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ABSTRACT. We discuss the Bethe ansatz in the Gaudin model on the tensor product of finite-
dimensional sla-modules over the field F, with p elements, where p is a prime number. We
define the Bethe ansatz equations and show that if (t(l), ey t%) is a solution of the Bethe ansatz
equations, then the corresponding Bethe vector is an eigenvector of the Gaudin Hamiltonians.
We characterize solutions (t(l’, el t(,z) of the Bethe ansatz equations as certain two-dimensional
subspaces of the space of polynomials Fp[z]. We consider the case when the number of pa-
rameters k equals 1. In that case we show that the Bethe algebra, generated by the Gaudin
Hamiltonians, is isomorphic to the algebra of functions on the scheme defined by the Bethe
ansatz equation. If K = 1 and in addition the tensor product is the product of vector repre-
sentations, then the Bethe algebra is also isomorphic to the algebra of functions on the fiber
of a suitable Wronski map.

1. INTRODUCTION

The Gaudin model is a certain collection of commuting linear operators on the tensor product
V = ®]_,V; of representations of a Lie algebra g. The operators are called the Gaudin Hamil-
tonians. The Bethe ansatz is a method used to construct common eigenvectors and eigenvalues
of the Gaudin operators. One looks for an eigenvector in a certain form W (t), where W (t) is
a V-valued function of some parameters ¢t = (1, ...,tx). One introduces a system of equations
on the parameters, called the Bethe ansatz equations, and shows that if t° is a solution of the
system, then the vector W (t°) is an eigenvector of the Gaudin Hamiltonians, see for example
[B, G, FFR, MV1, MV2, MTV1, MTV4, RV, SchV, SV1, V1, V2, V3]. The Gaudin model
has strong relations with the Schubert calculus and real algebraic geometry, see for example
[MTV2, MTV3, So.

All that is known in the case when the Lie algebra g is defined over the field C of complex
numbers. In the paper we consider the case of the field F, with p elements, where p is a prime
number, cf. [SV3]. We carry out the first steps of the Bethe ansatz, the deeper parts of the
Gaudin model over a finite field remain to be developed. We consider the case of the Lie algeba
sls, where the notations and constructions are shorter and simpler.

It is known that over C, the Gaudin model is a semi-classical limit of the KZ differential
equations of conformal field theory, and the construction of the multidimensional hypergeometric
solutions of the KZ differential equations lead, in that limit, to the Bethe ansatz construction
of eigenvectors of the Gaudin Hamiltonians, see [RV]. The F,-analogs of the hypergeometric
solutions of the KZ differential equations were constructed recently in [SV3], see also [V5]. Thus
the constructions of this paper may be thought of as a semi-classical limit of the constructions
in [SV3].

In Section 2 we define the Bethe ansatz equations and show that if (¢7,...,¢?) is a solution of
the Bethe ansatz equations, then the corresponding Bethe vector is an eigenvector of the Gaudin
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Hamiltonians. In Section 3 we characterize solutions (¢, ...,t?) of the Bethe ansatz equations
as certain two-dimensional subspaces of the space of polynomials F,,[x]. In Section 4 we consider
the case in which the number & of the parameters equals 1. In that case we show that the Bethe
algebra, generated by the Gaudin Hamiltonians, is isomorphic to the algebra of functions on the
scheme defined by the Bethe ansatz equation, see Theorem 4.2. If £k = 1 and in addition the
tensor product is the product of vector representations, then the Bethe algebra is also isomorphic
to the algebra of functions on the fiber of a suitable Wronski map, see Corollary 4.9.

The author thanks W. Zudilin for useful discussions and the Hausdorfl Institute for Mathe-
matics in Bonn for hospitality in May-July of 2017.
2. sl GAUDIN MODEL
2.1. sl Gaudin model over C. Let e, f, h be the standard basis of the complex Lie algeba sl
with [e, f] = h, [h, e] = 2e, [h, f] = —2f. The element
1
(2.1) Q=c@f+f@ct h®h € sh@sh

is called the Casimir element. Given n, for 1 <i < j < n let Q7)€ ( (s12))®" be the element

sly)
= (2

equal to € in the i-th and j-th factors and to 1 in other factors. Let z ..,2%) € C" have
distinct coordinates. For s = 1,...,n introduce
(2.2) Z o (U(sly))®™,
l#s
the Gaudin Hamiltonians, see [G]. For any s,!, we have
(2.3) [Hy(2°), Hi(2°)] =0,
and for any x € sly and s we have
(2.4) Hy(z"),201® @1+ +1® @1z =0.

Let V = ®_,V; be a tensor product of sly-modules. The commutative subalgebra of End(V')
generated by the Gaudin Hamiltonians H;(z"),i = 1,...,n, and the identity operator Id is called
the Bethe algebra of V. If W C V is a subspace invariant with respect to the Bethe algebra, then
the restriction of the Bethe algebra to W is called the Bethe algebra of W, denoted by B(W).

The general problem is to describe the Bethe algebra, its common eigenvectors and eigenval-
ues.

2.2. Irreducible sl-modules. For a nonnegative integer ¢ denote by L; the irreducible i + 1-
dimensional module with basis v;, fv;, ..., fiv; and action h.f*v; = (i —2k) f*v; for k=0, ...,
foffv; = fHly for k = 0,...,4 — 1, f.flv; = 0; ey = 0, e.ffo; = k(i — k + 1) fF 1o, for
k=1,...,i

For m = (my,...,mn) € 2%, denote |m| =my +---+my, and L®™ = Ly, @+ ® Ly, . For
J = (1, Jn) € ZY,, with js < ms for s = 1,...,n, the vectors
(25) fJUm = fjlvml ®"'®fj"7)mn

form a basis of L®™. We have

ffoom = D frrrvms hfom = (m|=21J]) frvm,

n
e.frvm = st(ms —Js + 1)fJ—1SUm~
s=1
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For A € Z, introduce the weight subspace L®™[\] = { v € L®™ | h.v = Av} and the singular
weight subspace SingL®™[\] = { v € L®™[A] | h.v = v, ew = 0}. We have the weight
decomposition L™ = @L1|0L®m[|m| — 2k]. Denote

Ty ={J€Zi | |J| =k js<ms, s=1,...,n}.

The vectors (fjv) ez, form a basis of L®™[|m]| — 2k].

By (2.4), the Bethe algebra B(L®™) preserves each of the subspaces L®™[|m| — 2k] and
SingL®™(|m| — 2k]. If w € L®™ is a common eigenvector of the Bethe algebra, then for any
x € sl the vector z.w is also an eigenvector with the same eigenvalues. These observations show
that in order to describe B(L®™), its eigenvectors and eigenvalues it is enough to describe for
all k the algebra B(SingL®™[|m| — 2k]), its eigenvectors and eigenvalues.

2.3. Bethe ansatz on SingL®™ [|m|—2k| over C. Given k,n € Zso, m = (mq,...,my,) € Z2,.
Let 20 = (2Y,...,2%) € C™ have distinct coordinates. The system of the Bethe ansatz equations
is the system of equations

(2.6) Zt iy —Zt —20: . i=1,...k

J#i
ont=(tr,...,t) € CF. If (19,...,10,20,...,20) € CE*" has distinct coordinates, denote
0 0 msmy /2 b My
(2.7) )\S(t,z)zzzo_zo—zzo_to, s=1,...,n.
I#£s % l i=1"9% v
For any function or differential form F'(¢1,...,%x), denote
Symy[F(ty, ..., te)] = Y Flto,,. .. te,), Anty[F(ty,....tx)] = > (=) F(te,, .. to,).
ogE€Sk oESk

For J = (j1,...,Jn) € Iy define the weight function

(2.8) Wil(t, z) = i Symt HH

s=1i=1 ]1+ +js—1+i T Rs

For example,

1 1 1
W, = W, =
(1,0,...,0) H—2 (2,0,...,0) t— 21ty — 2
1 1 1 1
W, = .
(1,1,0,...,0) t1—z1ta—22 ta—z1t1— 2
The function
(2.9) Winm(t,2) =Y Wi(t,2)fvm

JETy

is the L®™[|m| — 2k]-valued vector weight function.

Theorem 2.1 ([RV, BJ, cf. [SV1]). If (t°,2°) = (9,...,t2,20,...,20) is a solution of the
Bethe ansatz equations (2.6), then the vector Wi n.m(t°, 2°) lies in SingL®™[|m| — 2k] and is an

etgenvector of the Gaudin Hamiltonians, moreover,

(2.10) Hi(zo).Wk,n,m(tO,zo) = )\i(to, zO)Wk7n7m(t0,zO), i=1,...,n.
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The eigenvector Wy, ,.m (%, 2°) is called the Bethe eigenvector. On the Bethe eigenvectors see,
for example, [SchV, MV1, MV2, V1, V2, V3].

The fact that Wy, m(t°, 2°) in Theorem 2.1 lies in SingL®™[|m| — 2k] may be reformulated
as follows. For any J € Z_1, we have
(2.11) D G+ D(my = Gs) W, (t°,2°) = 0,

s=1
where we set Wy, 1 (t°,2°0) =0if J + 1, ¢ Zs.
4. Proof of Theorem 2.1. We sketch the proof following [SV1]. The intermediate statements

in this proof will be used later when constructing eigenvectors of the Bethe algebra over F,,. The
proof is based on the following cohomological relations.

Given k,n € Zso and a multi-index J = (j1,...,Jn) with |J]| < k, introduce a differential
form
1 d(ty — z d(t;, —z d(t; —z
0y = - Antt[(l D) W —z) At —z)
Jil- ! t1— 21 tj, — 21 tii41 — 22
AWttt = 2n) A, — Zn)},
Lji e tgn_1+1 — Zn Ljy i — #n

which is a logarithmic differential form on C™ x C* with coordinates z,t. If |J| = k, then for
any 2z € C" we have on {z°} x C* the identity

(2.12) nJ\{ZO}XCk = Wy(t,2%)dty A --- Adty.

Example 2.1. For k =n = 2 we have
d(tl — Zl) A d(tg — Zl)

(2.0 - th — 21 to — 21
_ d(tl — 2:1) A d(tz — 22) _ d(tz — 21) A d(tl — 22)
. 1 — 2= ta — 22 ta — 21 ty— 2z

Introduce the logarithmic differential 1-forms
n k

mym; d(z; — z;
o =y mmmdEAl, oy pfh bl sy, )
L 2 2 — Zj t — Z
1<i<jsn 1<1<]<k s=1i=1
o = E 2 t
-z
1<i<j<k s=1 i=1 s

We shall use the following algebraic identities for logarithmic differential forms.

Theorem 2.2 ([SV1]). We have

n

(213) a’' A ns = Z(]s + 1)(mé - js)nJ-l-ls’
s=1

for any J with |J| =k —1, and
d(z —
(214) a N ZanJvm—ZQZ]) Z_z /\ Z N7 f70m.
JETk i<j I |J|=k

Proof. Identity (2.13) is Theorem 6.16.2 in [SV1] for the case of the Lie algebra sly. Identity
(2.14) is Theorem 7.5.2” in [SV1] for the case of the Lie algebra sls. O
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If (¢, 2°) is a solution of the Bethe ansatz equations, then |0 .0y = 0 and formulas (2.13),
(2.12) give (2.11). Similarly, if (£°,2°) is a solution of the Bethe ansatz equations, then

Oc|(to,Z0) = Z )\S(to, zo)dzs

s=1

and formulas (2.14) and (2.12) give (2.18). Theorem 2.1 is proved.

2.5. Bethe ansatz on SingL®™[|m| — 2k| over F,. Given

k,n € Zso, m=(mq,...,my) €LY,
let p be a prime number. Consider the Lie algebra sly as an algebra over the field F), and the
slp-modules L, , s =1,...,n, over F,,. Let 20 =(9,...,29) ¢ [} have distinct coordinates.

The Gaudin Hamiltonians H(z°) of formula (2.2) define commuting F,-linear operators on the
F,-vector space L®™ = ®"_, L,,.. By formula (2.4) the Gaudin Hamiltonians preserve the F-
subspaces SingL®™[|m| — 2k| and we may study eigenvectors of the Gaudin Hamiltonians on a
subspace SingL®™[|m| — 2k].

Consider the system of Bethe ansatz equations

2 - Mg .
(2.15) Zti_tj_;ti_zgzo, i=1,...,k,

J#i
as a system of equations on ¢t = (t1,...,t;) € Fa. If (#9,...,10,20,...,25) € Fi*" has distinct
coordinates, denote
1 A(0,20) = S 2§ me ~1
(2 6) 3(t7Z)—ZW—ZWE s s=1,...,Nn.
l#s ¢ i=1 ¢ g

Theorem 2.3. Let p be a prime number and p > |m|. Let t° € ]F’; be a solution of the Bethe
ansatz equations (2.15). Then the vector Wy, m(t°, 2°) is well-defined and lies in the subspace
SingL®™[|m| — 2k], that is, the equations

(2.17) D G+ D(my — )W, (t°,2°) = 0,

s=1
hold, also the vector Wy, m(t°, 2°) satisfies the equations
(2.18) Hy(22) Wi (12, 2°) = Ao (1%, 2 Wi (12, 2°), s=1,...,n.

Proof. The proof of Theorem 2.3 is the same as the proof of Theorem 2.1 since identities (2.13)
and (2.14) hold over half integers and can be projected to F,,. (]

3. TWO-DIMENSIONAL SPACES OF POLYNOMIALS

3.1. Two-dimensional spaces of polynomials over C. For a function g(z) denote ¢’ = g—g.

For functions g(z), h(z) define the Wronskian
Wr(g(z), h(@)) = ¢'(@)h(x) — g(a)l(z).

Theorem 3.1 ([SchV], cf. [MV2]). Let k € Z=o, m = (mq,...,m,) € Z%. Let (t°,2°) € CF*+"
have distinct coordinates. Denote
k n

(3.1) y@)=1[@-1),  T@ =[]

i=1 s=1
We have the following two statements.
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(i) If (t°, 2°) is a solution of the Bethe ansatz equations (2.6), then k < |m|+1, 2k # |m|+1,
and there exists a polynomial g(z) € Clz] of degree |m|+ 1 — k such that
(3.2) Wr(g(z), y(z)) = T(x).

(ii) If there exists a polynomial §(x) satisfying equation (3.2), then k < |m|+1, 2k # |m|+1
and (t°,2°) is a solution of the Bethe ansatz equations (2.6).

Proof. We will use the proof below in the proof of the p-version of Theorem 3.1. Equation (3.2)
is a first order differential equation with respect to g(z). Then

(33) <y<w>) _ T()

y(x) y(a)?

and

e [ e T,

We have the unique presentation T'(x) = Q(x) Hz 1(z— to) +R( ) with P(x), Q(z) € C[z] such
that Q(z) = 0 if 2k > |m| and Q(z) = a2k 2!™=2F 4+ -+ + g is of degree |m| — 2k otherwise;
deg R(x) < 2k. We have the unique presentation

& _ a;2 5,1
(3.5) IT: <x_t0>2‘2<<x—t°>2+x—t°>’

=1 7 i=1 [
where
T(x d T(x
(36) a2 = A ( ) 0 N a;1 = d— k(i)o
Hj#l’(x tj)2 w=t] t Hj;éi(x - tj)z z=t?

We have

T Tk /_ L0\o - 0 - 0 0 .

du [Tz — t?)z z=t{ el i i — 1 Hﬁﬁz(to t?)2
Since (t°,2°) has distinct coordinates we conclude that a;1 = 0 for 7 =1,...,k, if and only if

(t9, 29) is a solution of (2.6).
Let (%, 2") be a solution of (2.6). By formula (3.4) we have

k k
(3.7) j(z) = [[(@ -2 <c -y ﬁ) . if 2k > |m),

i=1 i=1
- A|m|—2k - @i
() = _ 0y [ Emi=2k o jml =2kl — %2

if 2k < |m|, where ¢ € C is an arbitrary number. In each of the two cases we may choose ¢ so
that deg §(z) # degy(z). Using the identity

(3.8) Wr(z®,2°) = (a — B)z* P!

we obtain in this case that

(3.9) deg j(z) + degy(x) = |m| + 1.

Hence k < |m|+ 1 and k # |m| + 1 — k. The first part of the theorem is proved.
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Let there exist a polynomial §(x) satisfying equation (3.2). Adding to g(x) the polynomial
y(x) with a suitable coefficient if necessary we may assume that degg(x) # degy(z). Then (3.9)
implies k < |m|+ 1 and k # |m| + 1 — k.

By formula (3.3) we have

. k
y(m))/ |m|—2k ( a; 2 a; 1 .
. — p— o k) I’ <
(3.10) (y(ac) = Q)| —2kT + +ag + ; 1 ( t?)Q + = t?) if 2k < |m|

and

(3.11) (M) _ Ek: (( G2 xajlto) if 2k > |ml.
=1 g

y(z) z—t)°

The function % has a unique decomposition into the sum of a polynomial and simple fractions.
The term by term derivative of that decomposition equals the right-hand side of (3.10) or (3.11).
Hence all of coefficients a;1 must be zero. Hence the roots of y(x) satisfy the Bethe ansatz

equations. O

Remark. This construction assigns to a solution (Y, 2°) of the Bethe ansatz equations the
two-dimensional subspace (§(z),y(z)) of the space of polynomials C[z] such that degy(z) =
k,degy(x) = |m|—k+1, Wr(y(z),g(x)) = T(x). That subspace is a point of the Grassmannian
of two-dimensional subspaces of C[x].

3.2. Two-dimensional spaces of polynomials over F,.

Theorem 3.2. Let k € Zso, m = (my,...,my) € Z2;. Letp > |m|+1, p > n+ k. Let
(9,29 e F’;“‘” have distinct coordinates. Denote

k

(3.12) y@)=[[@-1),  T@) =]]@-=2m eFll

i=1 s=1
We have the following two statements.
(i) If (19, 2°) is a solution of the Bethe ansatz equations (2.15), then k < |m|+1, 2k # |m|+1,
and there exists a polynomial §(z) € Fplx] of degree |m| + 1 — k such that
.13 Wi(3(2),y(2)) = T(0).

(i) If there exists a polynomial §(x) € Fplz] satisfying equation (3.13), then k < |m|+ 1,
2k # |m| + 1 and (t°,2°) is a solution of the Bethe ansatz equations (2.15).

Proof.
Lemma 3.3. Let p be a prime number. Let dy,...,dx € Z~o with d; < 2 for all i. Let
9, ... 1Y € F, be distinct and T(x) € Fplz]. Then there exists a unique presentation
d.
T(x) N iy
(3.14) — o = Q@)+ g
Hf:l(x — t9)ds ;j:l (z —t7))

where Q(z) € F,lz] and

di—1 T(x)
(3.15) 5 = dzi—1 (Hk (x —t?)dl> o
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Proof. The uniqueness is clear. Let us show the existence. Lift t9,...,t%, T'(z) to t},...,t} € Z,
T'(z) € Z]x]. We have
T (x) TR R U
(3.16) S NG o o N R
H?:1(37 —t})d ; j=1 (@ —t;)]

where Q' (z) € Z[z] and

(3.17) o () ’ .
] dxi—1 Hk .(xftl)dj :r:t?

It is easy to see that for j = 1,2 and all i the coefficient a} ; has a well-defined projection to IF,.
By projecting (3.16) to I, we obtain a presentation of (3. 14) D

The proof of Theorem 3.2 is based on Lemma 3.3 and is analogous to the proof of Theorem
3.1. If (#9, 20) is a solution of (2.15), then

7(z) ! B T(x) — Oz k a2
<y<w)) T -0 A H; (@ —9)%’
where a; 2 are given by (3.15); Q(z) € Fplz], Q(x) = 0 if 2k > |m| and

2k
(w)*a|’m| Qkx‘ m|— +---+ap

is of degree |m| — 2k + 1 if 2k < |m/, see Section 3.1.
If 2k < |m/|, then

k k
- A|m|—2k m|— ;.2
y(:c):H(g;—t?) <|m|—|2k+1$| \ 2k+1+...+a0x_zx_to>

i=1 i=1 g

is a polynomial of degree |m|— k+ 1 satisfying (3.2). Notice that the polynomial in the brackets
is well-defined since p > |m| + 1. If 2k > |m/, then

k k
ja) =~ [J@ 1) (Z H)
i=1 i=1 i
is a polynomial satisfying (3.13) of degree < k. Formula (3.8) and inequality p > k + n imply
(3.9). The first part of Theorem 3.2 is proved.

Let there exist a polynomial g(z) satisfying equation (3.13). Adding to g(x) a suitable
polynomial of the form c(aP)y(x) for some c(x) € F,lx] if necessary, we may assume that
degg(z) — degy(z) # 0 mod p. Then (3.9) holds, k < |m|+ 1 and k # |m|+ 1 — k.

By formula (3.3) and Lemma 3.3 we have

(3.18) (ggg)/ = a’|m\72km|m| tag+ Z ( a, 2 xai',lt?) if 2k < |m|
and

_ , kK o
(3.19) (zg;) - Z ((x :7;?)2 + to) if 2k > |m.

The function yE g has a unique decomposition into the sum of a polynomial and simple fractions.

The term by term derivative of that decomposition equals the right-hand side of (3.18) or (3.19).
Hence all of coefficients a;1 must be zero. Hence the roots of y(x) satisfy the Bethe ansatz
equations. O
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Remark. This construction assigns to a solution (t°, 2%) of the Bethe ansatz equations (2.15)
the two-dimensional subspace (g(z), y(x)) of the space of polynomials I, [z] such that

degy(x) = k,degy(x) = [m| -k +1, Wr(y(z),g(z)) = T(x).

That subspace is a point of the Grassmannian of two-dimensional subspaces in F[z].

4. EXAMPLE: THE CASE k=1

4.1. Gaudin model on SingL®™[|m| — 2]. Let m = (mq,...,my) € Z% and p > |m| + 1.
Consider the Gaudin model on SingL®™[|m| — 2] over F, . That means that £ = 1 in the
notations of the previous sections. A basis of L®™[|m| — 2] is formed by the vectors

(4.1) FO =0, @ Qs 1 @ fUm, V1 @ DUy, 5=1,...,m.
We have
(4.2) Sing L®™[|m| — {Zc &) | e, €F, and stcs = 0}
For s =1,...,n, define the vectors ws € SingL®™[|m| — 2] by the formula
(4.3) w = f) — FO
] > Z
We have
(4.4) wy + - +w, =0.
By [V4, Lemma 4.2], any n — 1 of these vectors form a basis of SingL®m[|m| —2].
Let 20 = (29,...,20) € [ have distinct coordinates. For i = 1,...,n, the Gaudin Hamilton-
ian H;(z") acts on L®m[|m| — 2] by the formulas:
(4.5) eSS mzm]/2f(s) (ms f —m, f) s#i
Z Z _ Zg S 7 k) )
J#i ’
@ mzm]/ 2 ) 1 ) 0
it i #i T
Hence
imy;/2 1 .
(4.6) we ;mm”z/j wst g _Zg(mswi —maws), s A1,
msz/Q
ww—)Z 1—}—2 00 5 (msw; —mjw;).
J#i & j i J

Recall that the Bethe algebra of SingL®™[|m| — 2] is the subalgebra of End(SingL®™[|m| — 2])
generated by the Gaudin Hamiltonians H;(z"), i = 1,...,n, and the identity operator. We
denote it by B(z%,m).
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4.2. Bethe ansatz equation and algebra A(z°,m). Let m = (m4,...,m,) € Z%, and
p > |m|+ 1. Let 2% = (29,...,29) have distinct coordinates. The Bethe ansatz equations
of SingL®™[|m| — 2] is the single equation

mi mp

4.7 —
(47) t— 29 Tic 29
Write

my mp, P(t)
4.8 = ,
(48) o R I | =y
where

(4.9) P(t) = P(t,2°,m) st H (t — 2.

s=1 l#s

Let Ag, be the affine line over F,, with coordinate t. Denote U = Ag, — {2?,...,25}. Let
O(U) be the ring of rational functions on the affine line A, regular on U. Introduce the algebra

(4.10) A(°,m) = O(U)/(P(t),  dimg, A(z°,m)=n— 1.

Here (P(t)) is the ideal generated by P(t). Let us € A(z°,m), s = 1,...,n, be the image of

25 in A(2°,m). The elements u, span A(z°,m) as a vector space and
(4.11) up+ -+ u, =0.
We have

1 .
(4.12) uitls = 53— (mgu; — myus), s # 1,

1
uiv Z oo (mauj — mju;).
2) — 28
J#i J

For a function g(t) € O(U) denote [g(u)] its image in A(z°,m). The elements [1],[t], ..., [t"7?]

form a basis of A(z", m) over F,. The defining relation in A(z°, m) is P([t]) = 0. The following
formulas express the elements [t'] in terms of the elements u.

Lemma 4.1. We have

(4.13) 1 = W(z?u1+-~+z2un),

1 - . 0 -1 . 0\2

t] = —% Zzgmg Zzsus +— Z(Zs) us |,
|m| s=1 s=1 ‘m‘ s=1
_1 1 n 1 n

W}—TT (&%Mﬂ%TZ@W%7Z>O
m

j=1s=1 s=1

O

These formulas are related to formulas for the sAlg—action on tensor products of modules dual
to Verma modules, see [SV2] and in particular to formula (11) in [SV2].
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4.3. Isomorphism of A(z°,m) and B(2°,m). Define the isomorphism of vectors spaces
(4.14) a : A(Z%,m) — SingL®™[|m| — 2], Us — Ws, s=1,...,n,

in particular, we have

-1
(4.15) (1) :=a(l]) = ‘m‘(zlw1+-~-+zgwn).
Theorem 4.2. The map
msm; /2
(4.16) [1] — 1d, uSHHS(ZO)—ZT]ZQId, s=1,...,n,
gts 57

extends to an algebra isomorphism

(4.17) B: A%, m) — B(z°,m),

such that a(gh) = B(g).a(h) for any g,h € A(z°,m).

Proof. The proof follows from comparing (4.6) and (4.12). O

Remark. Theorem 4.2 says that the isomorphism « of vector spaces and the isomorphism 3
of algebras establish an isomorphism between the B(2°, m)-module SingL®™[|m| — 2] and the
regular representation of the algebra A(z°, m).

Example 4.1. Theorem 4.2 in particular says that if P(¢) is irreducible then B(z°,m) = F,n-1,
where F)»-1 is the field with p"~! elements.
For example, if n = 3, m = (1,1,1), then

P(t,2%) = 3t% = 2(27 + 23 + 23)t + 2725 + 2023 + 2523,
If p =5, then P(t,2°) is irreducible in F5[t] for all distinct 29,29, 2§ € F5 and B(2", m) = Fas.
Corollary 4.3. We have
(4.18) dimg, B(z%,m) =n — 1.

Corollary 4.4. The operators 3([1]) = 1d, B([t']), i = 1,...,n — 2, form a basis of the vector
space B(z°,m) over F,. The operator

m? T

(4.19)  {t}=p(t]) = 1 <Z zgms> Zzg H, (%) — Z %j/gld
s=1 s=1

n

—1 0\2 0 msm; /2
H, - Id
ol | 2

generates B(2°,m) as an algebra with defining relation P({t}) = 0.
Corollary 4.5. We have

slity 2
(4.20) HS(ZO)_ZMM ) =w,, s=1,....n.

0 0
Ze — R
s 5%
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4.4. Eigenvectors of B(z°,m) and the polynomial P(t). The elements of the algebra A(z°, m)
have the form Q([t]), where Q(t) € F,[t], deg Q(t) < n—1. An element Q([t]) is an eigenvector of

all multiplication operators of A(2°,m) if and only if Q([t]) is an eigenvector of the multiplication

by [t]. If t° € F,, is the eigenvalue, then ([t] — t°)Q([t]) = 0, that is,

(4.21) (t —t9)Q(t) = const P(t), const € Fp.

Hence the set of eigenlines of all multiplication operators of .A(2°,m) is in one-to-one correspon-
dence with the set of distinct roots of the polynomial P(t), namely, a root t° with decomposition
(t —t%)Q(t) = P(t) corresponds to the line generated by the element Q([t]).

Corollary 4.6. The set of eigenlines of B(z°,m) are in one-to-one correspondence with the set
of distinct roots of the polynomial P(t), namely, a root t® with decomposition (t—t°)Q(t) = P(t)
for some Q(t) € F,[t] corresponds to the line generated by the vector
(4.22) w(t®,2%) = Q({t}).(1) € SingL®™[|m| — 2].

d

Thus we have two ways to construct the eigenlines of B(z°, m) from roots t° of the polynomial
P(t). The first is given by Theorem 2.1 and the eigenline is generated by the vector

1
t0 — 2,

1
t0 — 2,

f(S) —

Wg.

M=

(4.23) Wi (t0,2°) = >
s=1

s=1
The second is given by Corollary 4.6 and the eigenline is generated by the vector Q({t}).(1).
Theorem 4.7. The two eigenlines coincide, more precisely, we have
(4.24) Winm(t?,2°) = const Q({t}).(1), const € [Fp.
Proof. We need to show that ([t] — t®)a™ (W1 n.m(t%,2°)) = 0 in A(2°,m). Indeed
- s [t—1t°
(0= )™ (Wi (#,27) = 3 5[5 ] =

10 — 2, Lt — 24

s=1 s

due to the Bethe ansatz equation (4.7) and formula (4.11).

tonjszs -2 [t TZJ =0

n n
=1 s=1

O

4.5. Algebra C(T). In this section, p is a prime number, p > n + 1. Fix a monic polynomial
(4.25) T(z)=2" + 012" + o922+ + 0, € Fa].

We consider the two-dimensional subspaces V' C F,[z] consisting of polynomials of degree n and
1 such that Wr(g1(z), g2(x)) = const T'(z), where ¢1(x), g2(z) is any basis of V' and const € F,,.
Such a subspace V has a unique basis of the form

(4.26) gi(z) =" +a1z" "t -+ an_0x? + ao, go=x—t

with

(4.27) Wi(g1(2), 92(x)) = (n — D)T(2).

Equation (4.27) is equivalent to the system of equations

(4.28) m—r—1a —(n—r+1a,_1t — (n —1)o, =0, r=1,...,n—1,

an — (n—1)o, =0,
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where ap = 1. Expressing a; from the first equation in terms of ¢, then expressing as from
the first and second equations in terms of ¢ and so on, we can reformulate system (4.28) as the
system of equations

-1
(4.29) ar—n (nt" 4 (n — Dot™ L4+ + (n—7r)o,) =0, r=1,...,n—2,
(4.30) nt" "t 4 (n —2)ot" "% + -+ 209t + 01 =0,
(4.31) apn, + oy, = 0.

Notice that equation (4.30) is the equation 9 (¢) = 0, where T'(z) is defined in (4.25).
Let I C Fplt,a1,...,an_2,ay] be the ideal generated by n polynomials staying in the left-hand
sides of the equations of the system (4.28). Define the algebra

(4.32) C(T)=TFylt,a1,...,an—2,a,]/I.
Let J C I, [t] be the ideal generated by %(t). Define the algebra
(4.33) C(T) =TF,[t]/J.
Lemma 4.8. We have an isomorphism of algebras
(4.34) C(T) = C(T), [t~ [t].
(]
Let m® = (1,...,1) € Z%. Let 2° = (2,...,2)) € F} be a point with distinct coordinates.

The Bethe ansatz for SingL®™’[|m®| — 2] has the form

(4.35) t—lz‘f—k'”—kt—lzg:f’égzo’
where

(4.36) T(t) = sl;[l(t -2,  R(t)= %(i).
Hence for this T'(x) we have

(4.37) C(T) = A(z°,mP).
Corollary 4.9. For T'(t) and R(t) as in (4.36) we have

(4.38) A(2°,m%) = B(2°, m°) = ¢(T)

and the B(z°, m)-module SingL®™" [|m°| — 2] is isomorphic to the regular representation of the
algebra C(T).

4.6. Wronski map. Let X,, be the affine space of all two-dimensional subspaces V' C Fp[z],
each of which consists of polynomials of degree n and 1. The space X,, is identified with the
space of pairs of polynomials given by formula (4.26). Let F,[z],, C Fp[z] be the affine subspace
of monic polynomials of degree n. Introduce the Wronski map

(439) Wt X = Fypltla, (01(2), 2(0) > — Wl (1), 02(a),

cf. [MTV3]. The algebra C(T) is the algebra of functions on the fiber W~=1(T') of the Wronski
map.
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Example 4.2. Let n = 3 and T(2) = 2° + 0,22 + 022 +03. Then Wy ' (T) consists of one point if
the discriminant o7 — 302 of 4L (z) equals zero; W5 ' (T') consists of two points if the discriminant

p—1,2

is a nonzero square, and is empty otherwise. Thus, p? points of X5 have one preimage, Z=p

2

points have two preimages, and %pz points have none. Cf. Example 4.1.
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