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EQUISINGULAR ALGEBRAIC APPROXIMATION OF REAL AND
COMPLEX ANALYTIC GERMS

JANUSZ ADAMUS AND AFTAB PATEL

ABSTRACT. We show that a Cohen-Macaulay analytic singularity can be arbitrarily closely
approximated by Nash germs which are also Cohen-Macaulay and share the same Hilbert-
Samuel function. We also prove that every analytic singularity is topologically equivalent to
a Nash singularity with the same Hilbert-Samuel function.

1. INTRODUCTION

One of the central problems in analytic geometry concerns algebraic approximation of analytic
objects. In the present paper, we consider approximation of a (real or complex) analytic germ
(X,a) by Nash, or even algebraic, germs which are equisingular with (X, a) in the sense of the
Hilbert-Samuel function. Recall that, for an analytic germ (X, a), the Hilbert-Samuel function
Hx , is defined as
OX,a
mn+l’
where Ox , is the local ring of X at a, with the maximal ideal m. The Hilbert-Samuel function
encodes many important algebro-geometric properties of the germ (e.g., its multiplicity) and may
be regarded as a measure of its singularity. It plays a central role in resolution of singularities
(see [6]).

Throughout this paper, by an analytic germ (or singularity) we mean the germ at a point
of a K-analytic space (see, e.g., [5, Def.7.7]), where K = R or C. Thus, analytic germs are
in one-to-one correspondence with local analytic K-algebras, that is, rings of the form K{z}/I,
where * = (z1,...,2,) and I is an ideal in the ring of convergent power series K{z}. The
correspondence is via the isomorphism Ox , = K{z}/I. (In particular, our analytic germs need
not be reduced.) We say that the germ (X, a) is Nash when the ideal I can be generated by
algebraic power series (i.e., convergent power series algebraic over the ring of polynomials K|z]),
and algebraic when I can be generated by polynomials.

In the first part of the paper, we deal with singularities of special types. Namely, those
whose local ring is Cohen-Macaulay, or even better, a complete intersection. We prove that
a complete intersection singularity can be arbitrarily closely approximated by algebraic germs
which are also complete intersections and share the same Hilbert-Samuel function (Theorem 7.3
and Remark 7.4). Polynomial approximation is not possible, in general, for Cohen-Macaulay
singularities (see Example 8.2). The next best thing is an approximation by Nash germs. In
Theorem 8.1, we show that a Cohen-Macaulay singularity can be arbitrarily well approximated
by Nash germs which are also Cohen-Macaulay and share the same Hilbert-Samuel function.

Hx o(n) = dimg for allp € N,
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These results may be combined with the main theorem of the second part, which works for
arbitrary singularities.

The second part of the paper is concerned with approximation of an analytic singularity (X, 0)
by Nash germs which are homeomorphic with (X,0). We give a variant of Mostowski’s theorem
[10], Theorem 10.1, showing that every analytic germ (X,0) C (K", 0) can be arbitrarily closely
approximated by a Nash germ (X,0) C (K",0), such that the pairs (K", X) and (K", X) are
topologically equivalent near zero, and the Hilbert-Samuel functions Hx ¢ and H X.0 coincide.

This work has been motivated by two key applications: In a subsequent paper, we show how
Theorem 8.1 implies the existence of flat Nash approximations to flat analytic morphisms and
may thus be used in the theory of analytic deformations. The other, more distant goal, is to
apply our Theorem 10.1 at every step of a resolution of singularities of an analytic germ to
show that the resolution tower itself is topologically equivalent to a Nash object. The Hilbert-
Samuel equisingularity then implies that the Nash tower actually resolves singularities of the
approximating Nash germ.

When dealing with questions about the Hilbert-Samuel function of the local ring
Ox,. = K{z}/I, it is convenient to work with a so-called diagram of initial exponents of I,
a combinatorial representation of the ideal I, denoted 91(I), which we recall in Section 2. In-
deed, the Hilbert-Samuel function of K{z}/I may be read off from the sub-level sets of (the
complement of) (1) (Lemma 6.2). The diagram itself is, in turn, uniquely determined by a
standard basis of I, which is a special generating set of I (see Section 3). Our key tool in es-
tablishing Hilbert-Samuel equisingularity of a given germ and its approximants is a theorem of
Becker [3], which gives a criterion for a collection {Fi, ..., F;} C I to form a standard basis of
I in terms of finitely many equations that depend polynomially on the F;. It is therefore well
suited for an application of the classical Algebraic Artin Approximation.

We call (X,a) a Cohen-Macaulay (resp. complete intersection) singularity when the local
ring Ox , is Cohen-Macaulay (resp. a complete intersection); see Section 7 for definitions. The
finite determinacy of the Hilbert-Samuel function of a complete intersection follows already from
the work of Srinivas and Trivedi [18]. We give a new proof of this fact here, because it can
also be applied in the Cohen-Macaulay case, which is new. Roughly speaking, we combine the
equivalence of Cohen-Macaulayness and flatness (Remark 7.2) with a corollary to Hironaka’s
flatness criterion (Proposition 2.5), to show that with respect to a certain total ordering on N
the diagrams of I and its suitable approximation I,, coincide. We then show (Proposition 6.7)
that this equality implies equality of the diagrams with respect to the standard ordering, and
hence equality of the Hilbert-Samuel functions.

Finally, in the proof of Theorem 10.1, we combine the above Becker criterion with the original
strategy of Mostowski, based on Ploski’s parametrized Artin approximation [15] and a theorem
of Varchenko stating that the algebraic equisingularity of Zariski implies the topological equisin-
gularity [19]. We use the modern exposition of Mostowski’s theorem, due to Bilski, Parusiriski
and Rond [7], where the original Ploski theorem is replaced with a more powerful Theorem 4.1.

The paper is structured as follows: In the next section, we recall Hironaka’s division algorithm
and its consequences for the diagrams of initial exponents. We also prove Proposition 2.5, used in
the treatment of Cohen-Macaulay singularities. In Sections 3 and 4, we recall our two main tools:
the s-series criterion and a nested parametrized algebraic approximation theorem. Sections 5
and 6 contain various auxiliary results needed in the proofs of Theorems 7.3 and 8.1. The latter
are proved in Sections 7 and 8 respectively. The remainder of the paper is devoted to the proof
of Theorem 10.1.
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2. HIRONAKA’S DIVISION ALGORITHM, DIAGRAM OF INITIAL EXPONENTS, AND FLATNESS

Let K = R or C. Let A denote the field K or the ring K{y} of convergent power series
in variables y = (y1,...,Ym), and let m denote the maximal ideal of A (so m = (0) in case
A =K). Let A{z} denote the ring of convergent power series in variables z = (z1, ..., 2;) with
coefficients in A (i.e., K{z} or K{y, 2z}, depending on A). We will write 2 for 21" ... 2", where
a=(ag,...,ax) € NF,

The mapping A 3 F(y) — F(0) € K = A/m of evaluation of the y variables at 0 induces an
evaluation mapping

A{z} 3 F =) Fu(y)z" = F(0)= > Fa(0)z" € K{z}.
aeNk aeNF
(In case A =K, this is just the identity mapping.) For an ideal I in A{z}, define
1(0) ={F(0) : F € I},
in K{z}, the evaluated ideal.
A positive linear form on K* is given as A(a) = Z§:1 Ajaj, for some A; > 0. Given such
A, we will regard N* as endowed with the total ordering defined by the lexicographic ordering
of the (k 4 1)-tuples (A(a), a,...,a1). The support of a non-zero F' = ) i Foaz® € A{z}

is defined as suppF = {a € N* : F, # 0}. The initial exponent of F, denoted exp, F, is the
minimum (with respect to the above total ordering) over all o € suppF. Similarly,

suppF(0) = {a € N* : F,(0) #0} and exp,F(0) = miny{a € suppF(0)},

for the evaluated series. We have suppF'(0) C suppF’, and hence exp, F' < exp, F/(0). We will
write simply expF and expF'(0) instead of exp, F' and exp, F'(0), when A(a) = |a] = a1+ - -+ay.

We now recall Hironaka’s division algorithm.

Theorem 2.1 ([5, Thm.3.1,3.4]). Let A be any positive linear form on K*. Let
Gi,...,Gy € Az},

and let o' := exp, G;(0), 1 <i < t.
Then, for every F' € A{z}, there exist unique Q1,...,Q:, R € A{z} such that

t
(2.1) F=> QiGi+R,

i=1
o +suppQ; C A;, 1<i<t, and suppR C A,

where
i—1

A; =o' + N, Ai=(a' +N)\ [ J A, fori>2,

j=1
and A == NF\ J'_, A,
The diagram of initial exponents of an ideal I in A{z}, relative to A, is defined as
NA(I) = {exppF : F € I\ {0}}.
Similarly, for the evaluated ideal I(0), we set
NA(1(0)) = {expp F(0) : F € 1, F(0) # 0},
We will write 91(1) and 9U(1(0)) instead of 9 (I) and 915 (1(0)), when A(a) = |a| = a1+ - -+ .
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Note that every diagram 9 (I) satisfies the equality Ma(I) + N¥ = N (I). (Indeed, for
a € Ma(I) and v € N¥, one can choose F € I with exp, F' = «; then 27 F € I, hence
o+ = expy (27 F)
is in DA (1).)
Remark 2.2. It is easy to show that, for every ideal I in A{z} and for every positive linear

form A, there exists a unique smallest (finite) set V(1) C 9t (1) such that Vi (I) +NF = D, (1)
(see, e.g., [5, Lem. 3.8]). The elements of Vj(I) are called the vertices of the diagram 9, (I).

Corollary 2.3 ([5, Cor.3.9]). Let A be any positive linear form on K¥. Let I be an ideal in
K{z}, and let o, ..., a' € N¥ be the vertices of the diagram M (I). Choose G; € I such that
expp\G; = o', 1 < i < t, and let {A;, A} denote the partition of N* determined by the o', as
above. Then, Mx(I) = Ule A; and the G; generate the ideal I.

Proof. The equality M (1) = UZ:I A; follows immediately from Remark 2.2. According to
Theorem 2.1, any F' € K{z} can be written as F = Zle Q:G; + R, where suppRr C A.
Therefore, F € I if and only if Rp € I. But suppRr C A = N¥\ M, (I), hence Rr € I if and
only if Rp = 0. (]

The remainder of this section will be concerned with the algebraic notion of flatness. Recall
that a module M over a Noetherian ring A is called flat when, for every exact sequence

0N —-N-=N"—=0
of A-modules, the sequence
0> N @AM — N@sM — N"@,M — 0
is also exact. The following result of Hironaka expresses flatness in terms of his division algorithm.

Theorem 2.4 ([5, Thm. 7.9]). Let I be an ideal in A{z}. Let A be any positive linear form on K¥,
and let o, ... a be the vertices of MA(1(0)). Let Gi,...,Gy € I be such that exp,G;(0) = o,
1 <i<t. Then, the following are equivalent:

(i) A{z}/I is flat as an A-module

(ii) For any F € I, the remainder of F' after division (2.1) by G1,...,Gy is zero.

Let now x = (21,...,2,), n > 2. Fix k € {1,...,n —1}. To simplify notation, let x;) denote
variables (x1,...,x), and Z the remaining (xg4y1,...,2,). In what follows, we will regard
elements of K{z} either as power series in all the variables x with coefficients in K, written
F= Z[SGN" fs7?, fz € K, or as power series in variables x,) with coefficients in K{Z}, written
F =Y e Fa(@)af)y, Fuli) € K{z}.

For F' € K{z}, we will denote by F(0) the series with variables & evaluated at 0. That is, if
F =3 qent Fa(@)zf then

F(0)= Y Fal(0)zfy € K{zy}
a€eNk
Equivalently, if F' =35\ fsx” then
FO)= > fs2” e K{ap}
BENk X {0}~k

(i.e., the sum is over those 8 = (B1,..., 3,) for which Bx41 =--- = 8, =0).
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To avoid confusion, for F' € K{x}, we will denote its support as an element of K{Z}{x} by
suppyt F', and the support as an element of K{z} as suppy. F'. That is,

suppyr F = {a € N¥: F, (&) # 0} and suppy. F = {8 € N : f5 # 0}.

Note that a positive linear form A(8) = > | X;3; on K™ gives rise to a positive form Zle AifBi
on K*. By a slight abuse of notation, we will denote the latter also by A.

Proposition 2.5. Let I be an ideal in K{z}, let 1 < k < n, and let & denote the variables
(Ik-‘rla v axn)'
(i) If there exist a positive linear form A on K" and a set D C N* such that

NA(I) = D x N*F,

then K{x}/I is a flat K{Z}-module.
(ii) IfK{z}/I is a flat K{Z}-module, then there existly € N and a set D C N such that, for

k n
all 1 > 1y, the diagram N (I) with respect to the linear form A(5) = Zﬁi + Z 1B,
i=1 j=k+1
satisfies Mp(I) = D x Nk,

Remark 2.6. Note that if A is such that 9z (I) = D x N*~* for some D C N¥, then necessarily
D =N\ (1(0)).

Proof. For the proof of (i), we will need the following well known corollary to the classical “local
criterion for flatness” (see, e.g., [5, Cor.7.6]): K{xz}/I is flat as a K{Z}-module if and only if
In(@K{z} C (2)-I.

Suppose that F' € I'N(Z)K{x}. Then, F(0) = 0. Let 81,..., 3" € N*¥ x {0}"~* be the vertices
of Ma(I), and let Gy,...,Gy € I be such that exp,G; = 3%, 1 < i < t. By Theorem 2.1 and
Corollary 2.3, there are Q1, ..., Q; € K{z} such that F = 25:1 Q;G; and the sets 3°+suppy. Q;
are pairwise disjoint.

Write 8¢ = (a?,0), where o € N*¥, 1 <4 < t. It follows that the sets o' + suppy:Q;(0) in
N* are also pairwise disjoint, and hence the initial exponents exp,@Q;(0)G;(0) = exp, Q:(0) + o
are pairwise distinct. On the other hand, Z§=1 Q;(0)G;(0) = F(0) = 0. This is only possible if
Q;(0) = 0 for all 4. In other words, Q; € (Z)K{x}. Hence F = 22:1 Q;G; is in (z)-I, which
proves (i).

Suppose now that K{z}/I is K{Z}-flat. Let A\(a) = |a| for & € N* and let o', ...,a’ be the
vertices of M(1(0)) = MA(1(0)). Let {A;, A} be the partition of N* determined by the o’ as in
Theorem 2.1. Let lp = 1 + max{|a’| : i =1,...,t}, let [ > Iy be arbitrary, and set

k n
AB) =B+ Y 18
i=1 j=k+1
Set B¢ == (a',0) = (af,...,a},0,...,0) € N, 1 < i < t. We will show that the vertices of
M (I) are precisely {3!,..., B}

Let G1,...,G; € I be such that expG;(0) = of, 1 < i < t. Write G; = Y acnk Gi,ax‘[}‘c},
where G; o = Z%Nn,k 9i,a,~%7. For every i, there are at most finitely many a € suppy:G; with
@) < A(a?). For each such a, by the choice of a*, we have v(G; ) > 1, where for a non-zero
F € K{z}, v(F) = max{r : F € (Z)"}. Therefore, for each such « and for every non-zero term
Gi o427 of G o, we have |y| > 1, and hence A((a,7)) > Iy > A(B%). It follows that, with respect
to the total ordering in N” induced by A, we have

expp(Gy) = B, 1<i<t.
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Pick F' € I. By Theorem 2.4, there are Q1,...,Q: € K{z} such that F' = Z:Zl Q;G; and
o' +suppye@Q; C Ay, 1 < i <t. Then, 87 + suppy. Q: C A; x N*~*: in particular,

Bl +exp Qs € Ay x N"7F 1< i<t
It thus follows that the exp,(Q;G;) = B° + exp,Q; lie in pairwise disjoint regions, and hence

are pairwise distinct. Consequently, exp, F' = minp{exp,(Q;G;) : ¢ = 1,...,t} belongs to
M(1(0)) x N*~* which completes the proof. O

We finish this section with a little observation that will only be used in the proof of Proposi-
tion 6.7, but it fits naturally in the above setting.

Lemma 2.7. Let I be an ideal in K{z}, let 1 < k < n, and let n denote the ideal in K{z}
generated by the variables & = (xg41,...,2y). Then, INn =1 -n implies INn™ =1 -n™ for all
m > 1.

Proof. Suppose I Nn =1 -n, and fix m > 2. As in the proof of Proposition 2.5, we then have
that K{z}/I is flat as a K{Z}-module. Hence, by Proposition 2.5(ii), there exists ly such that,
for all [ > Iy, the diagram 9 (I) with respect to the linear form A(3) = Zle Bi+ 35— k1lB;
satisfies Ma(I) = NA(1(0)) x N*=*. Fix Gyq,...,Gy € I such that exp,(G;) = B¢, where
Bt = (a?,0) € N* x {0}"* i=1,...,¢t, are the vertices of ().

Pick F e INn™, and let F = 22:1 Q;G; be the unique Hironaka division of F' (relative to
A). Set ' == exp,@Q;. Note that the @Q; depend only on the partition of N determined by the
exppG;. In particular, they are independent of the choice of I, so long as I > ly. Therefore, by
choosing [ large enough, we may assume that

(2.2)  If B 4~ =ming{f +~": 1 <i<t}and 27 €n®, then Q; € n® for all i.
Indeed, let sy be the least integer such that there exist 1 < ¢* < t and v* € supp@Q;» with
z7 € n® \ n®ot!, Pick any i* and ~* with these properties. Write v* = (k*,\*) € NF x N*—F,
and set

k n
o], and A*(B) = Zﬂi + Z I*B; .

1=1 j=k+1

Then, for all 1 < i <t and v = (k,\) € suppQ@; with 27 € n*o*1 we have |A| > [A\*| + 1 and
hence

1,..., t‘

A (BT + ) = [’ + 6] + AL > o' | + |6] + T (A7) + 1)
= [a'] + || + lo + max | + K[+ T[A*] > A*(B" + 7).
J

This proves that the minimum miny-{3° 47" : 1 <14 <t} is attained for some +* with 7 € nso.
Now, the fact that exp, (F') = mina{exp,@;G; : 1 < i < t}, together with F' € n™ and (2.2),
imply that @; € n™ for all 4, and so F € I - n™. O

3. STANDARD BASES AND BECKER’S S-SERIES CRITERION

Let again A(8) = >7_; A\;8; be a positive linear form on K", and let N* be given the
total ordering defined by the lexicographic ordering of the (n + 1)-tuples (A(f), Bn, ..., 51). For

F € K{z}, let as before exp, F' = minp {8 € suppF'} denote the initial exponent of F relative to
A.
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Let I be an ideal in K{z}. Following Becker [3], we will say that a collection
S:{Gl,...7Gt} clI

forms a standard basis of I (relative to A), when for every F' € I there exists i € {1,...,t} such
that exp, F' € exp,G; + N".

Remark 3.1. (1) It follows directly from definition that every standard basis S of I relative
to A contains representatives of all the vertices of the diagram D, (1) (that is, for every
vertex (3¢ of My (I) there exists G; € S with ' = exp,G;). Hence, by Corollary 2.3,
every standard basis of I is a set of generators of I.
(2) Note that the term “standard basis” in most of modern literature refers to a collection
defined by more restrictive conditions than the one above (see, e.g., [5, Cor.3.9] or [6,
Cor. 3.19]). In particular, our standard basis is not unique and may contain elements
which do not represent vertices of the diagram.

For any F' = } 4 fs2? and G = P gpr? in K{z}, one defines their s-series S(F,G) with
respect to A as follows: If Bp = exp, F, Bg = exp, G, and z7 = lem(2°7, 27¢), then
S(F,G) = gpa" "% - F — fg277Pe. Q.

Given Gy, ...,G¢, F € K{z}, we say that F has a standard representation in terms of {G1, ..., G}
with respect to A, when there exist Q1, ..., Q¢ € K{z} such that

t
F= Z Q:G; and expp F' < min{exp,(Q:G;) :i=1,...,t}.
i=1

Here, we adopt a convention that exp, F' < exp,0, for any A and any non-zero F'.

The following s-series criterion of Becker will be our main tool in establishing Hilbert-Samuel
equisingularity.

Theorem 3.2 ([3, Thm.4.1]). Let S be a finite subset of K{z}. Then, S is a standard basis
(relative to A) of the ideal it generates if and only if for any G1,G2 € S the s-series S(G1,G2)
has a standard representation in terms of S.

4. NESTED PARAMETRIZED ALGEBRAIC APPROXIMATION

Let x = (z1,...,2n), ¥y = (Y1, ---,Ym), and let K(x) denote the ring of algebraic power series
in . Recall that a convergent power series F' € K{z} is called an algebraic power series when
F is algebraic over the ring of polynomials K[z].

The following nested variant of Ploski’s parametrized approximation theorem [15] is due to
Bilski, Parusiriski and Rond [7]. The result itself follows from Spivakovsky’s nested approx-
imation [17, Thm.11.4], which in turn is a corollary of the Néron-Popescu Desingularization
[16].

Theorem 4.1 ([7, Thm. 2.1]). Let f(z,y) = (f1(z,y),..., fo(z,y)) € K(z)[y]” and let
be such that f(x,y(x)) = 0.
Suppose that y;(x) depends only on variables (x1,...,%,(;)), where {i — o(i)} is an increasing

function. Then, there exist a new set of variables z = (21, ..., 2s), an increasing function T, an
m-tuple of algebraic power series §(x,2) € K{x,2)™ such that f(x,§(z,z)) = 0, and for every i,

:IQZ‘(LE,Z) € K<x1,...,mg(i),zl,...7z7(i)> ,
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as well as convergent power series Z;i(x) € K{x} vanishing at 0 such that zi(x),..., Z:;)(x)
depend only on (x1,...,243)) and y(x) = y(z, Z2(x)).

The classical Algebraic Artin Approximation follows immediately from the above.

Theorem 4.2 ([2, Thm.1.10]). Let f(z,y) € K{(z)[y]P and let §(x) € K{z}™ be such that

f(z,y(x)) = 0.
Then, for any ¢ € N, there exists an m-tuple of algebraic power series §(x) € K (z)™ such that
[z, g(x)) =0,

and § coincides with i up to degree c, that is, y(z) — §(z) € (z)T.

Proof. Let §(x,z) € K(z,2)™ and the z;(x) € K{z} be as in Theorem 4.1. Then, for a given
¢ € N, the m-tuple g(z,j°(Z(x)) has the desired properties, where j°F denotes the c-jet of
F e K{z}. O

5. REDUCTION OF THE MAXIMAL IDEAL

Let, as before, x = (x1,...,%,), and for k <n, let zpy = (z1,...,2%) and T = (Tpy1,. .., Tn).
Let m denote the maximal ideal of K{z}. The purpose of this section is to find a suitable
reduction (in the sense of Northcott-Rees [12]) of the maximal ideal m/I in K{z}/I, for a given
ideal I in K{z}.

The following proposition is a simple consequence of the Weierstrass Preparation Theorem
(see, e.g., [11, Ch.III, Prop. 2]).

Proposition 5.1. Let I be a proper ideal in K{x}. After a generic linear change of coordinates
in K™, there exists k € {0,...,n — 1} such that the natural homomorphism K{z} — K{z}/I is
injective and makes K{x}/I into a finite K{Z}-module.

Lemma 5.2. Let I be an ideal in K{z} with dimK{x}/I = n — k. Then, after a generic
linear change of coordinates in K™, there is, for every j = 1,...,k, a distinguished polynomial
P; € K{Z}[z;] of degree d; such that Pj(z;,&) € I Nm%, where & = (Tp41,-..,Tn).

Proof. By Proposition 5.1, after a generic linear change of coordinates in K", there exists
k' <n —1 and an injective homomorphism K{zZ} — K{x}/I such that K{z}/I is a finite K{z}-
module, where & = (zy/41,...,2,). Since for a finite injective homomorphism of Noetherian
rings A — R we have dim R = dim A, it follows that &' = k.

Suppose first that K = C. Let (X,0) be the germ of an analytic space at 0 in C™ defined
by Oxo = C{z}/I. Further, let C(X,0) denote the tangent cone to (X,0), in the sense of
Whitney [21]. Then, dimg C(X,0) = dimg X = n — k, and after another generic linear change of
coordinates if needed, we may assume that C'(X,0) has a proper and surjective projection onto
(an open neighbourhood of 0 in) C"~* spanned by the variables #. Finiteness of C{z}/I as a
C{Z}-module implies that the images of z1,...,z in C{z}/I are integral over C{Z}. Hence, for
every j =1,...,k, there exist d; € Z, and a distinguished polynomial P; € C{Z}[z;] of degree

dJ
d;, such that Pj(x;,z) € I. Write Pj(z;,2) = x;lj + Zai(i)x?"#, j=1,... k.
r=1

Fix j € {1,...,k}. Let LF(P;) denote the leading form of P; (i.e., the homogeneous polyno-
mial consisting of the terms of P; of lowest degree). By Whitney’s theory of tangent cones [21],
C(X,0) is the set of common zeroes of leading forms LF(F') for all F' vanishing on (X,0). In
particular, C(X,0) C LF(P;)~*(0).
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To prove the lemma, it now suffices to show that 2 j 7 is among the terms of LF(P;). We argue
by induction on n — k, the number of variables . If n — k = 1, then z is a smgle variable x,,.
If l‘jj were not among the terms of LF(P;) then z,, would divide LF'(P;), and so the image of
C(X,0) under the projection to C"~* would be {0} = LF(P;)~'(0) N {z(,) = 0}, contradicting
the surjectivity.

Suppose then that n — k > 2, and consider PJ = P; (a:],ka, vvvyTp—1,0). Then, ﬁj vanishes
on X := X N{x, = 0}, and hence LF(P-) vanishes on C'(X,0). Since C'(X,0) has a surjective

projection onto (an open neighbourhood of 0 in) C*~*~1 then, by induction, x}ij

terms of LF (P ;). If x " were not among the terms of LF(P;), then we would have

is among the

deg LF(P;) < deg LF(P;) = d;.

Hence, z,, would divide LF(P;), and so the image of C(X,0) under projection to C"~* would be
contained in the hypersurface {x, = 0}. This contradiction completes the proof in case K = C.

If K = R, the result follows by applying the above argument to the complexification X€ of
X. Note that the linear changes of coordinates required at the beginning may be taken with
integral coefficients, and hence the distinguished polynomials P; will have real coefficients. [

Let Pj(xz;, & )7x +ZT Lal(3)x d"_r,jzl,...,k, be as above. Set d := 3% (d; —1).

j=1

Corollary 5.3. We have (xp))*™ C I+ (&)-m?, as ideals in K{xz}.

Proof. Indeed, for any monomial z}*- - ’6 ke (x [k])dH there exists j such that 8; > d;. By
Lemma 5.2, ac;lj = Pj(z;,T) — 4 aJ(x)x?j_ is an element of I + (&) Nm% = [ + (%) -md%i~1.

rlr

Consequently,xfl...xg’“e]—i—()- N where N =1+ + (8; = 1)+ + B > d. O

Remark 5.4. The above corollary implies that I + (Z)/I is a reduction (with exponent d) of
the maximal ideal m/I in K{x}/I, in the sense of Northcott—Rees [12]. Indeed, one trivially has
I+(%) C I+m, and by above, [ + mt! C I+ (%) -m?. It follows that I + m¥*! = [+ (7) -m?,
hence by induction

(5.1) IT+mm = 14 (f)mmd, for any m > 1.

6. APPROXIMATION OF IDEALS AND DIAGRAMS

Let, as before, A(8) = 2?21 AjB; be a positive linear form on K". For such A and p € N,

define ny ,, to be the ideal in K{z} generated by all the monomials 27 = xfl ...xPn with
A(B) > p. (Note that, by positivity of the linear form A, the ideals ny ,, are m-primary for every
p. Moreover, for A(8) = |8| we have ny,, = m*.) For a natural number ;1 € N and a power
series F' € K{x}, the p-jet of F with respect to A, denoted jj(F'), is the image of F' under the
canonical epimorphism K{z} — K{z}/np ,41. We will write j#(F) for p-jets with respect to

A(B) =Bl =B+ -+ B

Remark 6.1. Given a power series F' € K{z}, suppose that u > A(exp, (F)). Then, for every
G € K{z} with j§(G) = jA(F), we have that exp, (F) = exp, (G).

The following lemma expresses the Hilbert-Samuel function of an ideal in terms of its diagram
of initial exponents.
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Lemma 6.2. Let A1,..., A\, > 0 be arbitrary, and let A(B) = Z;.L:l AjBj. Then, for any ideal I
in K{z} and for every n > 1,

. Kz

(B €N\ (D) s AB) < 1) = dimge T

I+np 541

where the dimension on the right side is in the sense of K-vector spaces. In particular, the

Hilbert-Samuel function Hy of K{x}/I satisfies
Hi(n) = #{p e N*\N(I) : |B| <n}, foralln>1.
Proof. Fix nn > 1. Suppose that F' € K{x} satisfies

supp(F) C {8 € N"\ 0 (1) : A(B) < n}

and pick G' € np y41.
Then, exp, (F + G) = exp, (F), by Remark 6.1, and hence exp, (F + G) ¢ NMa(I). It follows
that '+ G ¢ I, and so F' ¢ I +np ;1. This proves that the set of monomials

{«” 1 € N" \ M\ (I),A(B) <}
is linearly independent in K{z}/(1 4+ na 5+1), whence

K{z}

I+ np 41

> #{BeN"\NMA(I) : A(B) <n}.

dimK

Conversely, suppose that F' ¢ I +np p41. Let G1,...,G; € I be representatives of the vertices
of Ma(I) and let F = 3!, Q;G;i + R be the unique Hironaka division of F' by the G; in K{z},
relative to A. Now, if R € np 41 then F' € I + ny ,11; a contradiction. Therefore, we have
R = Ry + Ry, with Ry € NA n+1, Ry # 0, and supp(Rl) C {B e N™ \‘ﬂA(I) : A(ﬁ) < ’17} (Cf
Theorem 2.1). Then, F — R; = 22:1 QiG; + Ry is in I + np 41, which shows that F' and R;
represent the same element of K{x}/(I + na 41). Thus,

L+ < #HBEN"\M () : A(B) <n}.

The last claim of the lemma now follows from the definition of the Hilbert-Samuel function as
H(n) = dimg K{z}/(I +m"T1). O

Definition 6.3. For an ideal I = (F},...,Fs) - K{z}, a positive linear form A and pu > 1, we
define the family of ideals U} (I) (or, more precisely, Uy (F1, ..., Fs)) as

VL) = {(Gr,..., Gy) - Kia} : J4(Gr) = JA(F) 1 < i < 5).
We will write simply U#(I) for U (I), when A(B) = |B].

The following lemma shows that the reduction of the maximal ideal in K{z}/I is preserved
by its sufficiently close Taylor approximations.

Lemma 6.4. Let I = (Fy,...,Fy) be an ideal in K{z} with dimK{z}/I = n — k. Then, after
a generic linear change of coordinates in K™, there exists o such that, for every pu > pg and

I, € UM(I), we have
(6.1) L, +m™™ = [, 4+ (#)™m?,  for any m > 1,

where d is the same as in (5.1).
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Proof. After a generic linear change of coordinates from Lemma 5.2, we may assume that

(zpg)*™ C I+ (&)-m?, where d is as in (5.1). Set o == d + 1. Pick pu > po and I, € U*(I).
Then, I C I, + m®*2, and hence (z[))?** C I, + m®™2 + (Z)m?. It follows that
I, +m™ I, +m® 4 () m? C I, + (@)m? + (I, + m* H)m,

hence I,, +mdtl C I, + (#)m?, by Nakayama’s lemma. The claim now follows as in Remark 5.4.

O

Let us recall now a results from [1] describing the connection between the diagram of initial
exponents of I and those of its approximations I,,. We include a short proof for the reader’s
convenience.

Lemma 6.5 (cf. [1, Lem. 3.2]). Let I be an ideal in K{z} and let A be a positive linear form on
K", Let lp = max{A(B%) : 1 < i < t}, where B1,..., 3" are the vertices of the diagram N ().
Then:

(i) For every u>ly and I, € UK(I), we have Ny (I,) D Na(I).
(i) Givenl>ly, for every p>1 and I, € UY(I), we have

Ma(L,) N{B EN": A() <1} =M(I)N{BEN": A() <1}
Proof. Fix p > ly and let Gy, ...,Gs € K{z} be such that I, = (G1,...,G,) and
JA(Gi) = ji(F), 1<i<s.

By Remark 2.2, for the proof of (i) it suffices to show that the vertices of 95 (I) are contained
in 9Ma(I,). Let then F € I be a representative of a vertex of M (1) (i.e., exp, (F) € Va(I)). We
can write F' = Y7, H;F;, for some H; € K{z}. Then,

s s
) = it ZHF IR i) = 350 HidhGi) = i ZHG
i=1 i=1

and hence, by Remark 6.1, we have

expy (F) = epr(Z H,G;).

i=1
It follows that exp, (F) € 9 (I,), which proves (i).
For the proof of part (ii), fix [ > ly. Let 4 >l and let I, = (G1,...,G,) with j5(G;) = ji(F;),
1 < i <s. By part (i), it now suffices to show that
Ma(L) N{BeN" 1 A(B) <1} € MUI)N{BEeN":A(B) <I}.

Pick f* € N™ \ MA(I) with A(8*) <. Suppose that * € 9 (I,). Then, one can choose G € I,
with exp, (G) = 8*. Write G = Y_7_, H;G; for some H; € K{z}. We have

NG) =N HiGy) = (O Hi - 4G ZH JAE) = ZHF
i=1 i=1
and since p > | > A(exp, (G)), it follows that exp,(G) = exp, (Y., HiF;), by Remark 6.1
again. Therefore 5* € 9 (I); a contradiction. O

Corollary 6.6. Let I be an ideal in K{z} and let A be a positive linear form on K". Suppose
that the complement N\ DM (I) is finite. Then, there exists pg € N such that, for every p > po
and I, € UY(I), we have Ma(I,) = Na(1).
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Proof. Let 51,‘. ..,B" be the vertices of MA(I). Since N™ \ A (I) is finite, there exists
po > max; A(5") such that
N\ (I) € {B€N": A(B) < po} -
By Lemma 6.5 part (i), for every p > po and I, € UY(I), we have
N™\ DA (L) C N\ 9N (1)
and by part (ii)
(N"\ Ma(1,)) N {8 € N" 1 A(B) < o} = (N"\ Ma(1)) N {B € N" 5 A() < o} -

Thus, N™ \ MA(I,) = N"\ 9Na(I), as required. O

The following proposition is a key tool in the proofs of Theorems 7.3 and 8.1. It will be used

to show that the equality of diagrams of an ideal I and its approximation I, with respect to
some ordering on N implies the equality of diagrams with respect to the standard ordering.

Proposition 6.7. Let I = (Fy,...,Fs) be an ideal in K{z} with dimK{xz}/I = n — k. Then,
after a generic linear change of coordinates in K™, there exists py such that, for every pu > po
the following holds: If I,, € U*(I) is such that I, N (&) = I,- (Z) and

dimg K{z}/I + ()" = dimg K{z}/I, + ()™ for all m >1,
then Hr = Hy, (that is, the Hilbert-Samuel functions of I and I, coincide).

Proof. To simplify notation, we shall write n for the ideal (Z) in K{z}. By Lemma 5.2, Re-
mark 5.4 and Lemma 6.4, after a generic linear change of coordinates in K™, we may assume
that there exist positive integers d and o such that

(6.2) I+ md™ = T4 n™m? for all m > 1,
and for every p > po and I, € U*(I)
(6.3) I+m™™ = [, +n™m?, forallm>1.

By Lemmas 6.2 and 6.5, taking po sufficiently large, we always have H(n) > Hy,(n) for all
7 > 1 and g > po. Moreover, by Lemma 6.5(ii), requiring further that po > d ensures that
Hi(n) = Hy,(n) for all 4 > pg and n < d. Therefore, to prove the equality Hy = Hy,, it suffices
to show that Hy(n) = Hj, (n) for all n > d, or equivalently that

K{z} K{z}

6.4 dimg ————
(6.4) T T wmmd I, + nmmd

= dimg for all m > 1.

Fix p > po and I, € U*(I). We have, for m > 1, the following exact sequences
I+nm K K
s K{e} | K{z}

0 — — 0
I+nmmd I+n7erd I+n7fb ’
I m K K

0 —Letn - = ) - = {z} — 0.
I, +n"m I, +nmm I, +nm

By assumption, dimg K{z}/(I4+n™) = dimg K{z}/(I,+n™), and hence to prove (6.4), it suffices
to show that

. I+n™ , I, +nm
dlmK m = dlm]K m fOr all m 2 1
Note that
1 m m nm
(65) +n ~ n _

T+nmmd — (I+nmmd)nnm  (INn™) 4 nmmd
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and

(6.6) LTS n = e
’ I, +nmmd (I, +wrmd)nnm (I, Nnm) +nmmd

Let A be the Artin-Rees exponent of I relative to n. That is, we have I Nn™ = (I N nt)nm~—2*
for all m > A. For the remainder of the proof we are going to assume that pg > d + A. Then,
I, C I +m** C T +n*m? by (6.2), and conversely, I C I, + m#+1 C I, + n*m?, by (6.3),
whence

(6.7) I+n*mé =1, +n*md,  for any pu > po.

We now claim that (I Nn™) +n™m? C (I, Nn™) +n™m?, for all m > 1. Indeed, for m < A, the
inclusion I C I, + n*m? implies

I+n™m? C I, + n*m? + n™mé = I, + n"m¢,
and hence
(INn™) +n™m? = (I +n™m?) Nn™ C (I, + n™m?) Nn™ = (I, Nn™) + n"m?.
If, in turn, m > A, then (6.7) yields
(Ina™) +nmm? = (TNnaM)n™ A +0™m? = (I Nn) + n*md)nm™ A
= (I +n*m®) naMn™ = (I, + n*m?) nn*)n™ = = (I, N n?) + n*md)nm >
= (I, noMn™ A nmm? € (I, Nn™) +n"m?.
By (6.5) and (6.6), the above implies that there is, for every m > 1, a well-defined epimorphism

I+nm nm ©m nm W Ly+nm

I+nmmd (I +nmmd)Nnm (I, Nom) +nmmd [, 4+ nmmd

To complete the proof, it thus suffices to show that ker ¢, = (0), or equivalently that
(I, nn™) +n™m? C (I +n™m?) Nn™ for all m > 1.

The latter follows from the inclusion I, N n™ C I + n™m< proven below.
Recall that, by assumption, we have I, Nn = I,n. By Lemma 2.7, we then have

I,Nn™m =1,n",

and hence I,N(I,+n)™ C I,(I,+n)™" ! for all m > 1. Moreover, by (6.2), I, C I+m+**1 C I+n,
and by (6.3), I C I, + m#*! C I,, +n, hence I +n = I, + n. Finally, by (6.7), we also have
I, CcI+ nm?, hence the sequence of inclusions
ILnn™ cI,NI,+n)" C L, +n)™ " =1, +n)m™"
CI+In™ " CT+ (T +nmb)n™ ! CT+nmm?.

O
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7. APPROXIMATION OF COMPLETE INTERSECTIONS

Recall that an ideal I in a regular local ring A is called a complete intersection when I can
be generated by dim A — dim A/T elements. We say that an analytic germ (X, 0) in (K™, 0) is a
complete intersection singularity when its local ring satisfies Ox o = K{x}/I with I a complete
intersection ideal. The main result of this section, Theorem 7.3 below, asserts that a complete
intersection singularity can be arbitrarily closely approximated by algebraic germs which are
also complete intersections and share the same Hilbert-Samuel function.

We begin with a simple but useful observation.

Proposition 7.1. For an ideal I in K{z}, the following conditions are equivalent:
(i) dim(K{z}/I) < dimK{z} — k.
(ii) After a generic linear change of coordinates in K™, the diagram N(I) has a vertex on
each of the first k coordinate axes in N™.

Proof. Let as before () = (x1,...,2¢) and Z = (41,...,2y,), and let 1(0) denote the ideal in
K{z(x} obtained from I by evaluating the ¥ variables at zero.

Condition (ii) then implies that the diagram 9(1(0)) has finite complement in N*, and hence
dimyg K{z[}/1(0) < co. By the Weierstrass Finiteness Theorem (see, e.g., [8, Thm. 1.10]), it
follows that dim(K{z}/I) < dimK{z} — k.

On the other hand, by Lemma 5.2, condition (i) implies that after a generic linear change of

coordinates in K™, for every j = 1,...,k, I contains a distinguished polynomial
dj
~ d; i~y di—T
Pz, &) =a + > al(#)x’
r=1

such that P;(z;,Z) € m% . Since the total ordering of N” is induced by the lexicographic ordering
of the (n+1)-tuples (||, B, - .., B1), it follows that exp(P;) = (0,...,d;,0...,0) with d; in the
j’th place. Hence (ii). O

Let M be a finitely generated module over a local Noetherian ring (A, m). Recall that a
sequence ay,...,a; € m is called M-reqular if a; is not a zero-divisor in M and a;41 is not
a zero-divisor in M/(ay,...,a;)M for ¢ = 1,...,1 — 1. M is called Cohen-Macaulay when
depth 4 (M) = dim M, where depth 4(M) is the maximum length of an M-regular sequence in
m. A local ring A is Cohen-Macaulay, when A is Cohen-Macaulay as an A-module. We will use
the following well known fact from local algebra (see, e.g., [8, Cor. B.8.12]).

Remark 7.2. Let I be a proper ideal in K{z} with dimK{z}/I = n — k, and suppose that
K{z}/I is a finite K{Z}-module, where & = (xk11,...,2,). Then, K{z}/I is Cohen-Macaulay
if and only if it is a flat K{Z}-module.

Theorem 7.3. Let I = (Fy,...,F)) be a complete intersection ideal in K{x} with
dimK{z}/I =n—k.

Then, there exists puo such that for every u > po and for any Gi,...,Gr € K{x} satisfying
JHG; = jHF;, 1 < i <k, the ideal I, .= (G1,...,Gy) is a complete intersection ideal in K{z}
and H]“ = H[.

Proof. By Proposition 7.1, after a generic linear change of coordinates in K", the diagram ()

has a vertex 3% on each of the first k£ coordinate axes in N”. Let Hy, ..., H; € I be representatives
of these vertices, so that expH; = 8,1 <i < k. Let Q; ; € K{x} be such that H; = Z?Zl Qi ;i F;.

Set p1 == max{|B],...,|8*|}.
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Since 91(I) has a vertex on each of the first k coordinate axes in N”, the complement
NF\ 91(1(0)) is finite. Hence, by Corollary 6.6, there exists us > 1 such that, for every u > po
and I, € UH(I), M(1(0)) = N(I,(0)). Let then py == max{p, po}.

Fix p > po and Gy, ..., Gy € K{z} satisfying j*G; = j*F;, 1 <i < k. Let I, = (G1,...,Gy).
Then, for every i,

k k k k
JH =34 QigFy) = (O Qi Fy) = () Qigi*Gy) = " (D Qi Gy)
j=1 j=1 j=1 j=1

hence, by Remark 6.1, exp(Zf:1 Q:,;G;) = B'. 1t follows that 8° € M(1,), 1 < i < k, and thus
N(I,) has a vertex on each of the first k£ coordinate axes in N”. By Proposition 7.1 again, we
get dimK{z}/I, < n—k. Since I, is generated by k elements, it is thus a complete intersection
ideal.

Since complete intersections are Cohen-Macaulay, then by Remark 7.2, both K{z}/I and
K{x}/1, are flat over K{Z}. Therefore, by Proposition 2.5 and Remark 2.6, there exists [ > 1

such that for the linear form
k n
AB)Y =D B+ > 1B,
i=1 j=k+1

we have

NA(1) = N(I(0)) x N** and  NA(1,,) = N(I,(0)) x N*7F.
Thus, M (L) = Na(I,), and hence
K{z}

7.1 dimg ———— —_—
(1 T+ A n+1 Ty +man

for all n € N,

by Lemma 6.2. Note that na; = (zp)" + (Z), and in general np ny = ((z)' + (&)™, for
all m € N. Also, since K{z}/I is a finite K{Z}-module, then for [ large enough one has
(z)' € I+ (%) (Corollary 5.3). It follows that I + (&) = I 4 na, and hence by induction

I+ (&)™ =14+nam for all m € N.
K{z} dim K{z}

Therefore, by (7.1), we get dimg TG K I+ @) for all m € N.
Note finally that I,, N (Z) = I, (Z), by K{Z}-flatness of K{z}/I,, (see, e.g., [5, Cor.7.6]). The
theorem thus follows from Proposition 6.7. (]

Remark 7.4. Tt is always possible to choose polynomials Gi,...,Gy € K|z], satisfying the
hypotheses, and hence the conclusion of Theorem 7.3. This proves that every analytic complete
intersection singularity (A, m) can be approximated arbitrarily well in the m-adic topology by
algebraic complete intersection singularities having the same Hilbert-Samuel function as (A, m).

8. APPROXIMATION OF COHEN-MACAULAY SINGULARITIES

We call an analytic germ (X,0) in (K",0) a Cohen-Macaulay singularity, when its local ring
Ox o is Cohen-Macaulay. The polynomial approximation of analytic germs is, in general, not
possible beyond the complete intersection case (see Example 8.2 below). The next best thing is
an approximation by Nash germs. The following result shows that a Cohen-Macaulay singularity
can be arbitrarily closely approximated by Nash singularities which are also Cohen-Macaulay
and share the same Hilbert-Samuel function.
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Theorem 8.1. Let I = (Fy,..., Fy) be an ideal in K{z} such that K{z}/I is Cohen-Macaulay
with dimK{z}/I =n—k. Then, there exist ug € N, such that for any 11 > po there are algebraic
power series Gi,...,Gs € K(z) with j*G; = j*F;, 1 < i < s, the ideal I, = (Gy,...,Gs)
satisfies Hy, = Hy, and K{x}/I, is Cohen-Macaulay with dimK{z}/I,, = n — k.

Proof. By Proposition 7.1, after a generic linear change of coordinates in K", the diagram (1)
has a vertex on each of the first k coordinate axes in N™. It follows that K{z}/I is K{Z}-finite,
and hence K{z}-flat (Remark 7.2). Therefore, by Proposition 2.5 and Remark 2.6, there exists
| > 1 such that for the linear form

k n
AB)Y =D B+ > 185,
=1

j=k+1
we have
Na(I) = N(I(0)) x N*=F,
We can extend the given set of generators {Fi,..., Fs} by power series Fsy1,..., F. € I such
that the collection {Fi,...,F,} contains representatives of all the vertices 9 (I). Since I is

generated by {F1,..., Fy}, there are H € K{x} such that

FSer:ZHquv p=1,...,r—s.

q=1

Then, {F,...,F.} is a set of generators of I and a standard basis of I relative to A (Corol-
lary 2.3). For i,j € {1,...,r}, i < j, let S;; = S(F;, F;) denote the s-series of the pair (F;, Fj).
By Theorem 3.2, there exist Q% € K{z}, i,j,m € {1,...,r}, such that

Sij = Z QW F,, and exp,Si; < min{exp, (QUIF,,) :m=1,...,r}.
m=1

Recall that, for all 1 < i < j < r, there are monomials P; ;, P;; € K[z], which depend only on
the initial terms of Fj, F, such that S; ; = P; jF; — P;;F;. Consider a system

P, j(x)y; — Pji(x)y; — Z Z:;Ljym =0
(8.1) R m=1
Yst+p — ngyq =0

q=1

of (g) + r — s polynomial equations in variables

1,2 -1,
y=(n- ), 2= (575
and w = (wi,...,w?_,). The system has a convergent solution {F}, i;f,Hg}, and hence by

Theorem 4.2, for every p € N, an algebraic power series solution {G, R/, K1} with j*G; = j*F;,
JERy) = Q) and jH K] = j#H} for all 4,5, m,p,q.

Let now po := max{A(exp, QL) + AlexppFr)) 1 1 <i<j<r1<m<r}, and fix p > po.
Then, for any algebraic solution {G;, R;7, K2} to (8.1) which coincides with {F;, Q%7, H} up
to degree p, we have S(G;,G;) = P, ;G; — P;;G; and

S(Gi,Gj) = > Ry Gy, with exp,S(G;, G;) < min{exp, (R Gr) :m=1,...,7}.

m=1
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Hence the G; form a standard basis for the ideal I,, = (G4,...,G;), by Theorem 3.2 again. In
particular, the set {Gy,...,G,} contains representatives of all the vertices of 9 (,,) (see Re-
mark 3.1(1)).  Since, by construction, exp,G; = exp,F; for all i, it follows that
NA(L,) = Na(I). Thus, Na(L,) = N(L(0)) x N*~* and so K{z}/I, is K{Z}-flat, by Proposi-
tion 2.5. Note also that I, is, in fact, generated by {G1, ..., G}, since the remaining generators
Gs41,...,G, are combinations of the former, by (8.1).

The equality of diagrams 9a(I,) = Ma(L) implies, as in the proof of Theorem 7.3, that
K{x} . K{x}
——— =dimg ————
I+ (@)™ I, + @)™
K{z}-flatness of K{z}/I,,. The theorem thus follows from Proposition 6.7. O

we have dimg , for all m € N. Moreover, I, N (Z) = I,- (&), by

In contrast with complete intersections, the Cohen-Macaulay singularities are not, in general,
finitely determined. This can be shown using Becker’s s-series criterion, as follows.

Example 8.2. Let I be an ideal in K{x,y, z} generated by
Fy =28 F,=19"+y?2%* Fy=2%3+222"%".
Let N3 be equipped with the standard ordering induced by lexicographic ordering of the 4-tuples
(|6|753»ﬂ27 Bl)
We claim that {Fy, Fy, F3} are a standard basis of I. Indeed, the s-series of pairs (F, F3) and
(Fy, F3) are as follows:

S13=y*F —2Fy = (=2 Fy, So s =a’F —y*F3 =0,

which are standard representations in terms of {Fy, Fy, F3}. The Sy 2, in turn, has a standard
representation in terms of Fy and F, because their initial exponents are relatively prime (see
[4, Thm. 3.1]). The claim thus follows from Theorem 3.2.

The diagram 9(I) contains vertices on the first two coordinate axes in N3, namely expF}
and expFy, hence K{z,y, z}/I is a finite K{z}-module. On the other hand, by Remark 3.1(1),
the only vertices of 91(I) are the expF}, expFy, and expF3, which all lie in N? x {0}. Thus, by
Proposition 2.5, K{xz,y, 2} /I is K{z}-flat, and hence Cohen-Macaulay (Remark 7.2).

Let now p > 8 be arbitrary, and let

G =128 Go=y° +y224(e” + 2" ON(2)), G3=axy®+ 222,
where h(z) € K{z} is an arbitrary non-zero series with h(0) = 0. Then, j*G; = j*F; for all

i, but for the ideal I, = (G1,G2,Gs), the ring K{xz,y,2}/I, is not Cohen-Macaulay. Indeed,
consider the s-series S(G2, G3). We have

S(Ga, G3) = 2°Gy — y* Gy = x2y* 2" 2h(2),

and hence z?y? is a zero-divisor in K{x,y, z} /I, regarded as a K{z}-module. Thus, K{xz,y, 2}/,
is not K{z}-flat, and hence not a Cohen-Macaulay ring, by Remark 7.2 again.

9. ZARISKI EQUISINGULARITY AND VARCHENKO THEOREM

In this section we recall a result of Varchenko on topological equisingularity of algebraically
equisingular families. This is a central tool in the proof of Mostowski’s theorem.

Let V be a complex analytic hypersurface in a neighbourhood U of the origin in C! x C", and
let 7=V N (C! x {0}). Suppose there is, for every 0 < i < n, a distinguished polynomial

Dpi
Fi(t, a)‘m) = xfl + Zai_ld(t,x[i,l])xfi_] ,
j=1
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where t € C, v = (21,...,%;) € Ci a;_1 € C{t, z;_1)}, all such that the following hold:

(1) V. =FE;1(0).

(2) ai;(t,0) =0, for all i, j.

(3) Fi_1(t,x—1)) = 0 if and only if Fj(t,2};_1},2;), regarded as a polynomial in x; with

(t, 2(3—1)) fixed, has fewer roots than for generic (¢, z;_1)).

(4) Either F;(t,0) =0 or F; =1, and in the latter case Fy, = 1 for all k¥ < i by convention.
A system of distinguished polynomials {F;(¢, z[;))} satisfying the above conditions is called al-
gebraically equisingular. Answering a question posed by Zariski [22], Varchenko showed that
algebraic equisingularity of a system {Fj(t,z[;)} implies topological equisingularity of V' along
T. More precisely, we have the following.

Theorem 9.1 ([19, 20], cf. [13, Thms. 3.3,4.3]). Under the above hypotheses, let
Vi=VNn{t} xC") and Uy =U N ({t} xC"), fort € T.

Then, for every t € T, there exists a homeomorphism hy : Uy — Uy such that hy(Vy) = Vi and
ht(0) = 0. Moreover, if F,, = G1...G, is a product of distinguished polynomials in x,, then

he(G51(0) N ({0} x €)= G H0) N ({1} x C*)  forall 1<j<r.

Remark 9.2. The Parusinski-Paunescu [13] version of Theorem 9.1 is, in fact, considerably

stronger. By their result, the homeomorphisms h; can be assumed arc-analytic and subanalytic.
However, we have no need for these stronger properties in the present paper.

10. MOSTOWSKI THEOREM WITH HILBERT-SAMUEL EQUISINGULARITY

The goal of this section is to prove a strong variant of Mostowski’s theorem [10], showing that
every analytic germ (X,0) C (K",0) can be arbitrarily closely approximated by a Nash germ
(X,0) C (K™,0) with the same Hilbert-Samuel function, and such that the pairs (K™, X) and
(K™, X ) are topologically equivalent near zero.

Theorem 10.1. Let gy,...,g9s € K{z} and let (X,0) C (K", 0) be an analytic germ defined by
g1 =---=g9s =0. Then, there exists ug such that for all p > g there are algebraic power series
31, ---,0s € K{(x) and a homeomorphism germ h : (K",0) — (K™, 0) such that:

JHar = gtgr fork=1,...;s

)
(i) If (X,0) is the Nash germ defined by g1 = --- = gs =0, then Hg o = Hx o
)

Our proof of Theorem 10.1 combines the exposition of [7] with the Becker s-series criterion
(Theorem 3.2). We include the details of the argument for the reader’s convenience.

10.1. Generalized discriminants. Let T' = (T4,...,T,) be variables. For j > 1, consider
N SR | )
Ty, -1 k£l
K #T] ., Tj—1
The A; are symmetric in variables T', and hence each A; = A;(Ag,...,Ap_1) is a polynomial

in the elementary symmetric functions Ag = 11---Tp,...,Ap—1 =T1 +--- +T,. We have: A
polynomial XP + ap,lXp’1 4+ -+ 4+ a1 X + ag has precisely p — j distinct roots if and only if
Al(ao, ce ,ap,l) = Aj(a(), BN 7ap,1) =0 and A]‘Jrl(a,o, ey ap,l) 7& 0.
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10.2. Construction of a normal system of equations. Let ¢1,...,9s € K{z} and let
I = (g1,...,9s)-K{z}. After a generic linear change of coordinates, if needed, all the g
become regular in variable z,,. We may thus, without loss of generality, assume that each g is
a distinguished polynomial in z,. That is,

Tk
(10.1) ge(@) = 2 + Y an—1p ()T
j=1

where a,_1%,; € K{zp_1} and a,—14,;(0) = 0.

The coefficients a,,_1%,; can be arranged in a row vector a,_1 € K{zp_y}’", where
Pn = > Tk Set fn = g1---gs. Then, the generalized discriminants A, ; of f,, are polyno-
mials in a,_1. Let j, be such that

Ay i(ap—1) =0 fori<j,,
and A, j, (a,—1) #Z 0. Then, after a linear change of coordinates x[,_1), we may write

Pn—-1
An,jn (anfl) = unfl(x[n—l])(xizal + Z a"*Qa]’(‘m[n—ﬂ)xfznfilliJ)?
j=1

where u,—1(0) # 0, and for all j, a,,—2;(0) = 0. Set

Pn—1
e Pn—1 Pn—1—]
for =2 4D an (@)l
=1

and denote the vector of its coefficients a,_2 ; by an—2 € K{x[n,g] }Pn=1. Let j,—1 be such that
the first j,—1 — 1 generalized discriminants A,_;; of f,—1 are identically zero and A,_1 ;, ,
is not. Then, again, we define f, 2(z},—2) as the distinguished polynomial associated to
An_1,,_,, and so on.

By induction, we define a system of distinguished polynomials

fi € K{x[i_l}}[zi], i=1,....,n—1,

such that f; = 2 + 25:1 ai,lﬁj(x[i_l])xfﬁj is the distinguished polynomial associated to the
first non identically zero generalized discriminant A;i 1, (a;) of fii1:

Pi
(10.2) Ai+17ji+1(ai) zui(x[i])(xfi +Zai—1,j($[i_1})$fi_J), 1= O,...,n— 1,
j=1
where, in general, a; = (a;,1,...,a;p,,). Thus the vector of functions a; satisfies
(103) Ai+17k(ai) =0 for k< Ji1, 1= 0,....,n—1.

This means in particular that
ALk(ao) =0 fork< J1 and Ale (ao) = U,

where ug is a non-zero constant.
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10.3. Incorporating a standard basis. Consider now the diagram of initial exponents 9(I) of
the ideal I in K{z} (with respect to the linear form A(S) = |3] on N™). We can extend the given
set of generators {gi, ..., gs} by power series gs41,..., g, € I such that the collection {g1,...,g,}
contains representatives of all the vertices of M(I). Since I is generated by {g¢1,...,gs}, there
are hl € K{x} such that

T'q
(10.4) gsip(z Z (@) | @it + > an—rg (@) |
j=1
forp=1,...,r —s, by (10.1).
Now, {g1,...,9-} is a set of generators of I and a standard basis of I (Corollary 2.3). For
i,je€{l,...,r},1 < j,let S, ; = S(gi,g;) denote the s-series of the pair (g;, g;). By Theorem 3.2,
there exist v’/ € K{z}, i,7,m € {1,...,r}, such that

(10.5) Sij = Z VeI g, and expS;; < min{exp(viigy):m=1,...,t}.

Recall that, for all 1 < ¢ < j < r, there are monomials P; ;, P;; € K[z], which depend only on
the initial terms of g;, g;, such that S; ; = P; j9; — Pj.g;. Therefore, the vy; ij , b, and an—1 45
satisfy the following system of ( ) polynomial equations

(10.6) P j(x)gi — Pji(x)g; — Z Uil gm =0, 1<i<j<r,

m=1
in which the hf and a,_;,,; are present via (10.1) and (10.4). We will denote the vector of
functions v/ by v € K{x}r(g), and the vector of h by h € K{z}*("=%), to simplify notation.

10.4. Approximation by Nash functions. Consider (10.2), (10.3), and (10.6) as a system of
polynomial equations in a;(z(;), ui(zp)), v(x), and h(z). By construction, this system ad-
mits a convergent solution. Therefore, by Theorem 4.1, there exist a new set of variables
z = (z1,...,2k), an increasing function 7 : N — N, convergent power series z;(z) € K{z} van-
ishing at zero, algebraic power series ;(x;, 2 ) € K< T[], 21, - - zT(i)>, and vectors of algebraic
power series @; (2, 2) € Kz, 21, .., 2r(i )> ) € K(z, )" (s ), and h(z,z) € K(z, z)s(rfs)
all such that the following hold:

(a) z1(z), ..., 2.¢)(x) depend only on variables x(;; = (z1,...,2;)

(b) @iy, 2), ai(zy), 2), 0(, 2), h(z, z) are solutions of (10.2), (10.3), and (10.6)

(c) The convergent solutions satisfy: w;(xp)) = @i(2p), 2(2y)), ail(zy) = ai(zy, 2(2h)),

v(z) = 0(x, 2(x)), and h(z) = h(z, 2(z)).

10.5. Proof of Theorem 10.1. Let ¢g1,...,9s; € K{z} and let (X,0) C (K™, 0) be an analytic
germ defined by g1 = --- = g; = 0. Suppose first that K = C.
Let gs1(x), ..., gr(x), ui(zy)), ai(w)), v(x), and h(z) be as in sections 10.2 and 10.3. Set

po = max{lexp(vy! )| + lexp(gm)| : 1 <i < j <r, 1 <m <r},
and fix p > po.
Let z;(x) € C{z} be the convergent power series, and let u;(x[, 2), ai(z[, 2), 0(x,2), and
ﬁ(x, z) be the (vectors of) algebraic power series constructed above. To simplify notation, we

will write z£(z) for z;(x) — j*z;(x), where as before j#z;(x) denotes the p-jet of z; as a power
series in variables z.
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For t € C, we define

F,(t,x) = H Gr(t,x),
k=1

where
Tk

(10.7) Gk(t71‘) = 1‘:{“ + Zdn—l,k,j(x[n—l],juz(x[n—l]) + ti“(x[n_l]))~$;k_J ,
J=1

and

Pi
Fl(t, .13) = .135)1 + Z &1_17]'(33[%‘,1],ju2($[i,1]) + tZ“(x[i,l]))-xf”_J s 1= 1, e, — 1.
j=1
Finally, we set Fy(t) = 1. Now, since u;(0,0) = 4,;(0,2(0)) #0,i=1,...,n — 1, it follows that
the family {F;(t,z;))} is algebraically equisingular (with [t| < R, for any R < 00).

Set gi(z) = Gk(0,z), and let (X, 0) be the Nash germ in (C™,0) defined by g; = --- = gs = 0.
Note that gr = Gr(1,2), k = 1,...,s. Therefore, by Theorem 9.1, there is a homeomorphism
germ h : (C™,0) — (C™,0) such that h((X,0)) = (X,0).

By construction, we have j* g, = j#gi for k = 1,...,s. Finally, as in the proof of Theorem 8.1,
observe that the collection {gi,...,§s,...,gr} forms a standard basis for the ideal I,, that it
generates (by (10.5)). In particular, the set {g1,...,gr} contains representatives of all the
vertices of the diagram 9%(I,) (see Remark 3.1(1)). Since, by construction and the choice of
fo, we have exp(gr) = exp(gy) for all k, it follows that 9N(I,) = N(I). Hence, Hg ; = Hx o,
by Lemma 6.2. Note also that I, is, in fact, generated by {gi,...,§s}, since the remaining
generators §si1,.-.,gr are combinations of the former, by (10.4). This completes the proof in
the complex case.

The real case follows from the complex one, since by [19, §6], if the distinguished polynomials
F; of Section 9 have real coefficients, then the homeomorphism h constructed in Varchenko’s
Theorem 9.1 is conjugation invariant. O

Remark 10.2. We are grateful to the anonymous referee for pointing out the analogy between
our Theorem 10.1 and the main result of the very recent work [14]. In [14], the authors have used
the Buchberger criterion for Grébner bases, which is an analogue of Theorem 3.2 for polynomial
rings, in the form of equations analogous to (10.6), to conclude the equality of the Hilbert-Samuel
functions of a given algebraic set and its homeomorphic approximant defined over a number field.
In contrast to our work, in the polynomial setting of [14], the equations for Buchberger’s criterion
are satisfied automatically and need not be included in the system of equations to which the
approximation result is applied.
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