1, after a linear

change of coordinates we may assume that z{" appears in f with nonzero coefficient and ¢, is

not identically zero. Then the construction gives a deformation of short arcs by Lemma 27.
The deformations at the end of the proof were written to yield short arcs. O

5. A REVISED VERSION OF THE NASH PROBLEM

As we saw, the Nash map is not surjective in dimensions > 3. In this section we develop a
revised version of the notion of essential divisors. This leads to a smaller target for the Nash
map, so surjectivity should become more likely. Our proposed variant of the Nash problem at
least accounts for all known counter examples.

We start with a reformulation of the original definition of essential divisors.

29. Let Y be a complex variety and Z C Y a closed subset. Let Kr\c(Z C Y) denote the scheme
of formal arcs ¢ : Spec C[[t]] — Y such that ¢(0) € Z.
An easy but key observation is the following.

29.1. If Y is smooth, then the irreducible components of Kr\c(Z CY) are in a natural one-
to—one correspondence with the irreducible components of Z.

We say that a divisor E over Y is essential for Z C Y if F is obtained by blowing up one of
the irreducible components of Z. (For each irreducible component Z; C Z, the blow-up BzY
contains a unique divisor that dominates Z;.)

The definition of essential divisors can now be reformulated as follows.

29.2. Let (z € X) be a singularity. A divisor E is essential for (x € X) if E is essential for
(Suppm~!(z) C Y) for every resolution 7:Y — X.

In order to refine the Nash problem, we need to understand singular spaces for which the
analog of (29.1) still holds.

Definition 30 (Sideways deformations). Let X be a variety (or an analytic space) and
¢ : SpecC[[t]] = X
a formal arc such that ¢(0) € Sing X. A sideways deformation of ¢ is a morphism
® : SpecC[[t,s]] = X
such that
Q" Iging x D (t,s)™ for some m > 1,

where Ising x C Ox is the ideal sheaf defining Sing X.

If ® comes from a convergent arc ®*" : D; x Dy — X then this is equivalent to assuming that
for every 0 # |so| < 1 the nearby arc ®2"(¢, sg) maps Dy(e) to X \ Sing X for some 0 < € < 1.

We say that (x € X) is arc-wise Nash-trivial if every general arc in Arc(z € X) has a

sideways deformation. (By [FdBP12a], this implies that every arc in Kr\c(m € X) has a sideways
deformation.)
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Comment 31. If (z € X) is an isolated singularity with a small resolution = : X’ — X then
every arc has a sideways deformation. We can lift the arc to X’ and there move it away from
the m-exceptional set. This is not very interesting and the notion of essential divisors captures
this phenomenon.

To exclude these cases, we are mainly interested in arc-wise Nash-trivial singularities that
do not have small modifications. If arc-wise Nash-trivial singularities are log terminal then
assuming analytic Q-factoriality captures this restriction, but in general one needs to be careful
of the difference between analytic Q-factoriality and having no small modifications.

Also, in the few examples of which we know, general arcs of every irreducible component of
K\rc(x € X) have sideways deformations. If there are singularities where sideways deformations
exist only for some of the irreducible components, the following outline needs to be suitably
modified.

The main observation is that, for the purposes of the Nash problem, Q-factorial arc-wise
Nash-trivial singularities should be considered as good as smooth points. The first evidence is
the following straightforward analog of (29.1).

Lemma 32. Let Y be a complex space with isolated, arc-wise Nash-trivial singularities. Let
Z CY a closed subset that is the support of an effective Cartier divisor. Then the irreducible
components of K;:(Z C Y) are in a natural one—to—one correspondence with the irreducible
components of Z. O

If Z has lower dimensional irreducible components, the situation seems more complicated,
but, at least in dimension 3, the following seems to be the right generalization of (29.1).

Conjecture 33. Let Y be a 3-dimensional complex space with isolated, Q-factorial, arc-wise
Nash-trivial singularities. Let Z C Y be a closed subset. Then the irreducible components of
Arc(Z C Y) are in a natural one—to—one correspondence with the union of the following two
sets.

(1) Irreducible components of Z.

(2) Irreducible components of Ez(p €Y), wherep €Y is any singular point such thatp € Z
and dim, Z < 1.

Definition 34. With the above assumptions, a divisor over Y is essential for Z C Y if it

corresponds to one of the irreducible components of Kr\c(Z CY), as enumerated in Conjecture
33.1-2.

Definition 35. Let (x € X) be a 3-dimensional, normal singularity. A divisor E over X is called
very essential for (x € X) if E is essential for (Supp 7 Hx) C Y) for every proper bimeromorphic
morphism 7 : Y — X where Y has only isolated, Q-factorial, arc-wise Nash-trivial singularities.
(As in Definition 8, it is better to allow Y to be an analytic space.)

It is easy to see that the Nash map is an injection from the irreducible components of
Arc(z € X) into the set of very essential divisors. One can hope that there are no other obstruc-
tions.

Problem 36 (Revised Nash problem). Is the Nash map surjective onto the set of very essential
divisors for normal 3-fold singularities?

As a first step, one should consider the following.

Problem 37. In dimension 3, classify all Q-factorial, arc-wise Nash-trivial singularities.
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Hopefully they are all terminal and a complete enumeration is possible. The papers [Hay05a,
Hay05b] contain several results about partial resolutions of terminal singularities.

We treat two easy cases next. A positive solution of Question 4 would imply that all isolated,
3-dimensional cDV singularities are arc-wise Nash-trivial.

Theorem 38. Let (0 € X) be a cA-type singularity such that dim Sing X < dim X — 3. Then
all arcs in Arc; (0 € X) (as in Theorem 1.2) have sideways deformations.
Proof. We use the notation of the proof of Theorem 1.

Since mult f(qbl(t), cee ¢n(t)) = m, we see that mult ¢;(¢) = 1 for at least one index j. We
may assume that j = 1 and ¢1(t) = ¢. Thus, after the coordinate change z; — z; — ¢;(21) for

i = 2,...,n and an additional general linear coordinate change among the zs,..., 2, we may
assume that
(1) ¢u(t) =t,

(2) ¢;(t)=0for j > 1,
(3) (zy = g(21,22)) C C* has an isolated singularity at the origin and g(z1,22) is divisible
neither by z; nor by zo where g(z1,22) = f(21, 22,0,...,0).
By Lemma 7 there is an r > 1 such that
g(t,s") = ul(t,s) H(t —0i(s)).
i=1
Since g(z1, z2) is not divisible by 21, none of the o; are identically zero. Since ¢(t,s) has an
isolated critical point at the origin and is not divisible by s, g(t, s") also has an isolated critical
point at the origin. Thus all the o;(s) are distinct.
As before, for j = 1,2 write ¢;(t) = t*v;(t) where v;(0) # 0. Note that a; + az = m and
u(t,0) = v1(t)va(t).
Divide {1,...,m} into two disjoint subsets Ay, A such that |A;| = a;. Finally set

Uy (t,s) =v1(t) - H (t—o0i(s)) and Wy(t,s) = ult:s) H (t —oi(s)).
i€A; vi(?) i€ A,
Then
(\Ill(t, s), Wa(t, s),t,s",0,... ,0)
is a sideways deformation of (wl (t),2(t),t,0,... ,O). O

The opposite happens for quotient singularities.

Proposition 39. Let (0 € X) := C"/G be an isolated quotient singularity. Then arcs with a
sideways deformation are nowhere dense in Arc(0 € X).

Proof. Let @ : SpecC[[t, s]] = X be a sideways deformation of an arc ¢(t) = ®(¢,0). By the
purity of branch loci, ® lifts to an arc ® : Spec C[[t, s]] — C". In particular, ¢ : Spec C[[t]] = X
lifts to ¢ : Spec C[[t] — C™.

By [KN13], such arcs constitute a connected component of ShArc(0 € X). We claim, however,
that these arcs do not cover a whole irreducible component of K;:(O € X).

It is enough to show the latter on some intermediate cover of X. The simplest is to use
(0 €Y):=C"/C where C C G is any cyclic subgroup.

Set r :=|C/, fix a generator g € C and diagonalize its action as

(X1, ooy ) — (ealxl,...,e“”mn),
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where € is a primitive rth root of unity. Thus Y is the toric variety corresponding to the free
abelian group N = Z™ + Z(al/r, ey an/r) and the A = (on)n. The Nash conjecture is true
for toric singularities and by [IK03, Sec.3] the essential divisors are all toric and correspond to
interior vectors of N N'A that can not be written as the sum of an interior vector of N N A and

of a nonzero vector of N NA. In our case, all such vectors are of the form (W/r, . ,W/r) for
c=1,...,7 — 1 where ¢a; denotes remainder mod r.
Arcs that lift to C™ correspond to the vector (1,...,1), which is not minimal. In fact
(1,...,1) = (ai/r,....an/r) + ((r — Day/r,....(r — Day/r). O
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ADJOINT DIVISORS AND FREE DIVISORS

DAVID MOND AND MATHIAS SCHULZE

ABSTRACT. We describe two situations where adding the adjoint divisor to a divisor D with
smooth normalization yields a free divisor. Both also involve stability or versality. In the
first, D is the image of a corank 1 stable map-germ (C?,0) — (C**1 0), and is not free. In
the second, D is the discriminant of a versal deformation of a weighted homogeneous function
with isolated critical point (subject to certain numerical conditions on the weights). Here D
itself is already free.

We also prove an elementary result, inspired by these first two, from which we obtain a
plethora of new examples of free divisors. The presented results seem to scratch the surface
of a more general phenomenon that is still to be revealed.

1. INTRODUCTION

Let M be an n-dimensional complex analytic manifold and D a hypersurface in M. The
O rr-module Der(— log D) of logarithmic vector fields along D consists of all vector fields on M
tangent to D at all smooth points of D. If this module is locally free, D is called a free divisor.
This terminology was introduced by Kyoji Saito in [Sai80b]. As freeness is evidently a local
condition, so we may pass to germs of analytic spaces D C X := (C",0), and pick coordinates
Z1,...,Tn on X and a defining equation h € Ox = C{x1,...,z,} for D.

The module Der(—log D) is an infinite-dimensional Lie sub-algebra of Derx, to be more
precise, a Lie algebroid. Thus free divisors bring together commutative algebra, Lie theory
and the theory of Z-modules, see [CMNMO5]. Freeness has been used by Jim Damon and the
first author to give an algebraic method for computing the vanishing homology of sections of
discriminants and other free divisors, see [DM91] and [Dam96]. More recently the idea of adding
a divisor to another in order to make the union free has been used by Damon and Brian Pike as
a means of extending this technique to deal with sections of non-free divisors, see [DP11a] and
[DP11b].

Saito formulated the following elementary freeness test, called Saito’s criterion (see [Sai80b,
Thm. 1.8.(ii)]): If the determinant of the so-called Saito matriz (0;(x;)) generates the defin-
ing ideal (h) for some ¢i,...,d, € Der(—logD), then D is free and dy,...,0, is a basis of
Der(—log D). While any smooth hypersurface is free, singular free divisors are in fact highly
singular: Let Sing D be the singular locus of D with structure defined by the Jacobian ideal of
D. By the theorem of Aleksandrov—Terao (see [Ale88, §1 Thm.] or [Ter80, Prop. 2.4]), freeness
of D is equivalent to Sing D being a Cohen—Macaulay space of (pure) codimension 1 in D.

The simplest example of a free divisor, whose importance in algebraic geometry is well-
known, is the normal crossing divisor D defined by h := x7 - - - z,; here, due to Saito’s criterion,
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Key words and phrases. free divisor, adjoint divisor, stable map, versal deformation, isolated singularity,
prehomogeneous vector space.
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Der(—log D) is freely generated by the vector fields xla%l, ey xna%n. In general free divisors
are rather uncommmon: given n vector fields d1,...,d, € Dery, let h be the determinant of
their Saito matrix, and suppose that h is reduced. Then h defines a free divisor if and only if
the Ocn-submodule of Dery; generated by the 6; is a Lie algebra, see [Sai80b, Lem. 1.9]. Thus
to generate examples, special techniques are called for. Non-trivial examples of free divisors
first appeared as discriminants and bifurcation sets in the base of versal deformations of isolated
hypersurface singularities, see [Sai80a], [Ter83], [Loo84], [Bru85], [vS95], [Dam98], [BEGvB09].
Here freeness follows essentially from the fact that Der(—log D) is the kernel of the Kodaira—
Spencer map from the module of vector fields on the base to the relative T of the deformation.

In this paper, we construct new examples of free divisors by a quite different procedure.
Recall that we denote by X the germ (C",0). Let now f: X — (C**1,0) =: T be a finite and
generically 1-to-1 holomorphic map germ. In particular, X is a normalization of the reduced
image D of f. Denote by %; the ith Fitting ideal of 0x considered as &r-module. Mond and
Pellikaan [MP89, Props. 3.1, 3.4, 3.5] showed that D is defined by %y, %#; is perfect ideal of
height 2 restricting to the conductor ideal €p := Anng, (Ox/Cp) which in turn is a principal
ideal of Ox. In particular, the reduced singular locus ¥ of D is the closure of the set of double
points of f and %p is radical provided D is normal crossing in codimension 1. We call any
member of .#; whose pull-back under f generates p an adjoint equation, and its zero locus
A an adjoint divisor. Set-theoretically, this implies that ¥ = AN D. Ragni Piene [Pie79, §3]
showed that an adjoint equation is given by the quotient

8(f17"'afj7"'7fn+1)/a(x17' "7’I7l)
For example, if f(z1,22) = (z1,23, x172) is the parameterisation of the Whitney umbrella, with
image D = {t3 — 3ty = 0}, then this recipe gives ¢; as adjoint equation. Figure 1 below shows
D + A in this example.
We show

Theorem 1.1. Let D be the image of a stable map germ (C™,0) — (C"*1,0) of corank 1, and
let A be an adjoint divisor for D. Then D + A is a free divisor.

However, we show by an example that D + A is not free when D is the image of a stable
germs of corank > 2 (see Example 2.4.(3)). We recall the standard normal forms for stable map
germs of corank 1 in §2.

In §3, we prove the following analogous result for the discriminants of certain weighted homo-
geneous isolated function singularities. Recall that the discriminant has smooth normalization,
so that the preceding definitions apply.

Theorem 1.2. Let f: (C*,0) — (C,0) be a weighted homogeneous polynomial of degree d with
isolated critical point and Milnor number p. Let di > dy > --- > d, denote the degrees of

the members of a weighted homogeneous C-basis of the Jacobian algebra ﬁcn70/<§—£, ey %>.
Assume that d — dy +2d; Z0#d—d; fori=1,..., pu.

Let D be the discriminant in the base space of an X.-versal deformation of f and let A be an
adjoint divisor for D. Then D + A is a free divisor.

Theorem 1.2 evidently applies to the simple singularities, since for these d; < d. It also applies
in many other cases. For example, it is easily checked that the hypotheses on the weights hold
for plane curve singularities of the form 2P 4+ y¢ with p and ¢ coprime. We do not know whether
the conclusion continues to holds without the hypotheses on the weights.
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The adjoint A of the discriminant is closely related to the bifurcation set; this is discussed at
the end of Section 3.

We remark that an adjoint can be defined verbatim in case X is merely Gorenstein rather
than smooth. In [GMS12, §6] the techniques used here are applied to construct new free divisors
from certain Gorenstein varieties lying canonically over the discriminants of Coxeter groups.

In Theorem 1.2, D is already a free divisor as remarked above. In contrast, in Theorem 1.1,
D itself is not free: the argument with the Kodaira Spencer map referred to above shows that
Der(—log D) has depth n rather than n + 1. So by adding A we are making a non-free divisor
free. Something similar was already done by Jim Damon, for the same divisor D, in [Dam98,
Ex. 8.4]; Damon showed that after the addition of a certain divisor E (not an adjoint divisor for
D) with two irreducible components, D + E is the discriminant of a J#-versal deformation of a
non-linear section of another free divisor V. Freeness of D + E followed by his general theorem
on £y -versal discriminants. It seems that our divisor D + A does not arise as a discriminant
using Damon’s procedure.

A crucial step in the proofs of both of Theorems 1.1 and 1.2 is the following fact (see Propo-
sitions 2.8 and 3.4).

Proposition 1.3. In the situations of Theorems 1.1 and 1.2, %1 is cyclic as module over the
Lie algebra Der(—log D), and generated by an adjoint equation a € Ogn+1 o for D.

Indeed, Theorem 1.2 follows almost trivially from this (see Proposition 3.9 below). We cannot
see how to deduce Theorem 1.1 in an equally transparent way. Unfortunately our proof of
Proposition 1.3 is combinatorial and not very revealing, something we hope to remedy in future
work.

From Proposition 1.3 it follows that the adjoint is unique up to isomorphism preserving D
(see Corollaries 2.9 and 3.8).

In the process of proving Theorem 1.2, we note an easy argument which shows that the
preimage of the adjoint divisor in the normalization of the discriminant is itself a free divisor.
This is our Theorem 3.2.

Motivated by Theorems 1.1 and 1.2, we describe in §4 a general procedure which constructs,
from a triple consisting of a free divisor D with k irreducible components and a free divisor in
(C*,0) containing the coordinate hyperplanes, a new free divisor containing D. By this means
we are able to construct a surprisingly large number of new examples of free divisors.

Notation. We shall denote by .#['(M) the ¢th Fitting ideal of the R-module M. For any
presentation
A

R™ RF M 0
it is generated by all (k — £)-minors of A and defines the locus where M requires more than ¢
generators.

For any analytic space germ X, we denote by © x := Homg, (2%, Ox) the Ox-module of vec-
tor fields on X. The &x-module of vector fields along an analytic map germ f: X — Y is defined
by ©(f) := f*Oy. For X and Y smooth, we shall use the standard operators tf : ©x — O(f)
and wf : Oy — O(f) of singularity theory defined by tf(¢) := Tfo& and wf(n) =no f. For
background in singularity theory we suggest the survey paper [Wal81] of C.T.C. Wall.

Throughout the paper, all the hypersurfaces we consider will be assumed reduced, without
further mention.

Acknowledgments. We are grateful to Eleonore Faber for pointing out a gap in an earlier
version of Theorem 4.1, and to the referee for a number of valuable suggestions.
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2. IMAGES OF STABLE MAPS

Let f: X := (C",0) — (C"*1,0) =: T be a finite and generically one-to-one map-germ with

image D. Note that X = D is a normalization of D. By [MP89, Prop. 2.5, the &r-module Ox
has a free resolution of the form

A
(2.1) 0 ok

ok — 0 0,

in which the matrix A can be chosen symmetric (we shall recall the proof below). For 1 < i,5 < k,
we denote by m;'. the minor obtained from A by deleting the ¢th row and the jth column. The map
a sends the ith basis vector e; to g; € Ox, where g = ¢1,...,gr generates Ox over Op. It will
be convenient to assume, after reordering the g;, that gy = 1. This leads to a free presentation

B
ok 2ok 2 0y )0, —— 0,

where M\ is obtained from A by deleting the kth row (corresponding to the generator gy = 1 of
Ox). By a theorem of Buchsbaum and Eisenbud [BE77], this shows that

(2.2) F| = FT(Ox|0Op) = Anng, (Ox | Op) = €pOr.

As ﬁf’T(ﬁ x) defines the locus where Ox requires more than ¢ Op-generators, det()) is an
equation for D. By the hypothesis that f is generically one-to-one, it is a reduced equation for
D (see [MP89, Prop. 3.1]).

By Cramer’s rule one finds that in Ox, gimJ = +g;m’ for 1 < i,j,5s < k (see [MP89,
Lem. 3.3]); invoking the symmetry of A, this gives

(2:3) gimf = £g;my, 1<i,j<k.
Combining this with the structure equations g;g; = Zif:l af7 ;¢ for Ox as Or-algebra, one shows

that all of the m} lie in Anng,.(0x/0p); then from (2.2), one deduces that (see [MP89, Thm.
3.4])

Lemma 2.1. % = .7 = <m§-‘ li=1,... ,u) 18 a determinantal ideal.

Since % therefore gives Sing D a Cohen-Macaulay structure, this structure is reduced if
generically reduced. If f is stable, then at most points of Sing D, D consists of two smooth
irreducible components meeting transversely, from which generic reducedness follows.

As g = 1, it follows from (2.3) that m} = £g;m¥ and hence

Lemma 2.2. % 0x = <m’,§>ﬁx s a principal ideal.
From this, we deduce

Lemma 2.3. Any adjoint divisor A for D is of the form
k—1
A:V(mllerchm?), cj € Or.
j=1

Mather [Mat69] showed how to construct normal forms for stable map germs: one begins
with a germ f: (CF,0) — (C* 0) whose components lie in m<2ck,o’ and unfolds it by adding to
f terms of the form wu;g;, where the u; are unfolding parameters and the g; form a basis for
mer 0O(f)/(tf(Ock o) + mee ¢O(f)). Applying this construction to f(z) = (z*,0), one obtains
the stable corank-1 map germ f, : (C%*~2,0) — (C2¢~1,0) given by

(2.4) fe(u,v, @) i= (u,v, 28 + w22+ fup oz, v o) = (u, v, w),

where we abbreviate u := uy,...,Up_2, V:=V1,...,V_1, W := W1, Wa.
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FEzxzample 2.4.

(1) When k = 2 in (2.4), fo(v,z) = (v, 2%, vx) parameterizes the Whitney umbrella in (C3,0),
whose equation is w3 — v?w; = 0. With respect to the basis g = x, 1 of 05 over Or, one has the
symmetric presentation matrix

P ( v —w2> 7
—wy YWy

and this gives a = v as equation of an adjoint A (see Figure 1).

FicURE 1. Whitney umbrella with adjoint

A

One calculates that Der(—log D) and Der(—log(D + A)) are generated, respectively, by the
vector fields whose coefficients are displayed as the columns of the matrices

v v 0 Wa v v 0
2wy 0 2wo 0 and 2w, 0 2wo
0 we ¥ wvu 2wy wy w?

Note that here the basis of the free module Der(—log(D + A)) is included in a (minimal) list
of generators of Der(—log D). As we will see, this is always the case for the germs fj described
above.

(2) Let Dy be the image of the stable corank-2 map germ

2 2
(w1, ug,us, ug, ,y) — (U1, Uz, us, g, T° + ULy, TY + U2 + uzy, Yy + usx).

One calculates that Dy + A is not free.

(3) Every stable map germ of corank k > 2 is adjacent to the germ considered in the preceding
example. That is, there are points on the image D where D is isomorphic to the product of the
divisor Dy we have just considered in (2) and a smooth factor. It follows that that D + A also
is not free.

(4) If D is the image of an unstable corank 1 germ then in general D + A is not free.

(5) A multi-germ of immersions (C", {p1,...,pr}) — (C"T1,0) is stable if and only if it is
a normal crossing. There are strata of such normal crossing points, of different multiplicities,
on the image D of a stable map germ such as (2.4). It is easy to show that adding an ad-
joint divisor to D gives a free divisor at such normal crossing points. The normal crossing
divisor D = V(y; ---yx) C (C¥,0) is normalized by separating its irreducible components. The
equation a := ijl y1---Yj - Yk restricts to yi--- g, ---yr on the component V(y;), and so
generates the conductor there, and thus A := V(a) is an adjoint for D. The Euler vector field
X = Z§=1 y;j0y,, together with the n — 1 vector fields §; := yﬁayj — yj2.+18yj+1, 7=1...,k—1,
all lie in Der(—log(D + A)). An application of Saito’s criterion yields freeness of D + A and
shows that x,d1,...,0,—1 form a basis for Der(—log(D + A)).
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Our proof of Theorem 1.1 is based on Saito’s criterion. By Mather’s construction, we are
concerned with the map f := f; of (2.4) where now n = 2k — 2. Using an explicit list of
generators of Der(— log D) constructed by Houston and Littlestone in [HL09], and testing them
on the equation m§ of A, we find a collection of vector fields &1, ...,&a—1 in Der(—log D)
which are in Der(—log A) “to first order”, in the sense that for j = 1,...,2k — 1, we have
& - mﬁ S <m§> + mp.#1. Note that % is intrinsic to D, and therefore invariant under any
infinitesimal automorphism of D, so that necessarily &; 'mZ € %#1. In the process of testing, we
show that the map Der(—log D) — % sending & to & -mf} is surjective. Using this, we can then
adjust the &;, without altering their linear part, so that now &; -mf € <m§> forj=1,...,2k—1.
As a consequence, the determinant of their Saito matrix must be divisible by the equation of
D + A. This determinant contains a distinguished monomial also present in the equation of
D + A, so the quotient of the determinant by the equation of D + A is a unit, the determinant
is a reduced equation for D + A, and D + A is a free divisor, by Saito’s criterion.

To begin this process, we need more detailed information about the matrix A of (2.1). We
use a trick from [MP89, §2]: embed X as X x {0} into X x (C,0) := S, and let the additional
variable in S be denoted by t. Extend f: X — T to a map F': S — T by adding ¢ to the last
component of f. Applying this procedure to the map f = fi of (2.4), gives

(25)  F(u,v,2,t) = (u,v,2" + ua" 2 + -+ +up_om, 012"+ F oz + ) = (w,v,w).

It is clear that 0s/m70s is generated over C by the classes of 1,z,...,2%7 1, from which it
follows by [Gun74, Cor. 2, p. 137] that Os is a free Op-module on the basis

(2.6) gi=a" i=1,... k.

Consider the diagram

(27) 0 ﬁs’ ﬁs ﬁX 0
L
k k
0 7z i oy Ox 0
in which ¢, is the &r-isomorphism sending (c1,...,c;) € Ok to Z?zl ¢jg; € Og, and where now

[t]g denotes the matrix of multiplication by ¢ with respect to the basis g of 0g as Op-module.
The lower row is thus a presentation of Ox as Op-module. This can be improved by a change
of basis on the source of [t]9, as follows.

Since Og is Gorenstein, Homg,. (Os, Or) = Os as Os-module. Let ® be an Og-generator of
Homg,.(Cs, Or). It induces a symmetric perfect pairing

() O0s x Os — Or, (a,b) = ®(ab)

with respect to which multiplication by ¢ is self-adjoint. We refer to this pairing as the Gorenstein
pairing. Now choose a basis § = §i,...,Jx for Os over O dual to g with respect to (-, -); that
is, such that (g, §;) = d; ;. Then the (i,7)th entry of [t]9 equals (tg;, §;), and so redefining

(2.8) A= ()\;) = ()\17 .. 7)\k> = [t}g

yields a symmetric presentation matrix.
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Lemma 2.5. With an appropriate choice of generator ® of Home,. (Os, Or), we have

—U —v2 —U3 - —Up-1 W2
—V9 —vV3 o w2 0
(2.9) A= 7% mod (u,w).
—Vk—1 w9 - .
W 0o .- . 0

Proof. Let b € Os map to the socle of the 0-dimensional Gorenstein ring &g /m7 0. This means
that

mgb C mpOs.
Thus, for any a € mg and ¥ € Homg,.(Os, Or), we have
(@®)(b) = W(ab) = V(D cibi) =Y c;U(b;) € mp
where ¢; € mp and b; € Os. In other words, any ® € mg HOm?T(ﬁS,ﬁT) maps b to mp.
Conversely, for any ® € Home,.(Os, Or) with ®(b) € 07, its class @ in

HomﬁT (ﬁs, ﬁT)/mS HomﬁT (ﬁs, ﬁT)

is non-zero. As Homg, (Cs, Or) = Og, this latter space is 1-dimensional over C which shows
that ® is a generator. By Nakayama’s lemma, ® is then an @s-basis of Home,. (05, Or). In
particular, we may take as ®(h), for h € Og, the coefficient of b = z*~1 in the representation of
h in the basis (2.6); then ®(b) = 1.

In the following, we implicitly compute modulo (u,w;). Using the relation

k—2
_ ok k=1
. K2
(2.10) wy =z + E Ui
i=1

from (2.5) we compute

k—2 j—2
n=1 g,=|w — Z w17 /xkﬂ*j =g/t —|—jz:uixj*i*2, j=2,... k.
i=j—1 i=1
Note that
(211) gg :.’,Egl, gj :xgj—l +u]'_2g1, j:3,,]€
Now let us calculate the columns Aq, ..., Ay of the matrix (2.8). Using ¢ = 1 and the relation

t+ Zi:ll v;g; = Wwa = wagy from (2.5), we first compute

k-1
A= [ty = ((,95))5 = <<w29k - ngi, §j>> = (01,0, =1, wa)".

i=1

By (2.11), each of the remaining columns \; is obtained by multiplying by x the vector repre-
sented by its predecessor, and, for j > 3, adding u;_2A;. Thus,

(2.12) Ay = [m]g)\l, )\j = [m]g)\j,1 + ’u]‘,2>\1, 7=3,... k.
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Using (2.10) again, observe that

w1y 1 0 0 01 0 0
0 0 1 : 00 1
(2.13) 215 = | —u, ol = 0 mod (u,wq).
; 1 : 1
—ug—o 0 0 0 0 0
The result follows. O

Corollary 2.6. The reduced equation h of the image D of the map fi of (2.4) contains the

monomial w§ with coefficient £1. The minor m’,j contains the monomial w§72v1 with coefficient

+1.

Proof. The determinant of the matrix A of (2.9) is a reduced equation for the image of f (see
[MP89, Prop. 3.1]). Both statements then follow from Lemma 2.5. O

Ezxample 2.7. For the stable map-germs
fa(ur, 01,02, @) = (ug,v1,v2, 2% + uyz, v12% + Vo)

and
— 4 2 3 2
f4(U17U2,'U171)2,U,3,x) - (Ul,UQ,’Ul,'UQ,'U371' + u12” + ugx, v12” + Vo +'U3.’E)

of (2.4), the matrix X is equal to

—U1 —V2 w2
—Vy w2+ U1V —v1wW1
w2 —V1wW1 VW1 — UjW2
and to
—V1 —V2 —v3 w2
—V2 ULVl — U3 wa + U2V1 —V1W1
—U3 W2 + UV1 UV — UIV3 — VW2 —VaW1 + UIW2
wa —V1W2 —V2W1 + U1 W2 —V3W1 + U2W2
respectively.

Proof of Theorem 1.1. In [HL09, Thms. 3.1-3.3], Houston and Littlestone give an explicit list of
generators for Der(—log D). Their proof that these generators lie in Der(—log D) simply ex-
hibits, for each member ¢ of the list, a lift n € O x in the sense that ¢t f(n) = wf(£). The Houston-
Littlestone list consists of the Euler field £, and three families 5;, 1<i<3, 1<j<k-1
Denote by E; the linear part of §; After dividing by 1, k, k, k and k? respectively, these linear



ADJOINT DIVISORS AND FREE DIVISORS 261

parts are
E—2 k-1
€= (i+ D)0y, + Y ivi0y, + kw10, + kwydy,,
i= i=1
& = —wady, + > vi kO, 1<j<k—1,
i<j
k—2 k-1
X = —g% = — Z(’L + 1)u18u1 + Z(k — i)?)iavi + kwlﬁww
i=1 i=1
G= > (i+Nuirj 10, — Y, (k—i—j+1Dvi; 10y, 1<j<k-1,
i<k—j i<k—j+1
E;—’ = —(1 — 5j71)w28uk7j + Z Uiﬂ-aui + (sj’lﬂ)gawﬂ 1 S j S k—1.
i<k—j
Also let
k—1
o= (ge + X)/k = Zviavi + w2aw2'
i=1

We now test the above vector fields for tangency to A = V(m£). Vector fields in Der(— log D)
preserve .#1, so for each £ € Der(—log D) there exist ¢; € Or, unique modulo my, such that

§(mp) =Y eymk.
7

We determine their value modulo mp with the help of distinguished monomials. Let ¢ be the
sign of the order-reversing permutation of 1,...,k — 1. Then, by Lemma 2.5, for 1 < j < k, the
monomial wé“*zvk, j+1 appears in the polynomial expansion of mg? with coefficient (—1)7~1, but
does not appear in the polynomial expansion of m’g for £ # j. Similarly, the monomial w§ ~! has
coefficient ¢ in the polynomial expansion of m¥ but does not appear in that of m;‘? for j > 2.

Let Aj,..., A, denote the columns of the matrix A of (2.9) with its last row deleted. For any
6 € Or, we have

k—1
(2.14) S(mf) = det(X,...,6(\.), ... Npy).
r=1

For § = 5]2., the only distinguished monomial to appear in any of the summands in (2.14) is
vjwh ™2 which appears in the summand for 7 = 1, with coefficient (k — 5)(—1)*:. Thus

(2.15) &(my) = (=17 (k- j)ymi_;;; mod mpFy, for1<j<k-—1
Similarly we find

Ao ifr<jy
Loy/y k—j+r >~/
Lov) = J
&) {0 otherwise.
Using (2.14) with 6 = ¢, it follows that
(2.16) &mi) = (=D mi . modmpZy, for1<i<k 1<j<k-L

Note that (2.15), and (2.16) with ¢ = k, imply

Proposition 2.8. The map

(2.17) dm¥ : Der(—log D) — .7,

sending & € Der(—log D) to £(m¥) is an Or-linear surjection. O
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Combining (2.15) and (2.16) with ¢ = k, we construct vector fields
nj=0G =D& —&ijp, 2<j<k-1

with linear part

05 = (1 = jlwa0y, + Z(Zj — i — 1)vgi—;0y;, mod (Oy, O, ),
i<j

which lie in Der(—log(D + A)) to first order, since 1;(m§) € my. 7.

Both x and & are semi-simple, and so by consideration of the distinguished monomials, x and
o must therefore lie in Der(—log A) to first order. The vector fields f? lie in Der(— log A) to first
order, since it is clear by consideration of the distinguished monomials that &3(mj) € mp.7.

Thus we have 2k — 1 vector fields no,...,mk—1,X,0,&3,...,&_ in Der(—log D) which are
also in Der(—log A) to first order. By Proposition 2.8, we can modify these by the addition of
suitable linear combinations, with coefficients in mp, of the Houston—Littlestone generators of
Der(—log D), so that they are indeed in Der(—log A) and therefore in Der(—log(D + A)). The
determinant of the Saito matrix of the modified vector fields 7, ..., fx—1, X, 7, 5?, e ,5,?;_1 must
be a multiple ahm’,j of the equation of D + A. We now show that « is a unit, from which it
follows, by Saito’s criterion, that D + A is a free divisor.

The modification of the vector fields does not affect the lowest order terms in the determi-
nant of their Saito matrix, and these are the same as the lowest order terms in the determi-
nant of the Saito matrix of their linear parts. With the rows representing the coefficients of

Ouys-+-10up_5,0w, 00,5+, 0pp_y, 0w, in this order, this matrix is of the form
* D
By 0)’
with
V2 U3 Vg o V-1 —W2
V3 (] o —wW3 0
By=| ™

V-1 —W2 .
wWo 0 e - 0

and
2’Uk_1 4Uk—2 6’Uk_3 cee cee (2]6 — 4)112 (k — 1)’01 U1
— W2 3Uk_1 5Uk_2 e e (2]{3 - 5)’1}3 (k - 2)1)2 (%]
0 2wy 4dvpq : :
B2 _ 0 73'1,02
0 L kvk_a Jvg—3  Vp—3
. : . . . (k? — 1)Uk,1 20 _o Vk—2
0 0 0 tee 0 —(k — 2)11)2 Vi—1 V-1
0 0 0 A R 0 0 wWa

In its determinant we find the monomial w%k_Qvl with coefficient +(k — 1)!. By Corollary 2.6,
this monomial is present in the equation of D 4+ A. This proves that « is a unit and completes
the proof that D + V(m}) is a free divisor.
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The following consequence of Proposition 2.8 is needed to prove that Theorem 1.1 holds for
any adjoint divisor A of D, and not just for A = V(mk).
Corollary 2.9. The adjoint divisor A is unique up to isomorphism preserving D.
Proof. Let Ay := V(m’g). By Lemma 2.3, any adjoint divisor A; must have an equation of the

form mq = m’,z + Zi.:ll cimf. Consider the family of divisors

k—1
(2.18) A=V m)cTx(C/1), m:= mllj—ﬁ—schm?,
j=1

where s is a coordinate on (C,1). We claim that there exists a vector field
=€ DerTX(Cyl)/(C’l)(—log(D X ((C, 1)))

such that
(2.19) E(m) = 9s(m).
Then the vector field 9, — E is tangent to D x (C, 1), and its integral flow trivializes the family
(2.18). Passing to representatives of germs and scaling the ¢;, the latter holds true in an open
neighborhood of any point of the interval {0} x [0,1] € C**! x C. A finite number of such
neighborhoods cover this interval and it follows that Ay and Ay are isomorphic by an isomorphism
preserving D.

To construct Z we first show, using Proposition 2.8, that
(2.20) dm; : Der(—log D) — 7
is surjective. By (2.17), there are vector fields d1,...,d; € Der(—log D), homogeneous with
respect to the grading determined by the vector field x, such that 5j(m’,§) = mf forj=1,...,k.
Pick O‘f,j € Or such that

k
Si(mf) = ajmp, 1<i,j<k,
=1
and set Lj := (o ;)1<si<k- The constant parts L;(0) are uniquely defined and Ly, is the identity
matrix by choice of the §;. For j < k, with respect to the grading determined by x, we have

deg(my) < deg(mj_;) < --- < deg(mf)".
This gives
deg(0;(m5)) > deg(d;(mj)) = deg(my) > deg(m;,) > --- > deg(mj),
and hence

5i(m§) e (mf,...,mf )+ mp .

The constant matrices L;(0), j < k, are therefore strictly upper triangular, and the constant
part Ly + Zf;ll ¢;(0)L;(0) of the matrix of dm; is invertible. Thus,

dmy(Der(—log D)) + mr% = 1,
and (2.20) follows by Nakayama’s Lemma. As m =m; mod mpy 1), (2.20) gives
dm(Derpy c,1)/(c,1)(—log(D x (C,1))) + mpyc,1)Orxc,1)F1 D Orx )P
and Nakayama’s Lemma yields
(2.21) dm(Derry (c,1)/c,1)(—log(D x (C,1))) D Opy(c1)F1-

LAl the inequalities here are in fact strict, but we want to use the argument again later in a context where
we assume only what is written here (see Corollary 3.8).



264 DAVID MOND AND MATHIAS SCHULZE

Then any preimage = of 05(m) € .%; under dm solves (2.19).

The proof of Theorem 1.1 is now complete. O

3. DISCRIMINANTS OF HYPERSURFACE SINGULARITIES

Let f: X := (C™,0) — (C,0) =: T be weighted homogeneous of degree d (with respect to
positive weights) and have an isolated critical point at 0. Let xo be an Euler vector field for
f, with xo(f) = d- f. Denote by J; := (0z,(f),...,0s,(f)) the Jacobian ideal of f. Pick a
weighted homogeneous ¢ = ¢1,...,9, € Ox with decreasing degrees d; := deg(yg;) inducing a
C-basis of the Jacobian algebra

Mf = ﬁx/Jf.
We may take g, := 1 and g; := Hp to be the Hessian determinant Hy of f, which generates the
socle of M. Then

(3.1) F(z,u) := f(z) + g1(@)ur + - + gu(@)uy
defines an Z.-versal unfolding
Fxng: Y =Xx85—->TxS
of f, with base space S := (C¥,0), where
T=7g:Y =Xx8—>8

is the natural projection. Setting deg(u;) = w; := d—d; makes F weighted homogeneous of degree
deg(F) = d = deg(f). We denote by x the Euler vector field xo + §; where 61 = > 1" | w;u;0y,.
Let X C Y be the relative critical locus of F', defined by the relative Jacobian ideal

Tt = (05, (F), ..., 0, (F)),

and set X0 = L N V(F). Then Oy is a finite free Os-module with basis g. As X is smooth
and hence Gorenstein, Homg, (O, Og) = Os as Os-modules, and a basis element ® defines a
symmetric perfect pairing

() On ®ogs On = O, (g,h) := ®(gh),

which we refer to as the Gorenstein pairing. As in §2 (see the proof of Lemma 2.5), a generator
® may be defined by projection to the socle of the special fiber: We let ®(h) be the coefficient
of the Hessian ¢; in the expression of h in the basis g. By

<',->0: Mf Rc Mf—><C

we denote the induced Gorenstein pairing on Ox,/mg0Os, = Ox /J; = M.

Let ¢ = g1,...,3, denote the dual basis of g with respect to the Gorenstein pairing, and
denote by d; the degree of §;. We have d; + d; =dy, sod; = dy+i—1 (recall that we have ordered
the g; by descending degree).

The discriminant D = 7g5(%%) C S was shown by Kyoji Saito (see [Sai80a]) to be a free
divisor. The following argument proves this, and shows also that it is possible to choose a basis
for Der(—log D) whose Saito matrix is symmetric.

Theorem 3.1. There is a free resolution of Oso as Og-module

A dF

0 o O

Oso 0

in which A is symmetric, and is the Saito matriz of a basis of Der(—log D).
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Proof. As in (2.7), there is a commutative diagram with exact rows

0 — Ox E O Oso0 — 0

S‘JQTN S"g]/
dr
IJ/ A
0— 0% Os

Der(—log D)

R

R

where A = (X})1<i j<, is the matrix of multiplication by F with respect to bases g in the source
and ¢ in the target. As in (2.8), symmetry of A follows from self-adjointness of multiplication
by F with respect to the Gorenstein pairing. Because of the form of F', the map ¢, : O — Ox
sending n = >, a;0y; to >, a;g; coincides with evaluation of dFF on a(ny) lift 7 € ©y of #;
different lifts of the same vector field differ by a sum ) ; @0z, € Oyg, and the evaluation of
dF on such a sum vanishes on . The kernel of the composite ©g — 0%, consists of vector
fields on S which lift to vector fields on Y which are tangent to V(F'), since dF' () is divisible
by F' if and only if 7 € Der(—log V(F')). It is well known (see e.g. [Loo84, Lem. 6.14]) that the

set of vector fields on S which lift to vector fields tangent to V(F') is equal to Der(—log D). O

Denote by mg» the (u — 1)-minor of A obtained by deleting the ith row and the jth column.
Then Lemmas 2.1, 2.2 and 2.3 of §2 remain valid in this new context. That is,

(3.2) F = FI5(Os0) = (mh|j=1,... ,@63, F1Os0 = <m5>620,

and the adjoints of D are divisors of the form

p—1
A=V (mh+ chm?).
i=1

Although it is not part of the main thrust of our paper, the following result seems to be new,
and is easily proved. It assumes that D is the discriminant of an Z.-versal deformation, but
does not require any assumption of weighted homogeneity. We denote by H the relative Hessian
determinant of the deformation (3.1).

Theorem 3.2. Let A be any adjoint divisor for D. Then
A=r1A)nx°
is a free divisor in X° containing V(H) NX°, with reduced defining equation (m/: o)/H.

Proof. By Corollary 3.8 below, we may assume that A = V(m/}), and hence A= V(m4om)N .
First, it is necessary to show that H? divides mk o and that m//H is reduced. Since 0
is smooth, it is enough to check this at generic points of V(H). This reduces to checking
that it holds at an As-point. The miniversal deformation of an As-singularity is given by

G(x,v1,v2) = 2° + vix + vo. In this case, ml, is, up to multiplication by a unit, simply the

coefficient of 9,, in the Euler vector field, namely vy, and v; = —322 on X°. The Hessian H is
equal to 6z, so H? does divide mj, o m, and moreover the quotient (m’,j om)/H is reduced.

As X0 is the normalization of D (see [Loo84, Thm. 4.7]), vector fields tangent to D lift to
vector fields tangent to X0 (see [Sei66]). Let d1,...,d, be the lifts to X of the symmetric basis
01,...,0, of Der(—log D) constructed in Theorem 3.1. We will show that 81y, Su_l form a
basis for Der(— log A).
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To see this, pick coordinates for 9, and denote by (51, ...,0,) the matrix whose jth column
consists of the coefficients of the vector field Sj with respect to these coordinates. Similarly,
denote by (01,...,d,) the matrix whose jth column consists of the coefficients of ¢; with respect
to the coordinates uq,...,u,. We abbreviate mso := 7|so and 7y := w|x. There is a matrix
equality
(33) [Tﬂ'zo]'(dl,...,éﬂ):(517...,5H)0ﬂ',

where [Twyo] is the Jacobian matrix of m with respect to the chosen coordinates. Let 7# be
obtained from 7 by omitting the pth component, and let (41, ..., ‘Su)ﬁ denote the submatrix of
(01,...,9,) obtained by omitting its pth row and column. Then (3.3) gives

[Trfo] - (O1,- -, 0u—1) = (81, 8u) o,
so that

(3.4) det[Tlo] det (01, . .., 0,—1) = m, om.

We will now compute det[T'r4,] in terms of F. Because g, = 1, u, does not appear in the
equations of ¥, s0 0y, € T(5,,)E for all (z,u) € X. It follows that at any point of 0, Tzuw)2
has a basis consisting of a basis of T(,w)EO followed by the vector d,,. With respect to such a
basis, the matrix of [T'ry] takes the form

[Trs] = [ngo ﬂ

from which it follows that
(3.5) det[T'rs,] = det[Tns)].

In order to express the latter in terms of F', we compare two representations of the zero-
dimensional Gorenstein ring

(3.6) Os[(ur,...,uy) = Os/n*mg = Oy [(Op, (F), ..., 00, (F),u1,...,u)

as a quotient of a regular C-algebra. In both cases, by [SS75, (4.7) Bsp.], the socle is generated
by the Jacobian determinant of the generators of the respective defining ideal. The first rep-
resentation then shows that the socle is generated by det[T'wys], the second one, that it is also
generated by the (relative) Hessian H = det(9%F/0x?) of F. Hence, up to multiplication by a
unit, we obtain

(3.7) det[I'rs] = H

in Os/(u1,...,u,). It is easy to see that the non-immersive locus of 7y, is the vanishing set of
H. This, together with (3.7), shows that det[T'7s0] = H. Now combining (3.4), (3.5) and (3.7),

det (01, ..., 0,—1) = (mlom)/H,

and so is a reduced defining equation for A = V(mf o m). Finally, each Sj is tangent to

A = (mg0) ' (A) at its smooth points, since 0; is necessarily tangent to the non-normal locus
AN D of D. The theorem now follows by Saito’s criterion. O

Remark 3.3. Computation with examples appears to show that closure
C,:=A\V(H)

is also a free divisor.
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We now go on to show first that the divisor D + V(m/) is free and then (see Corollary 3.8)
that all adjoints are isomorphic. Just as in §2, our proof makes use of the representation of
Der(—log D) on 71, and relies on the surjectivity of dm/;: Der(—log D) — Z1.

Proposition 3.4. Assume that d —dy +2d; #0#d—d; fori=1,...,u. Then
dml,(Der(—log D)) = 7.
Inclusion of the left hand side in the right is a consequence of the Der(— log D)-invariance of
Z1. To show equality, it is enough to show that it holds modulo mg.%#;. This will cover most of

the remainder of this section.
Denote by A = (A )1<Z j<u the linear part of A, and let §; = > i juiOy, be the linear part of

;.
Theorem 3.5. The entries of A are given by )\;- = > _1 {995, gk)wruk. In particular,
B %
Ao = > (GiFj> Gk)oWr k-
k=1
Proof. Since xo(F) € Ji!, we have
F= X( ) = 51 Zwk’ukgk mod Jrel,

k
and hence

N = (Gi, Fg;) = (0G5, F) = <gigjvzwkukgk> > (GiGss gr)wr.
P

k

We call a homogeneous basis g of My self-dual if
(3.8) 9i = Gu+1-i-
Lemma 3.6. M; admits self-dual bases.

Proof. Denote by W; C My the subspace of degree-d; elements. The space W; is 1-dimensional
generated by the Hessian of f. Therefore W; and W, are orthogonal unless d;+dj = di, in which
case (-, ), induces a non-degenerate pairing W; @c Wy, — C. If j # k, one can choose the basis of
W; to be the reverse dual basis of a basis of W},. Otherwise, W; = W}, and (since quadratic forms
are diagonalizable) there is a basis of W; for which the matrix of (-,-), is diagonal. Self-duality
on W; is then achieved by a coordinate change with matrix

0 .'. '.' O O t. . O
1 1
! ! or 1
A —1 .
1 —1
i 0 ('). —Oz' 0 . L0
) 0 0 —q

where ¢ = v/—1, for dimc(W;) even or odd, respectively. A self-dual basis of M} is then obtained
by joining the bases of the W; constructed above. 0
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Let T‘n; be the (1 — 1)-jet of mg», that is, the corresponding minor of A.

Lemma 3.7. Suppose g is an Og-basis for Os; whose restriction to My is self-dual, and that
d # d; # 0. Then the following equalities hold true:

(a) mgF1 = F1NmGOs and Fy is minimally generated by mY', ..., mk. In particular, mj = m/
mod mgFy fori=1,...,u.

(b) di(mhy) = £(d —dy +2d;)mly, ; fori=2,...,p.

(¢) 61(mf) =mt mod C*.

Proof. As w; = d —d; # 0 by hypothesis, we may introduce new variables v; = wju; for

i =1,..., 4. Under the self-duality hypothesis, Theorem 3.5 implies that the matrix A has the
form

vl U2 e .« .. Ull/—l U,,L
Vo K e * Uy 0
(3.9) A=
*
Vp—1 Uy .
v, 0 cer e e 0

where * entries do not involve the variable v,. For the first row and column, this is clear. For
the remaining entries, we note that, by Theorem 3.5, v, appears in 5\;- if and only if

0 # <gigjvgu>o = <giagj>o'
By the self-duality assumption (3.8), this is equivalent to i+j = p+1, in which case (§;§;,9,) = 1
and N, = v,

As in the proof of Theorem 1.1, it is convenient to use ¢ to denote the sign of the order-
reversing permutation of 1,...,u— 1. From (3.9) it follows that Fnﬁﬂ_i involves a distinguished
monomial v;vi ™2, with coefficient (—1)#~*~'sfor i =1,...,u—1 and ¢ for i = y; this monomial
does not appear in any other minor mz 41— for # j. This implies (a).

In order to prove (b), assume, for simplicity of notation, that A and § are linear, and fix

i € {2,...,p — 1}; the case i = p is similar. We know that §;(m/) is a linear combination of
my,...,mk. We will show that
(3.10) Si(mh) = (=1)""Mwy — 2wy —ipr)ml iy,

by computing that the coefficient ¢; ; of the distinguished monomial vjvﬁ_Q in (5i(mﬁj) satisfies
(3.11) cij = (=12 (wy — 2w,—i11)0i ;.
The self-duality assumption (3.8) implies that dy — dy = dp = dy—¢41. Using wy = d — dy, this
gives

wi —2wy—ip1 =d—dy +2d,—i41 —2d =d — di + 2dy — 2d; — 2d = —(d — di + 2d;).
So (b) will follow from (3.10).

By linearity of ¢;, the only monomials in the expansion of m/; that could conceivably contribute
to a non-zero c; ; are of the following three forms:

p—1 2 . n—3
(3.12) /A T A TN A

The first monomial does not figure in the expansion of m/;. Monomials of the other two types
do appear. The second type of monomial in (3.12) must satisfy j = 1 and arises as the product

(3.13) (—1)P 2= = ()P 2IMAZ A, T
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Monomials of the third type in (3.12) must satisfy kK = u — j + 1. Each such monomial arises in
the expansion of m/; in two ways, which coincide when j =y —j + 1:

(3.14) (1P Prwjupul = = (1PN NI e
-3 -3 -3 .41 2 j—1 iy j+1 -1
(3.15) (=P wjopvl ™ = (=D)F 7N, Ay )‘thj+2)‘]1)‘f¢7j S NS
In terms of the coordinates v1,...,v,, §; contains monomials
(3.16) Wiy, = w100y, ,
(3.17) W Ou, iy = Wy it 1000,y -

Now (3.16) applied to (3.13) contributes wy(—1)""2¢ to ¢; ;, (3.17) applied to one or two copies
of (3.14) for i = j contributes 2(—1)* 31w, ;11 to ¢;; in both cases. There are no contributions
to the coefficient of any other distinguished monomial.

We have proved (3.10), from which (b) follows; (c) is clear, since d; is the Euler vector field. O

By Nakayama’s lemma, Proposition 3.4 now follows immediately from (3.2) and Lemma 3.7.

The next result, closely analogous to Corollary 2.9, follows from Proposition 3.4 by the same
argument by which Corollary 2.9 is deduced from Proposition 2.8.

Corollary 3.8. Assume the hypothesis of Proposition 3.4. Then any two adjoint divisors of D
are isomorphic by an isomorphism preserving D. ([

Proposition 3.9. Let D = V(h) and A =V (m) be divisors in S, and suppose that D is a free
divisor. Let .F be the Og-ideal dm(Der(—log D)), and suppose that m € .F. Then the following
two statements are equivalent:

(1) depthy, # = p— 1.

(2) D+ A is a free divisor.

Proof. Apply the depth lemma (see [BH93, Prop. 1.2.9]) to the two short exact sequences:

0 (m) 7 F [ (m) — 0
0 — Der(—log(D + A)) —— Der(—log D) —+ .% / (m) —— 0 O

Proof of Theorem 1.2. By Corollary 3.8, we may assume that A = V(mfj). Recall that
dml;(Der(—log D)) = 73

by Proposition 3.4 and hence depth,,.#1 = u — 1 by the Hilbert-Burch Theorem (see [BH93,
Thm. 1.4.17]). So Proposition 3.9 with m = m/ and .7 = 7, yields the claim. O

Remark 3.10. We remark that the very simple deduction of Theorem 1.2 from Propositions 3.4
and 3.9 does not have a straightforward analogue by which Theorem 1.1 can be deduced from
Propositions 2.8 and 3.9. Firstly, the image D of a stable map-germ f : (C",0) — (C™*1,0) is
not free: Der(—log D) has depth n and not n + 1. Secondly, there can be no way of adapting
the argument to deal with this difference without some other input, since when f is the stable
germ of corank 2 of Example 2, the corresponding map Der(—log D) — % is surjective, and
1 has depth n, but even so Der(—log(D + A)) is not free.

We conclude this section with a description of the relation between the adjoint divisor of D and
the bifurcation set of the deformation. For u € S, we set X, := ng(u) and define f,: X, —» T
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by fu(z) := F(x,u). We consider S’ := (C*~!,0) with coordinates v’ = uy,...,u,_1, and we
denote by

(3.18) p:S—= S u—,

the natural projection forgetting the last coordinate. Recall that the bifurcation set is the set
B C S’ of parameter values u' such that f,, := f(, o) has fewer than p distinct critical values.
The coefficient u,, of g, = 1 is set to 0 since it has no bearing on the number of critical values. The
bifurcation set consists of two parts: the level bifurcation set B, consisting of parameter values
u’ for which f,, has distinct critical points with the same critical value, and the local bifurcation
set By where f, has a degenerate critical point. H. Terao, in [Ter83], and J.W. Bruce in [Bru85]
proved that B is a free divisor and gave algorithms for constructing a basis for Der(— log B).
The free divisor B is of course singular in codimension 1. The topological double points (points
at which B is reducible) are of four generic types:

e Type 1: f, has two distinct degenerate critical points, 1 and x».

e Type 2: f,, has two distinct pairs of critical points, x1, xo and x3, x4, such that

fur (wl) = fu/(xQ) and fy/ (x?)) = fu (x4)

e Type 3: f, has a pair of critical points x1; and zo with the same critical value, and also a
degenerate critical point x3.

e Type 4: f, has three critical points x1,x2 and x3 with the same critical value.
In the neighborhood of a double point of type 1, 2 or 3, B is a normal crossing of two smooth
sheets. In the neighborhood of a double point of type 4, B is isomorphic to a product

By x (CF2,0),
where By = V (uv(u —v)) C (C?,0).
Proposition 3.11. For any adjoint divisor A for D, (3.18) induces a surjection
(3.19) p: DNA— B.

Proof. A point u € S lies in D N A if the sum of the lengths of the Jacobian algebras of f,
at points x € f;1(0) is greater than 1. The sum may be greater than 1 because for some x
the dimension of the Jacobian algebra is greater than 1 — in which case f,, has a degenerate
critical point at x — or because f, has two or more critical points with critical value 0. In either
case, it is clear that p(u) € B. If v/ € B, then f,, has either a degenerate critical point or a
repeated critical value (or both). In both, cases let v be the corresponding critical value. Then
(u',—v) € DN A, proving surjectivity. O

Remark 3.12. The projection (3.19) is a partial normalization, in the sense that generically,
topological double points of v’ € B of types 1, 2 and 3 are separated. Indeed, in each such
case f,, has two critical points with different critical values, and hence with different preimages
under p. However, a general point u’ of type 4 has only one preimage, (v, — f(u,0)(2:)), in DNA.
Generically, at such a point D is a normal crossing of three smooth divisors, and D N A is the
union of their pairwise intersections. Thus By is improved to a curve isomorphic to the union of
three coordinate axes in 3-space.

Finally, our free divisors D + A and A of Theorems 1.2 and 3.2, and the conjecturally free
divisor C, of Remark 3.3, fit into the following commutative diagram, in which A is any adjoint
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divisor for D, and the simple and double underlinings indicate conjecturally free and free divisors.

WHV@&/’?:\\\

(e é( 2\][
por| por| DNA—— DD+ A
pl

2
<%
lsy

4. PULL-BACK OF FREE DIVISORS

In this section, we describe a procedure for constructing new free divisors from old by a
pull-back construction. It is motivated by Example 2.4.(5).

Theorem 4.1. Suppose that D = Ule D; c (C™0) =: X is a germ of a free divisor. Let
f: X =Y :=(CF0) be the map whose ith component f; € Ox, fori = 1,...,k, is a reduced
equation for D;. Suppose that, for j =1,...,k, there exist vector fields e; € ©x such that

Let N := V(y1---yx) C Y be the normal crossing divisor, so that D = f~Y(N). Let E C Y

be a divisor such that N + E is free. Then provided that no component of f~(E) lies in D,
fTYUN+E)= D+ f~YE) is a free divisor.

Proof. The vector fields €1, ...,&, can be incorporated into a basis €1, ...,&, for Der(—log D)
such that (4.1) holds for j = 1,...,n and hence
k e
3 wf(y;oy,), ifj<k,
4.2 tfle;) = dfi(e;)0,, = i
(42) /e = Ji(:)y. {0, otherwise.

Any Saito matrix of N + E can be written in the form Sy, g = Sy - A, where

SN - diag(yh e 7yk)
is the standard Saito matrix of N and A = (a; ;) € O%**. Then, by Saito’s criterion, h := det A
and g := y; - - - y, h are reduced equations for £ and N + F respectively. For j = 1,...k, consider
the vector fields v, := Zle a; YOy, € Der(—log(N + E)) whose coefficients are the columns of

Sn+r and let
k

0; = Z(ai’j o fle; € Ox.
i=1
By (4.2), we have tf(9;) = wf(v;); by construction of the v;, it follows that
d(g o f)(0;) = (dg(vj)) o f € (9o [)Ox,
so that 9; € Der(—log f~}(N + E)), and moreover ¢; € Der(—log f~1(N + E)) for j > k.
Let Sp be the Saito matrix of D, whose columns are the coefficients of the vector fields
€1,...,En. The matrix of coefficients of the vector fields o1, ..., 0k, k41, --,En is equal to

Aof 0
oo (570
and thus its determinant det(Sp)- (ho f) defines D+ f~}(E) = f~1(N+ E). By Saito’s criterion,
this shows that the latter is a free divisor, provided
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(1) ho f is reduced and
(2) ho f has no irreducible factor in common with f - - f.

Now hof is reduced where f is a submersion. So provided no component of f~*(E) is contained in
the critical set ¥ ¢ of f, hof isreduced. In fact ¥ = Dsgjng. To see this, consider the “logarithmic
Jacobian matrix” (€;(f;))1<i<n,1<j<k of f. The determinant of the first k& columns is equal to
fi-+ fx; thus fi--- fi is in the Jacobian ideal of f, so ¥y C D. Thus Dgjng = DN Xy = Xy
This shows that condition (2) above implies condition (1). O

Ezample 4.2. Let D :=V(x1---x,) C (C",0) be the normal crossing divisor, define
f:(C",0) = (C*0)

by f(z1,...,2n) = (&1 Tk, Tpq1- -~ Tp), and let g € Oc2 o be any germ not divisible by either
of the coordinates. Take N := V(y1y2) and E := V(g(y1,y2)). By Theorem 4.1 it follows that
V(xy - 2ng(x1 -+ Tk, Tpr1 -+ Ty)) is a free divisor. The condition that no component of f~1(F)
should lie in D is guaranteed by the requirement that neither y; nor y, should divide g(y1, y2).

The existence hypothesis (4.1) in the theorem is not fulfilled for every reducible free divisor.
In the graded case, the vector fields €; must have degree zero. If D is the discriminant of a versal
deformation of a weighted homogeneous isolated hypersurface singularity meeting the hypotheses
of Theorem 1.2, and A is an adjoint divisor, then D + A is free but the only vector fields of
weight zero in Der(—log D) are multiples of the Euler field. Thus, hypothesis (4.1) cannot hold.

However there is an interesting class, namely linear free divisors, for which this requirement
always holds. We recall from [GMNRSO09] that a free divisor D in the n-dimensional vector
space V is said to be linear if Der(—log D) has a basis consisting of vector fields of weight 0.
The linear span Der(—log D)¢ of the basic fields is an n-dimensional Lie algebra. It is naturally
identified with the Lie algebra of the algebraic subgroup ¢: Gp < GL(V) consisting of the
identity component of the set of automorphisms preserving D. It follows that (V,Gp,¢) is a
prehomogeneous vector space (see [SK77]) with discriminant D.

Let D C V be a linear free divisor and D = Ule D; a decomposition into irreducible
components. The corresponding defining equations f1,..., fr are polynomial relative invari-
ants of (V,Gp,t) with associated characters xi,...,xx; that is, for ¢ € Gp and z € V,
filgxz) = x;(g)fj(x). These characters are multiplicatively independent, by [SK77, §4, proof
of Prop. 5|. Let gp denote the Lie algebra of Gp. By differentiating the character map
X = (X1,---,X&): G — (C*)* we obtain an epimorphism of Lie algebras dx: gp — CF. This

yields a decomposition
k

gp = kerdx & @Csi, dxi(ej) =6 ;.
i=1
For ¢ € gp, the equality f;(gz) = x:(9)fi(x) differentiates to §(f;) = dx;(0) - fi, which implies
(4.1). We have proved

Proposition 4.3. Any germ of a linear free divisor D satisfies the existence hypothesis (4.1) of
Theorem 4.1. O

Ezample 4.4. Let 0;(y) be the ith symmetric function of y = y1,...,yx and set N := V(ox(y))
and E :=V(ok_1(y)). As seen in Example 2.4.(5), the divisor N + F is free. So by Theorem 4.1
and Proposition 4.3, for any germ D of a linear free divisor with distinct irreducible components
D; = V(f;), the divisor germ V(% (f1,---, fx)ok—1(f1,..., fx)) is also free. No component of
V(eg—1(f1,--., fr)) can lie in D, since were this the case, some f; would divide o—1(f1,-. -, fk)

~

and therefore would divide f1--- f; -+ fx-
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If each of the D; is normal, then in fact f~1(E) is an adjoint divisor of the normalization
of D. As the singular locus of any free divisor has pure codimension 1, the singular locus of D
is equal to its non-normal locus. The ring of functions on the normalization D = ]_[f=1 D; has
presentation matrix diag(fi,..., fx). Thus V(og_1 o f) is an adjoint divisor of D.

There is another class of divisors that fits naturally into the setup of Theorem 4.1, namely
that of hyperplane arrangements.

Proposition 4.5. Given the hypothesis (4.1), any germ N+ E of a free hyperplane arrangement
automatically satisfies the hypothesis on f~1(E) in Theorem 4.1.

Proof. By assumption, N =V (y1,...,y) and E = {J;, | H; where H; = V ({;) for some linear
equation 4;(y) = Zj a;jyj for i =k 4 1,...,m. We need to show that no component of any of
the ¢; o f is divisible by any f;. Suppose to the contrary that ¢;0 f = g- f;. For s # t, 5 applied
to this equation gives «; sfs = €5(g) - fi. Since f; cannot divide f,; as D is reduced, it follows
that a; s = 0 for any s # ¢, and thus ¢; = «a; +y:. This is absurd since A is supposed reduced. [

Combining Propositions 4.3 and 4.5 proves

Corollary 4.6. Let A = U:il H; C (C*,0) be the germ of a free hyperplane arrangement
containing the normal crossing divisor {y1 - - - yx = 0}, and let D C (C™,0) be the germ of a linear
free divisor whose irreducible components have equations fi, ..., fr. If f: (C*,0) — (C*,0) is
defined by f(z) = (fi(x),..., fu(x)), then f~1(A) is a free divisor.

Note that the corollary applies to any essential free arrangement, once suitable coordinates
are chosen.
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GENERICITY OF CAUSTICS ON A CORNER

TAKAHARU TSUKADA

Dedicated to Professor Masahiko Suzuki on his sixtieth birthday

ABSTRACT. We introduce the notions of caustic-equivalence and weak caustic-equivalence re-
lations of reticular Lagrangian maps in order to give a generic classification of “shapes” of
caustics on a corner. We give the figures of all generic caustics on a corner in a smooth
manifold of dimension 2 and 3 under these equivalence relations.

1. INTRODUCTION

Lagrangian singularities can be found in many problems of differential geometry, calculus
of variations and mathematical physics. One of the most successful applications is the study
of singularities of caustics. For example, the particles incident along geodesics from a smooth
hypersurface V"~! in a Riemannian manifold M™ to conormal directions define a Lagrangian
submanifold at a point in the cotangent bundle. The caustic generated by the hypersurface

(2.1,

G

Q.1

FI1GURE 1. Example of caustics on a corner

is regarded as the caustic of the Lagrangian map defined by the restriction of the cotangent
bundle projection to the Lagrangian submanifold. In [5] we investigated the theory of reticular
Lagrangian maps, which is a generalized notion of Lagrangian maps and can be described as
stable caustics generated by a hypersurface germ with a boundary(r = 1), a corner(r = 2), or an
r-corner in a smooth manifold. In [6] we gave classification lists of generic caustics in the case
r = 0,1 respectively. In the case r = 2, that is the initial hypersurface has a corner, the method
used in [6] does not work well by the modality of generating families since the transversality
theorem can not work in this case.

In the case r = 2 we consider the following situation: Let V be a 2-dimensional hypersurface
germ in a 3-dimensional manifold M. We suppose that V is the light source with a corner and
there exist local coordinates (1, 22, x3) such that V = {(z1,22,0) € (R3,0)|z1 > 0,22 > 0}. We
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FIGURE 2. Example of caustics on a boundary

consider that the light rays are incident from each of V, Vi =V n{z; =0}, Vo =V n{as =0},
and V7, = VN {x; = 2 = 0} to the conormal directions, where Is = {1,2}. We denote them by
LY, LY, LY, L], respectively. Then they are reduced to the following normal forms by a suitable
symplectic diffeomorphism on (T*R3,0):

Lg = {((Lp) € (T*R370)|QJ = pIz\O‘ =4q3 = 07q12\a > 0}7

for o = 0,1,2, 5. Then all LY are transposed around a point in T*M by a symplectic diffeo-
morphism S on T*M along geodesics. By taking a Lagrangian equivalence around this point,
we may assume that S is given by S : (T*R3,0) — (T*R3,0). Let

L = {(q,p) € T"R*|q1p1 = q2p2 = g3 = 0,1 > 0,2 > 0}

be a representative as a germ of the union of all LY.
We define i = S|p. Let m: (T*R3,0) — (R3,0) be the canonical Lagrangian projection. We
consider the following map

(L,0) —= (T*R3,0) = (R3,0).
We define the caustic of 7 o to be the union of the caustics C, of the Lagrangian maps 7 oi|ro

for all o C Iy and the quasi-caustic Qy» = woi(LY N LY) for all 0,7 C I.(0 # 7).
In the case r = 2, the caustic of T o7 is

CoUC1UCUCH 23 UQp1UQp2UQy 12y UQ2 12}

Then the quasi-caustic @), expresses the intersection of light rays incident from V, and V.

Our purpose is the investigation of generic caustics under perturbations of S. All functions
and maps are smooth, unless stated otherwise.

We here give a review of the theory of reticular Lagrangian maps which is developed in [5].

Reticular Lagrangian maps: Let I, = {1,...,r},
L={(¢,p) eT"R"| ap1 = = @Pr = @r41 ="+ = ¢ = 0,91, = 0}
be a representative of the union of

Lg = {(CLP) € (T*ano)‘%f =Pr\oe =4r+1 = """ =(4n = anlr\cr > 0}
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for all o C I.. We write g, = 0 for the condition ¢; = 0 for all ¢ € o and write g, > 0 for
the condition ¢; > 0 for all i € o and write other notations analogously. The set L is the
normalization of the particles incident from the o-edge V, := V N {g, = 0} of the light source
hypersurface V = {(q1,...,q) € (R™,0)|qa > 0,...,¢- > 0,g, = 0} with an r-corner for some
local coordinate system ¢ of M to conormal directions. Let m : (T*R™,0) — (R™,0) be the
canonical Lagrangian projection.

A map germ woi: (L,0) — (T*R",0) — (R",0) is called a reticular Lagrangian map if there
exists a symplectic diffeomorphism germ S on (T*R™,0) such that i = S|p.

We note that the particles incident from all V,,’s to the conormal directions are mapped along
geodesics. This map is extended to the reticular Lagrangian immersion ¢ which is the generalized
notion of Lagrangian immersion.

Equivalence relation: We call a symplectic diffeomorphism germ ¢ on (T*R™,0) a reticular
diffeomorphism if (L%) = LY for o C I,. We say that reticular Lagrangian maps

moiy,moig: (L,0) = (T*R",0) — (R",0)

are Lagrangian equivalent if there exist a reticular diffeomorphism ¢ and a Lagrangian equivalence
O (a symplectic diffeomorphism which preserves the fiber of ) such that the following diagram

is commutative:
s

(L,0) % (T"R™,0) = (R™,0)
ot el g1
(L,0) -2 (T*R",0) = (R",0),
where ¢ is the diffeomorphism of the base space of 7 induced by O.

It may be thought that a reticular diffeomorphism does not have to be a symplectic diffeo-
morphism. But a reticular diffeomorphism consists of compositions of two symplectic diffeomor-
phisms and a Lagrangian equivalence, it follows that a reticular diffeomorphism is automatically
a symplectic diffeomorphism. We also remark that if two reticular Lagrangian maps 7 o ¢; and
moiy are Lagrangian equivalent, then the Lagrangian maps mo1,| ro and oz | o are Lagrangian
equivalent for each o C I,..

Let U,V be open sets in R™, R™2 respectively. We denote by C>°(U, V') the set which consists
of smooth maps from U to V. We define

Ny(l,e, K)={ g€ C=(U,V) | |Dg— fle| <eVz € K,|a| <}

for each f € C*>°(U,V),l € N,e > 0 and compact set K in U. Then the family of sets N¢(l,¢, K)
forms a basis for the C*°-topology on C*°(U, V).

Let U be an open set in T*R"™, and S(U,T*R"™) be the set which consists of symplectic
embeddings from U to T*R"™. We equip S(U, T*R™) the induced topology from C°°-topology
of C*°(U, T*R™). We define S(T*R™,0) to be the set of symplectic diffeomorphism germs on
(T*R™,0).

We say that a reticular Lagrangian map m o : (L,0) — (T*R"™,0) — (R™,0) is stable if the
following holds: For any extension S € S(T*R™,0) of i and any representative S € S(U, T*R") of
S, there exists a neighborhood Ng of S such that for any T € N 5 the reticular Lagrangian maps
7o (T|y, at xy) and 7 o i are Lagrangian equivalent for some zo = (0,--- ,0, P, P e,
where the map (T'|y, at x) is given by z(€ L) — T'(x + z¢) — T(20).

Generating family: Let H" = {(z1,...,2,) € R"|z1 > 0,...,2, > 0} be an r-corner. We
denote by E£(r; k) the set of all germs at 0 in H" x R* of smooth maps H" x R¥ — R and set
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M(r; k) ={f € E(r; k)| f(0) = 0}. We write E(k) for £(0; k) and M(k) for W(0; k). Then E(r; k)
is an R-algebra in the usual way and 9(r; k) is its unique maximal ideal.

We denote by J'(r + k,p) the set of I-jets at 0 of germs in £(r;k,p). There are natural
projections:

12 E(mk,p) — JHr+kp)ml TN (r 4 kp) — TR (r + k,p) (> 12).
We write 5! f(0) for m,(f) for each f € E(r;k,p).
A function germ F(x,y,q) € M(r; k +n)? is called S-non-degenerate if

oF OF OF oF

X1, ,X —_ e e — — ... —_
) ) Ty 8‘%1’ 7axr7ay1’ ’ayk

are independent on (H* x R¥*™ 0), that is

0’°F  9°F
rank %xzél)%/ %ng_? =r+k.

dydy Oyodq ]

We say that an S-non-degenerate function germ F(x,y,q) € M(r;k + n)? is a generating
family of a reticular Lagrangian map 7 o i if F|,_—o is a generating family of the Lagrangian
map 7 oi|ro, that is

oF  OF
a-TI,\\U ay

, oF —
i(Lg) = {(g, g @y 0) € (TR, 0)[z = = 0,27\, > 0}

for o C I,.

Generating families of reticular Lagrangian maps with caustics of Figure 1,2 are given as
follows:
Figure 1(left): (x17x27q1u @) = af - T1 + a3 + N + qaw2,
Figure 1(right): F(x1,%2,q1,q2,q3) = 23 — 21202 — T3 + 171 + @272 + q323,
Figure 2(left): F(x,q1,q2) = 2> + 122 + o,
Figure 2(right): F(z,q1,q2,q3) = 2* + 12° + 2% + q 2.
We showed that the Lagrangian maps of figure 2 are stable in [5].

We calculate the caustic of the first example: The canonical relation
Py = {(w,i(2)) € (L x TR, (0,0))}

of i is given by the generating family H(Q1,Qa, q1,42) = Q2 — Q1Q2 + Q3 + Q1q1 + Qags such
that

0OH 0OH OH OH
Pi = ) ) ) ’ s 42,
{(Q1,Q2,— 90, 90, M By an)}

= {Q13Q27 _2Q1 + Q2 - Q17Q1 - 2Q2 - Q2»(J17Q27Q1>Q2)}-
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Therefore we have that

OF OF OF OF

(L) =Ly = {(q1,q, o0 87(12) € (T*R?,0) T 0}
= {(-2x1 + 22,21 — 222,21, 22) },
) =10 = {la. 50001 = g =0} = {(an,~202,0.22))
L9 =La = {la. 50 = 5o =0} = {(~201.42,20,0)
(o) = Loy = {0 5len =22 =0} = {(a1,42,0.0))

Therefore Cp = C1 = Cy = Cy1 9y = 0.
Qo1 = {(w2,~222) € (R?,0) |2 2 0}, Qo3 = {(~2w1,21) |1 > 0},

Ql,{l,Q} = {(QLO)})QZ{LQ} = {(OvQ2)}'
Stability of unfoldings: We recall the theory of unfolding which is developed in [5, p.583

Section 4]. Let (z,y) = (z1,.-,%r,Y1,---,Yk) be a fixed coordinate system of (H” x R¥, 0). We
denote by B(r; k) the group of diffeomorphism germs on (H" x R¥,0) of the form:

®(z,y) = (2101 (2,9), - .-, 201 (2,7), 63(2,9), . .., $5(,7)).

We also denote by B, (r; k+n) the group of diffeomorphism germs on (H” x R¥+"_0) of the form:

(z,y,q) = (2161 (2,9, Q) - . ., 2,07 (2,9, 0), 03(2, Y, Q)5 - - - , D5 (2,9, ),
B(q), ..., o%(q)).

We write ®(z,y, q) = (xd1(z,y,q), d2(x,y,q), d3(q)), x% = (xl%, ceey xr%) and write other

notations analogously.

We say that f,g € E(r;k) are reticular R-equivalent if there exists ¢ € B(r; k) such that
g=1/fo¢.

We say that F,G € E(r;k + n) are reticular P-R* -equivalent if there exist ® € B, (r;k + n)
and a € M(n) such that G(z,y,q) = F o ®(z,y,q) + a(q) for (x,y,q) € (H" x RE*" 0). We say
that F' € E(r; k1 +n) and G € E(r; ke + n) are stably reticular P-R*-equivalent if F' and G are
reticular P-R*-equivalent after the addition of nondegenerate quadratic forms of y.

We say that a function germ f € M (r; k) is R-simple if the following holds: For a sufficiently
large integer [, there exists a neighborhood N of j'f(0) in J!(r + k, 1) such that N intersects
with a finite number of R-orbits. By [1] we have that:

Theorem 1.1. (see also [2, p.279]) An R-simple function germ in M(1; k)? is stably R-equivalent
to one of the following function germs:

Bf 42! (1>2), CFf:xy+y' (1>3), Fi:+a?+y°

Let U be an open set in R™. We equip C°(U,R") with the C*°-topology. Let f € IMM(r; k)
and F € 9M(r; k+n) be an unfolding of f. We say that F is reticular P-R ¥ -stable if the following
condition holds: For any neighborhood U of 0 in R"t¥*" and any representative F € C*>(U,R) of
F, there exists a neighborhood Nz of F such that, for any element Ge Ng, the germ G
at (0,90, qo) is reticular P-RT-equivalent to F' for some (0,0, qo) € U.

H" x Rk+n
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We say that F is reticular P-R* -infinitesimal versal if

af of oF
E(rik) = (==, = )e(r 1, —l|4=0)r-
(’l" ) <x61‘ 8y>5( ik) + < aq |q 0>]R
In [5] we define other stabilities of unfoldings: versatility, infinitesimal stability, homotopical
stability.

As a consequence of Damon’s theory of good action, we have the following theorem:

Theorem 1.2. (see [5, Theorem 4.5]) Let F' € M(r;k +n) be an unfolding of f € M(r; k).
Then the following are all equivalent.
(1) F is reticular P-R* -stable.
(2) F is reticular P-R*-versal.
(3) F is reticular P-RY -infinitesimally versal.
(4) F is reticular P-R* -infinitesimally stable.
(5) F is reticular P-R*-homotopically stable.
The relation between reticular Lagrangian maps and their generating families are
given in the following theorems:

Theorem 1.3. (see [5, Theorem 3.2]) (1) For any reticular Lagrangian map w o i, there exists
a function germ F € M (r;k +n)? which is a generating family of 7o .

(2) For any S-non-degenerate function germ F € 9M(r; k+n)?, there exists a reticular Lagrangian
map of which F is a generating family.

(3) Two reticular Lagrangian maps are Lagrangian equivalent if and only if their generating
families are stably reticular P-R T -equivalent.

We remark that Nguyen Huu Duc, Nguyen Tien Dai and F. Pham proved the same theorem
in the complex analytic category (cf., [3]). But their method does not work well for the C'°-
category because Fy = (1 — ¢)F + tF"” on p.14 may be degenerate at some point in [0,1]. We
solved this problem in [5, p.577-582]. Our method is available for all of C*°, real analytic, and
complex analytic categories.

Theorem 1.4. (see [5, Theorem 5.5] or [6, Theorem 3.1]) Let woi : (L,0) — (T*R™,0) — (R™,0)
be a reticular Lagrangian map with the generating family F(x,y,q) € M(r;k +n)?. Then woi

is stable if and only if F is a reticular P-R7T-stable unfolding of F|4=o.

We investigated the genericity of caustics on an r-corner and gave the generic classification
for the cases r = 0 and 1 in [6]. We also showed that the method in [6] does not work well for the
case r = 2 by the modality of generating families. In this paper we introduce two equivalence
relations of reticular Lagrangian maps which are weaker than Lagrangian equivalence in order
to give a generic classification of caustics on a corner.

2. CAUSTIC- AND WEAK CAUSTIC-EQUIVALENCES

We introduce equivalence relations on reticular Lagrangian maps and their generating fam-
ilies.
Let 7 oi; be reticular Lagrangian maps for j = 1,2. We say that they are caustic-equivalent
if there exists a diffeomorphism germ g on (R™,0) such that

(1) g(CH =02 g(QL)=Q%, foralo,rCI, (0#T).

o, T o, T
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When all C? and QGT
reticular Lagrangian maps 7 o041 and 7 o iy are weakly caustic-equivalent if all C¢ and Qf,’T are
smooth and there exists a homeomorphism germ g on (R™,0) such that g is smooth on all C},

.+ and satisfies (1).

are smooth, we may define weak caustic-equivalence. We say that

We shall define the stabilities of reticular Lagrangian maps under the above equivalence re-
lations and define the corresponding equivalence relations and stabilities of their generating
families.

The purpose of this paper is to show the following theorem:
Theorem 2.1. Let n = 2,3, U a neighborhood of 0 in T*R™, S(T*R™,0) be the set of symplectic
diffeomorphism germs on (T*R™,0), and S(U, T*R™) be the space of symplectic embeddings from
U to T*R™ with the C™-topology. Then there exists a residual set O C S(U, T*R™) such that
for any S € O and z € U, the reticular Lagrangian map 7o S, |]L is weakly caustic-stable or
caustic-stable, where S, € S(T*R™,0) is defined by the map xo — S(z¢ + z) — S(x).

A reticular Lagrangian map 7o S, |1, for any S € O and x € U is weakly caustic-equivalent to
one which has a weak reticular P-C-stable generating family BjE ol BjE 2 B;Ez , or is caustic

equivalent to one which has a reticular P-C-stable generating famlly BQiQO, Bzizig, B;E?,i, B3 2 ,
Cys'

B;'f’;’lz F(x1,70,q1,q2) = 22 £ 1129 + %z% + q1x1 + q212,

B§é+’2: F(x1,22,q1,q2) = 23 £ 2172 + 2% + 171 + @272,

B;{: F(z1,22,q1,q2) = 23 £ 2179 — 2% + 171 + @272,

Bzi,’zoi F(x1,22,q1,92,43) = 7 £ 23 + 11 + @222 + g32122,

Bétéjéi F(z1,22,q1,92,93) = ($1 +39)2 £ x% + q171 + goxo + qsxg,

B;f’gil F(x1,22,q1,92,q3) = 561 A :CQ + q121 + gax2 + Q3$2,

Bgf’zil F(x1,22,q1,92,q3) = $1 + $1$2 + 23 + 111 + qowa + 373,

Cgféi: F(y,z1,22,q1,q2,q3) = £y* + 11y £ 22y + 23 + 1y + @271 + q372.

In order to describe the caustic-equivalence of reticular Lagrangian maps by their generat-
ing families, we introduce the following equivalence relation of function germs. We say that
function germs f, g € £(r; k) are reticular C-equivalent if there exist ¢ € B(r; k) and a non-zero
number ¢ € R such that ¢ = a - f o ¢. We construct the theory of unfoldings with respect
to the corresponding equivalence relation. Then the relation of unfoldings is given as follows:
Two function germs F(x,y,q), G(z,y,q) € E(r; k + n) are reticular P-C-equivalent if there exist
® € B,(r;k+n) and a unit a € £(n) and b € M(n) such that G =a - F o & + b. We define the
stable reticular (P-)C-equivalence in the usual way. We remark that a reticular P-C-equivalence
class includes the reticular P-R1T-equivalence classes.

We review the results of the theory of function germs under this equivalence relation. Let
F(z,y,q) € M(r; k+ n) be an unfolding of f(x,y) € M(r; k).

We say that F' is reticular P-C-stable if the following condition holds: For any neighborhood
U of 0 in R™**" and any representative F € C*>(U,R) of F, there exists a neighborhood Nz
of F in the C™-topology such that for any element G € N the germ Glurxri+n at (0,70, qo) is
reticular P-C-equivalent to F' for some (0,yo,q0) € U.
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We say that F' is reticular P-C-versal if all unfoldings of f are reticular P-C- f-induced from
F. That is, for any unfolding G € M(r; k + n') of f, there exist a map germ
@ : (H" x RFt™ 0) — (H" x RF",0)
and a unit a € £(n’) and b € M(n') satislying the following conditions:
(1) ®(z,y,0) = (z,9,0) for all (z,y) € (H" x R¥,0) and a(0) = 1, b(0) =0,
(2) @ can be written in the form: ®(z,y,q) = (z¢1(2, v, q), d2(z, v, q), #3(q)),
(3) G(x,y,9) = a(q) - F o ®(x,y,q) + b(g) for all (z,y,q) € (H" x RET™,0).

We say that F' is reticular P-C-infinitesimally versal if

of of
) E(rik) = (w50 Tetrm + (1 £, G lamoli
We say that F' is reticular P-C-infinitesimally stable if
OF OF OF

g(’l‘;k + ’I’L) = <$%, aiy>5(r;k+n) + <17F7 87q>5(n)

We say that F' is reticular P-C-homotopically stable if for any smooth path-germ
(R,0) = E(r;k+n),t — F;
with Fy = F, there exists a smooth path-germ
(R,0) = Bu(r;k+mn) x E(n) x E(n),t — (P, at, by)

with (®g, ag,bo) = (id, 1,0) such that each (@, as, b;) is a reticular P-C-isomorphism from F' to
Fy, that is F; = a; - F o ®; + b; for t around 0.

The following theorem is used to prove that the stabilities of reticular Lagrangian maps and
their generating families are equivalent.

Theorem 2.2. (cf., [5, Theorem 4.5]) Let F' € M(r;k + n) be an unfolding of f € M(r; k).
Then the following are all equivalent.

) F' is reticular P-C-stable.

) F' is reticular P-C-versal.

) F is reticular P-C-infinitesimally versal.

) F is reticular P-C-infinitesimally stable.

) F is reticular P-C-homotopically stable.

(1
(2
(3
(4
(5

For a non-quasihomogeneous function germ f(z,y) € M(r; k), if 1, f, a1,..., a, € E(r;k) is
a representative of a basis of the vector space

of of
Ers k) /(x5 ' Dy So)E(rik)
then the function germ f 4+ a1q1 + -+ + angn € M(r; k + n) is a reticular P-C-stable unfolding
of f by (2). We call n the reticular C-codimension of f. We remark that the dimension of the
vector space is (n + 2), but the reticular C-codimension is n.

If f is quasihomogeneous then f is included in (x af; , ay) £(r;k)- This means that the reticular
C-codimension of a quasihomogeneous function germ is equal to its reticular R*-codimension.
Therefore if 1, a4, ..., a, € £(r; k) is a representative of a basis of the vector space, the function
germ f 4+ ajqr + -+ + angn € M(r; k 4+ n) is a reticular P-C-stable unfolding of f. In this case
the dimension of the vector space is (n + 1), but the reticular C-codimension is n.
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We define the simplicity of function germs under the reticular C-equivalence in the usual way
(cf., the definition before Theorem 1.1).

Theorem 2.3. (cf., Theorem 1.1) A reticular C-simple function germ in IM(1; k)? is stably
reticular C-equivalent to one of the following function germs:

By :al (1>2), Cf:ay+ey 71=1,1>3), Fi:z2+9°

The relation between reticular Lagrangian maps and their generating families under the
caustic-equivalence are given as follows:

Proposition 2.4. Let woi; be reticular Lagrangian maps with generating families F; for j = 1,2.
If F1 and Fy are stably reticular P-C-equivalent then wo iy and wo iy are caustic-equivalent.

Proof. The function germ F5 may be written as Fy(z,y, q) = a(q)F3(x,y, q), where a is a unit
and F| and F3 are stably reticular P-RT-equivalent. Then the reticular Lagrangian map 7 o i3
given by F3 and 7 o i; are Lagrangian equivalent and the caustic of 7 o i3 and 7 o i3 coincide
with each other. ]

This proposition shows that it is enough to classify function germs under stable reticular
P-C-equivalence in order to classify reticular Lagrangian maps under caustic-equivalence. We
give here the following classification list:

Theorem 2.5. (see [5, p.592]) Let f € M(2;k)? have reticular C-codimension < 3. Then f is
stably reticular C-equivalent to one in the following list.

k  Normal form codim  Conditions Notation

0 2?2+ x179 + axd 3 O<a<i B3yt
2?2 + 2129 + azl 3 a>1 B;;};Q
z? £+ 2129 + az} 3 a<0 By,
x? £ a3 3 B;éé
(71 £ 29)% £ 23 3 Bzﬂt”i3
23+ o + a3 3 B;fé
23+ xywo + 23 3 B;’Qi

1 P +mytay+a3 3 Cgt,f

We remark that the stable reticular C-equivalence class BZ :’; of 2% + x1 29 + x5 consists of the

union of the stable reticular R-equivalence classes of 2?2 + z122 + ax3 and —2% — 2129 — ax3 for
a > 0. Since xlaa—gl, xgaa—x];, f are linear independent, this means that the C-equivalence class of
f is simple. The same things hold for B;E”;S, Biéi, B;’f, C’if.

We also remark that the classification list looks like that of D.Siersma [4, p.126]. But our
equivalence relation differs from his.

3. CAUSTIC-STABILITY

We define the caustic-stability of reticular Lagrangian maps and reduce our investigation to
finite-dimensional jet spaces of symplectic diffeomorphism germs.

We say that a reticular Lagrangian map m o1 is caustic-stable if the following condition holds:
For any extension S € S(T*R™,0) of i and any representative S € S(U, T*R") of S, there exists
a neighborhood Ng of S such that for any S’ € N 5 the reticular Lagrangian map 7 o S| at zo
and 7 o4 are caustic-equivalent for some zy = (0,. .., O,p(T)_H, Pl eU.

Definition 3.1. Let m ot be a reticular Lagrangian map and ! be a non-negative number. We
say that 7w o i is caustic [-determined if the following condition holds: For any extension S of
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i, the reticular Lagrangian map 7 o S’|;, and 7 o i are caustic-equivalent for any symplectic
diffeomorphism germ S’ on (T*R™,0) satisfying j'S(0) = j'S'(0).

Lemma 3.2. Let moi : (L,0) — (T*R",0) — (R™,0) be a reticular Lagrangian map. If a
generating family of woi is reticular P-C-stable then wo i is caustic (n + 2)-determined.

Proof. This is proved in a manner analogous to that of [6, Theorem 5.3]. We give a sketch of
the proof. Let S be an extension of i. Then we may assume that there exists a function germ
H(Q, p) such that the canonical relation Pg has the form:

P = Q.- 55 (@05 (@)p) € (TR < T'RN,0.0)

Then the function germ F'(z,y,q) = Ho(z,y) + (y, ¢) is a reticular P-C-stable generating family
of moi, and Hy is reticular R-(n + 3)-determined, where Hy(x,y) = H(z,0,y). Let a symplectic
diffeomorphism germ S’ on (T*R",0) satisfying j7*2S5(0) = j"T25’(0) be given. Then there
exists a function germ H'(Q,p) such that the canonical relation Pss has the same form for H’
and the function germ G(z,vy,q) = H{(z,y) + (y,q) is a generating family of m o S’|p.. Then
it holds that j"*3Hy(0) = j7"3H{(0). There exists a function germ G’ such that G and G’
are reticular P-R-equivalent and F' and G’ are reticular P-C-infinitesimal versal unfoldings of
Hy(z,y). It follows that F' and G are reticular P-C-equivalent by Theorem 1.2. Therefore 7 o4
and 7o S’|p, are caustic-equivalent. [ ]

Let S'(n) be the Lie group which consists of I-jets of symplectic diffeomorphisms on (7"R, 0).

Orbits of the caustic-equivalence classes B;E”Qﬁ:q), B;E,éjE Bgf’f, C;f: Let [Sx]. be the
caustic-equivalence class of Sx € S(T*R?,0) for each X = B;f& B;’gi B;’f, Cgiéi in Theorem
2.5 such that 7 o Sx|r, has a generating family which is a reticular P-C-stable unfolding of X.
Since the above singularities are reticular C-simple, this means that [j'Sx (0)].(:= 7'[Sx(0)].)
are immersed manifolds in S*(3) for [ > 2.

4. WEAK CAUSTIC-EQUIVALENCE

There exist modalities in the classification list of Theorem 2.5. This means that caustic-
equivalence is still too strong for a generic classification of caustics on a corner. In order to
obtain a generic classification, we need to admit weak caustic-equivalence and the corresponding
equivalence relation on generating families.

We say that a reticular Lagrangian map 7o+ is weakly caustic-stable if the following condition
holds: For any extension S € S(T*R"™,0) of ¢ and any representative Se S(U, T*R™) of S, there
exists a neighborhood Ng of S such that for any S’ € Ng the reticular Lagrangian map o S|
at zo and 7 o7 are weakly caustic-equivalent for some z¢ = (0, ... ,O,pQH, ol eU.

We say that two function germs in 9(r; k + n)? are weakly reticular P-C-equivalent if they
are generating families of weakly caustic-equivalent reticular Lagrangian maps. We say that two
function germs in M (r; k)? are weakly reticular C-equivalent if they have unfoldings which are
weakly reticular P-C-equivalent. We define the stable weakly reticular (P-)C-equivalence in the
usual way.

We say that a function germ F(x,y,q) € M(r;k + n) is weakly reticular P-C-stable if the
following condition holds: For any neighborhood U of 0 in R™"*" and any representative
F € C*(U,R) of F, there exists a neighborhood Nz of F' in the C*°-topology such that for any
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element G € N & the germ G
some (0,0, q0) € U.

mrxri+n at (0,%0,¢0) is weakly reticular P-C-equivalent to F for

. . . +,4,1 +,4,2 +,— . . oy
Orbits of weak caustic-equivalence classes B;',", By3 ", B3} ,: We investigate here

the weak reticular C-equivalence classes B; ’2:2 of function germs. The same methods are valid

1 2 - : 2
for the classes Bi’;a’ , B;&Ta’ , B;éya. So we discuss only the classes B;é—z .

We consider the reticular Lagrangian maps 7 o i, : (L,0) — (T*R2,0) — (R%,0) with the

generating families F,, (11,22, q1,q2) = 3+ 2122 +ax3+q121 + 222 (a > %) We give the caustics
of moi, and 7 o4y for i < a < b. In these figures Q1 1,,@2 1,,Qp 2 are in the same positions.

Oa.1, Oa.1,

Qo2 O1.1, Qo2 O1.1,

Qo.1 Qo

FIGURE 3. the caustics of mo i, FIGURE 4. the caustics of 7 o 4,

Suppose that there exists a diffeomorphism germ g on (R?,0) such that Qi p,, Qo, I, Qp 2 are
invariant under g. Then g can not map (Jy; from one to the other. This implies that caustic-
equivalence is too strong for generic classifications. But these caustics are equivalent under weak
caustic-equivalence. The homeomorphism germ ®% on (R?,0) is given as follows: We consider
the unit circle U with center 0 and let U,, U be the intersection of U and the caustics of 7 o1,
7 o iy, respectively. Then there exists a diffeomorphism ¢® on U such that ¢°(U,) = U, and ¢
depends smoothly on a,b. We extend naturally the source space of ¢% to R? — {0} and define

P! (2) = { ¢Zéx) jfg

Then the map germ ®° at 0 gives a weak caustic-equivalence of 7 o i, and 7 o4,. We remark
that ®% is smooth and depends smoothly on a, b except at the origin. This means that the weak
caustic-equivalence ®. is naturally extended for weak caustic equivalence from the (caustic)
stable reticular Lagrangian map with the generating families

Fl(x1,22,q1,q2,q3) = T7 + 7172 + ax3 + @171 + @272 + q373

to F'(x1,22,q1,4G2,93) = ac% + 120 + x% + q1x1 + gox2. The figure of the corresponding caustic
is given in Figure 8. We also remark that the functions x? + 129 + x% 4+ q1x1 + g2 and
23 + w122 + t23 + q1@1 + 22 are not weakly reticular P-C-equivalent because Qg 1 and Qp; of
their caustics are in the opposite positions to each other.

Then we have that the function germs f,(z) = 2} 4+ 2122 +az3(a > 1) are all weakly reticular
C-equivalent to each other.
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We define the weak reticular C-equivalence class [f,]w of fo by U, 1 [fa]e- We also define the
weak reticular C-equivalence class [5'f,(0)]w of j'f.(0) by Ua>% 3 ([ fale)-

Since 1 gi L, T2 g_ﬂ; ., x3 are linear independent and span the tangent space of the weak reticular

C-equivalence class [f,]w, we have that [f,], is an immersed manifold in J3(2,1).

We classify function germs in 90(2; k)? with respect to the reticular C-equivalence and weak
reticular C-equivalence with the codimension< 3. Then we have the following list:

k  Normal form codim Notation
0 2?La120+ La3 2 Byt
22+ 2139 + 23 2 Bi’;Q
23+ 10 — 3 2 Bzi”Q
72 & 23 3 B;'QO
(1 £ 29)% £ 23 3 szf’z:’%
x%:txlxg:l:xg 3 Bfé
1 £y +mytay+a3 3 35"

We need to show the following proposition:

Proposition 4.1. Let woi, : (L,0) — (T*R?,0) — (R?,0) be the reticular Lagrangian map with
the generating family x3 + 1179 + ax3 + 171 + Q222 (B;’;’Q). Let S, € S(T*R?,0) be extensions
of iq. Then the weak caustic-equivalence class

[jlsl(o)]w = U [jlsa(o)]c
a>%
is an immersed manifold in S'(2) for 1 > 1.

Proof. Let f(x1,22) = 2% + 129 + ax3. The tangent space of [j'f(0)], is spanned by
jl(xl%)(O),jl(mz%)(O),jl(wg)(()) and these are linearly independent for { > 2. This means
that [5'f(0)], is an immersed manifold of J!(2,1) for [ > 2. This means that [j'S1(0)], is an
immersed manifold of S*(2) for [ > 1. |

We consider the (caustic) stable reticular Lagrangian map
moig : (L,0) = (T*R30) — (R3,0)
with the generating family
2} + 122 + az3 + Q171 + G272 + q373
and take an extension S/, € S(T*R2,0) of i,, then we have by the analogous method that:
Corollary 4.2. Let S/ be as above. Then the weak caustic-equivalence class
[1'51 0w = |J [1'Sa(0)].
a>7
is an immersed manifold in S'(3) for 1 > 1.

Theorem 4.3. The function germ F(z1,22,q1,q2) = x% + 2122 + x% + 11 + gax2 is a weakly
reticular P-C-stable unfolding of f(x1,x2) = 23 + 2122 + 23

Proof. We define F' € 9(2;3)? by F'(x1,22,q1,q2,q3) = F(x1,22,¢1,42) + g3x3 Then F’
is a reticular P-R*-stable unfolding of f. It follows that for any neighborhood U’ of 0 in
R® and any representative F/ € C°(U,R), there exists a neighborhood Np, such that for
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any G/ € N ;& the function germ G’ lmzxrs at pf is reticular P-RT-equivalent to F’ for some
o =(0,0,47,49,¢3) € U". i

Let a neighborhood U of 0 in R* and a representative F© € C>°(U,R) be given. We set
the open interval I = (—0.5,0.5) and set U’ = U x I. Then there exists Nz for which the

above condition holds. We can choose a neighborhood N of F such that for any G € N 7
the function G + gsz3 € Nz, Let a function G € Ny be given. Then the function germ
G' = (G + q373) w2 xps at pf is reticular P-RT-equivalent to F’ for some

po = (0,0,47, 45, 43) € U".
We define G € M(2;2)? by Gluzxr2 at po = (0,0,¢2,¢9) € U. Then it holds that

G'(z,q9) = G(z,q1,92) + (g3 + ¢3)3,

and G'|,—0 = G(z,0) + ¢J23 is reticular R-equivalent to f. Let (®,a) be the reticular P-R*-
equivalence from G’ to F'. We write ®(x, q) = (z¢1(z, q), $3(q), #3(q), 3(q)). By shrinking U if
necessary, we may assume that the map germ

((I1aCI2) — (Qﬁ((haCI270),¢§(Q1aQ270)) on (R2,0)

is a diffeomorphism germ. Then F is reticular P-R*-equivalent to Gy € 9(2;2)? given by
Gi(z,q) = G(x1,22,q1,92) + (#3(q1, g2, 0) + ¢3)x3. It follows that the reticular Lagrangian maps
defined by F' and GGy are Lagrangian equivalent. We have that

7(G + d323)(0) = 7°G1(0), ¢5 > —0.5.

This means that the caustic of Gy is weakly caustic-equivalent to the caustic of G because the
reticular Lagrangian maps of G; and F are the same weak caustic-equivalence class that is
1-determined under weak caustic-equivalence. This means that F' and G are weakly reticular
P-C-equivalent. Therefore F' is weakly reticular P-C-stable. |

By the above consideration, we have that: For each singularity B;’;“l, B;f’2+’2, B;’{, if we

take the symplectic diffeomorphism germ S, (S’) as the above method, then the weak caustic-

equivalence class [5'S,(0)].(['5%(0)].) is one class and immersed manifold in S*(2)(S%(3)) for
I > 1 respectively. Since the caustics of m o S,|r, and 7 o S/ |1, are determined by their linear
parts, this means that the reticular Lagrangian maps are weakly caustic 1-determined.

We now start to prove the main theorem: We choose the weakly caustic-stable reticular
Lagrangian maps woix : (L,0) — (T*R"™,0) — (R",0) for

(3) X =By By Bay -
We also choose the caustic-stable reticular Lagrangian maps woix : (L, 0) — (T*R3,0) — (R3,0)
for
=+, . +,+ +,+ ~%£,E
(4) X = Bz,2oa Bi2§,B2,3 ,33,2 vCB,Q .

Then other reticular Lagrangian maps are not caustic-stable since other singularities have retic-
ular C-codimension > 3. We choose extensions Sx € S(T*R", 0) of ix for all X. We define

01 ={S € S(U,T*R") |
j&S is transversal to [j1Sx (0)],, for all X in (3)},
Oy ={S € S(U,T*R") |
§at28 is transversal to [j"2Sx(0)]. for all X in (4)},
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where 55S(z) = 5'5,(0). Then O} and O} are residual sets. We set
Y = {j"25(0) € S"2(n) | the codimension of ["725(0)];, > 8}.
Then Y is an algebraic set in S"*2(n) by [6, Theorem 6.6 (a’)]. Therefore we can define
0" = {S € S(U,T*R") | j5285 is transversal to Y'}.

For any S € S(T*R",0) with j**25(0) € Y and any generating family F of 7 o S|i,, the
function germ F|,—o has reticular R*-codimension > 4. This means that F|,—o has reticular
C-codimension > 3. It follows that j7*2S5(0) does not belong to the above equivalence classes.
Then Y has codimension > 6 because all elements in Y are adjacent to one of the list (4) which
are caustic-simple. Then we have that

0" ={5 ¢ S(U,T*R") | j5T2S(U)NnY = }.

We define O = 01 NO5NO". Since all moix for X in (3) are weak caustic 1-determined, and
all moix in (4) are caustic 5-determined by Lemma 3.2. Then O has the required condition. H

B35 in 2D
+,+1 pt+.2 —+,1 p—+.2 +,— p—i—
FIGURE 5. By5 ", By, FIGURE 6. B, 5 ", By FIGURE 7. By) , By
B3’y in 3D
ST ST T
/ /
/ /

- 7 X
]

Ficure 8. Byy"' By3y™?  Ficure 9. Byt Byy™? FIGURE 10. B3y By
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