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A MCKAY CORRESPONDENCE FOR THE POINCARE SERIES OF SOME
FINITE SUBGROUPS OF SL3(C)
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Dedicated to the memory of Egbert Brieskorn with great admiration

ABSTRACT. A finite subgroup of SLo(C) defines a (Kleinian) rational surface singularity. The
McKay correspondence yields a relation between the Poincaré series of the algebra of invariants
of such a group and the characteristic polynomials of certain Coxeter elements determined
by the corresponding singularity. Here we consider some non-abelian finite subgroups G of
SL3(C). They define non-isolated three-dimensional Gorenstein quotient singularities. We
consider suitable hyperplane sections of such singularities which are Kleinian or Fuchsian
surface singularities. We show that we obtain a similar relation between the group G and the
corresponding surface singularity.

INTRODUCTION

In [E4] we showed that the Poincaré series of the coordinate algebra of a two-dimensional
quasihomogeneous singularity is the quotient of two polynomials one of which is related to the
characteristic polynomial of the monodromy of the singularity. There are two special cases of
this result. One is the case of a Kleinian singularity not of type As,. The Kleinian singularities
are defined by quotients of C2 by finite subgroups of SLy(C). In this case, the relation means
that the Poincaré series is the quotient of the characteristic polynomials of the Coxeter element
and the affine Coxeter element of the corresponding root system of type ADE. We derived this
relation from the McKay correspondence. The other case is the case of a Fuchsian singularity. A
Fuchsian singularity is defined by the action of a Fuchsian group (of the first kind) I' C PSL(2, R)
on the tangent bundle Tj of the upper half plane H. For a Fuchsian hypersurface singularity (or
more generally for a Fuchsian singularity of genus 0 [EP]), we showed that the Poincaré series
is the quotient of two characteristic polynomials of Coxeter elements [E5].

Here we consider a similar relation for the Poincaré series of some non-abelian finite subgroups
of SL3(C). The non-abelian finite subgroups of SL3(C) define non-isolated three-dimensional
Gorenstein quotient singularities. We consider those groups where the natural three-dimensional
representation is irreducible and the corresponding quotient singularity has a certain hyperplane
section which is a Kleinian or Fuchsian singularity. We show, that in this way, we again obtain
relations between the Poincaré series of the algebra of invariants of the group and the charac-
teristic polynomials of certain Coxeter elements determined by the corresponding Kleinian or
Fuchsian singularity.

The famous paper [Br] of E. Brieskorn is fundamental for the study of Kleinian singularities.
The Kleinian singularities were a central theme in Brieskorn’s research and we owe Brieskorn
many beautiful and important results about these singularities. Therefore I would like to express
my great admiration for him in dedicating this paper to his memory.
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G |G| T,Y,2 ca R(z,y,2) Sing. | ay,...,0m;,
Cons1 | 2n+1[22n+1,2n+1 [ 1 | 22Tl 2 422 | Ay, 2n
Con, 2n 2,2n,2n 2 22+ y? + 22 | Agnt 2n —1
Dy, 4n 4,2n,2n + 2 2 | 2" 4 ay? + 22 | Dy 2,2,n
T 24 6,8,12 2 ot 43+ 22 Eg 2,3,3
O 48 8,12,18 2 3y 4y + 22 E; 2,3,4
A 120 12,20, 30 2 o0 43+ 22 Ey 2,3,5

TABLE 1. Subgroups of SLy(C) and surface singularities

1. FINITE SUBGROUPS OF SLy(C) AND SL3(C) AND NORMAL SURFACE SINGULARITIES

Let G be a finite subgroup of SLs(C). The classification of finite subgroups of SLs(C) up to
linear equivalence is well-known, see e.g. [Kl]. There are up to conjugacy five classes of such
groups: the cyclic groups Cy, the binary dihedral groups D, the binary tetrahedral group 7T,
the binary octahedral group @, and the binary icosahedral group Z. The quotients of C? by
these groups were studied by E. Brieskorn [Br]. Equations for these singularities can be obtained
from generators and relations of the algebra of invariant polynomials with respect to G. This
algebra has three generators x,y, z in each case which satisfy an equation R(x,y,z) = 0. The
degrees of the generators and the equation R(x,y, z) = 0 are indicated in Table 1. (They can be
found, e.g., in [Sp].) The equations define isolated hypersurface singularities in C?, the so called
Kleinian singularities.

The finite subgroups of SL3(C) were classified up to linear equivalence by H. F. Blichfeldt,
G. A. Miller, and L. E. Dickson [Bl, MBD] with two missing cases (see [YY]). There are 12 types
of finite subgroups of SL3(C): (A)—(L). There are four infinite series (A)—(D). The groups of
type (A) are the diagonal abelian groups and the groups of type (B) are isomorphic to transitive
finite subgroups of GL2(C). Here the natural 3-dimensional representation is not irreducible.
Type (C) is the infinite series A(3n?) of groups and type (D) the series A(6n?) (for the notation
see [HH, LNR, EL]). Moreover, we have 8 exceptional subgroups (E)—(L).

We consider those subgroups of type (C)—(L) which admit a certain hyperplane section which
defines a Kleinian or Fuchsian singularity. Generators and relations for the algebra of invariant
polynomials with respect to G have been computed in [YY] (see also [We] for some cases).
They correspond to non-isolated Gorenstein quotient singularities C3/G. These singularities
are either hypersurface singularities in C* or complete intersection singularities in C5. We
denote the coordinates of these spaces by w,z,y,z and w,z,y, z,u respectively. We consider
hyperplane sections of these singularities, namely we consider the restrictions of the equations to
the hyperplane w = 0. For the series (C) and (D) the hyperplane sections of the corresponding
singularities for the first few elements of these series are listed in Table 2. It turns out that
the singularities corresponding to the series (C) (A(3n?)) belong to Arnold’s E-series whereas
those of type (D) (A(6n?)) belong to Arnold’s Z-series (n even) or are complete intersection
singularities (n odd) (for the definition of these series see [Arn]). The subgroups which correspond
to Kleinian singularities are the tetrahedral group 7' = A(3 - 22) and the octahedral group
O = A(6-2?) which correspond to the Kleinian singularities Es and E; respectively. Those which
correspond to Fuchsian singularities are A(3 - 42) (E14), A(6 - 42) (Z11), A(6 - 62) (Z1,), and
A(6-32) which corresponds to the elliptic complete intersection singularity 61 in C. T. C. Wall’s
notation [Wa2]. (For a list of Fuchsian hypersurface and complete intersection singularities see
[E5].) These are 6 cases. The remaining 8 exceptional subgroups of types (E)—(L) all correspond
to Fuchsian singularities except in the case (H) which is the icosahedral group I corresponding
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G |G| w7xvy72(7u) ca R(Oa‘r»yvz(»u)) Sll’lg
A(3-2%) | 12 2,3,4,6 1 22 + 4y + 2727 Eg
A(3- 32) 27 3,3.6,9 3 22 4 4y3 + 2728 Es
A(3-4%) | 48 4,3,8,12 1 22 4 4y3 + 2728 By
A(3-5%)| 75 | 5,3,10,15;30 | 1 22+ 4yB 4 27210 Eig
A(6-22) | 24 2,4,6,9 1 2% + day® 4 2723 E;

2
a2 5=y
A(6-3%) | 54 6,6,6,6,9 3 { u Y daye 4 27 } 51
A(6-42) | 96 4,6,8,15 1 22 4+ 4J:y + 2725 Z11
k2 22—y
A(6-5%) | 150 | 10,6,8,10,15 | 1 { 2 —|—4x yz Y o7ss } no name
A(6-6%) 216 | 6,6,12,21 3 22 +49cy + 2727 Z10
2 22—y
A(6-7%) | 294 | 14,6,10,14,21 | 1 { 2 +4x y2+27$ } no name
A(6-8%) | 384 | 8,6,16,27;54 | 1 2% + dxy® + 2727 Z1o

TABLE 2. The first subgroups of types (C) and (D) and surface singularities

G |G| ’LU,LC,y,Z(,’LL) gel R(Oaxayvz(vu)) Sll’lg
C):T | 12 2,3,4,6 1 22 + 4y + 2727 Eg
A(3-4%)| 48 4,3,8,12 1 22 4 4yP 4 2728 Fi4
(D): O | 24 2,4,6,9 1 22 + dxy® + 2723 E;
2
92 z5 -y
A(6-3%) | 54 | 6,6,6,6,9 | 3 { P+ dwye 4 2708 } 51
A(6-4%) | 96 4,6,8,15 1 22 4 dxy® + 2725 Z11
A(6-6%) | 216 | 6,6,12,21 | 3 2% + day® + 2727 Z10
2 2
(E) | 108 | 6,6,9,12,12 | 3 { 43252”_ o } K,
423 — 144y2°
(F) 216 | 6,9,12,12 | 3 172892 — 1866242 Uls
(G) 648 | 9,12,18,18 | 6 | 423 — 9yz? 4 6y?z — y3 + 691223y | Uy
(H)=I | 60 2,6,10,15 | 1 22 — 3 4 17282° Ey
(I) 168 | 4,6,14,21 | 1 2% — % — 172827 Eis
(J) 180 | 6,6,12,15 | 3 Y3 — 222 + 642%y? Q2.0
(K) 504 | 6,12,18,21 | 3 y> — x2? — 25623y Q11
45916502422 — 25509168y>
(L) 10801 6,12,30,45 | 3 — (7558272 — 2519424+/151) 2%y Eus

TABLE 3. Subgroups of SL3(C) and surface singularities

to the Kleinian singularity Eg. Altogether we have 14 cases which we will consider in this paper.
They are listed in Table 3. These singularities are surface singularities and they are isolated
except in the three cases A(6 - 32), (E) and (J). They correspond to Kleinian singularities in
the cases T, O and (H) (the icosahedral group I) and to Fuchsian singularities in the other
cases. They correspond to simple (7', O, I), unimodal (A(3 - 42%), A(6 - 4%), (F), (I), (K),
(L)) and bimodal (A(6 - 62), (G), (J)) hypersurface singularities, to the unimodal complete
intersection singularity of type Kj, (type (E)) in Wall’s notation [Wal], and to the elliptic
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complete intersection singularity 1. The names of the hypersurface singularities according to
V. I. Arnold’s classification [Arn] are indicated in the last column of Table 3.

2. POINCARE SERIES AND COXETER ELEMENTS

We now consider the isolated singularities corresponding to these singularities. They are
quasihomogeneous. This means the following. A complex polynomial f(z1,...,x,) is called
quasihomogeneous, if there are positive integers wy, ..., w, (called weights) and d (called de-
gree) such that f(\“izy,...,A%x,) = XNf(xy,...,2,) for A € C*. A complete intersection
singularity given as the zero set of polynomials fi(x1,...,2n),..., fu(x1,...,2,) is called quasi-
homogeneous, if fi,..., fr are quasihomogeneous with respect to the same weights wy, ..., w,
but degrees dy, ..., dy respectively. We call the system W := (wy,...,wp;dy,...,d;) the weight
system corresponding to the set of polynomials. Let cy be the greatest common divisor of
Wi,y Wh,di,-..,dr. The weight system is called reduced if cyy = 1.

We assume that f1(0) = -+ = fx(0) = 0 and the system of equations f; = -+ = f; = 0 has
an isolated singularity at the origin. The coordinate algebra Ay := Clx1,...,zn]/(f1,..., fr) is
a Z-graded algebra with respect to the system of weights (w1, ..., wp;d1,...,di). Therefore we
can consider the decomposition of Ay as a Z-graded C-vector space:

Af = @Af,k, Afp = {g €Ay |g()\w1x1,...7)\w”xn) = )\kg(xh...,xn)} )
k=0

The formal power series py(t) := > po(dime Ay )t* is called the Poincaré series of Ay. It is
given by

15, (1—t%)
T (1—tw)

Let (X, z) be a Kleinian singularity. Then the minimal resolution of the singularity x has
an exceptional divisor with the dual graph depicted in Fig. 1 with m = 1 in the case of the
A, -singularities and m = 3 in the other cases (see, e.g., [Br]). Here all vertices correspond to
rational curves of self-intersection number —2, the mutual intersection numbers are either 0 or 1,
and two vertices are joined by an edge if and only if the intersection number of the corresponding
rational curves is equal to 1. The values of the numbers ag,...,a,, are indicated in Table 1.
They are the Dolgachev numbers of the singularity, see [ET]. It turns out that these graphs
are precisely the ordinary Coxeter-Dynkin diagrams of type ADE. (Note that the corresponding
intersection matrix is the Cartan matrix multiplied by —1.)

Now let (X,z) be a Fuchsian hypersurface or complete intersection singularity. A natural
compactification of X is given by X := Proj(Ay[t]), where t has degree 1 for the grading of
A¢[t] (see [P]). This is a normal projective surface with a C*-action. The surface X may acquire
additional singularities on the boundary X o, := X \ X = Proj(4y). Let g = g(X ) be the genus
of the boundary. We assume g = 0. Let 7 : S — X be the minimal normal crossing resolution of
all singularities of X. The preimage Xoo of Xoo under m: S — X consists of the strict transform
5o of X and m chains 6%, ... ,5;_717 i = 1,...,m, of rational curves of self-intersection —2
which intersect again according to the dual graph shown in Figure 1 (see, e.g., [D, E5]). By
the adjunction formula and g = 0, the self-intersection number of the rational curve Jy is also
—2. The numbers ay, ..., a,, of the Fuchsian singularities corresponding to finite subgroups of
SL3(C) are indicated in Table 4. They are again the Dolgachev numbers of the singularity, see
[ET, E3].

ps(t) =
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Ficure 1. The graph T,

G Name Normal form Weights Q1yeeny Oy
(C):T Es 22+ 4+ 2t 3,4,6;12 2,3,3
A(3-4%) | Ey 2243+ 28 3,8,12;24 3,3,4
(D): O E, 22 + 3 + ya? 4,6,9;18 2,3,4
2
A(6-3%) | 41 { B 53:; o } 2,2,2,3:4,6 | 2,2,2,2,2,2
A(6-42) | Zy 22 4+ xyd + 2° 6,8,15;30 2,3,8
A(6-6%) | Zio 22 4+ x4+ 27 2,4,7:14 2,2,2,4
ru+y?
(E) Ki, az* + xy? + 2% + u?, 234,4:68 | 2,2,4.4
a#0,1
(F) Uls 2% 48+ 2t 3,4,4;12 4,4,4
(G) Uto 23 4 y2? + 23y 2,3,3:9 2,3,3,3
(H)=I Es 2242+ 6,10,15:30 2,3.5
(I) Ey, 224 a2 6,14,21;42 2,3,7
(J) Q2,0 22 + 3 + 2ty 2,4,5:12 2,2,2,5
(K) Qu 2% +y° + ya® 4,6,7:18 2,4,7
(L) FEis 22+ + 2By 4,10,15;30 2,4,5

TABLE 4. Normal forms, reduced weight systems, and Dolgachev numbers

We call the graph T,;, =~ a Cozeter-Dynkin diagram. Let V_ be the free Z-module with
the basis

(5%,...,6&171,5%...,63271,..., 100 1500
equipped with the symmetric bilinear form (—, —) given by the intersection matrix corresponding

to Fig. 1. This defines a lattice (V_, (—, —)).

We consider two extensions of this lattice. Let Vo = V_ & Z§; with the symmetric bilinear
form defined by Fig. 2. Here the double dashed line between dy and §; means (g, 1) = —2. Let
Vi = Vo @ Zéy with the symmetric bilinear form defined by Fig. 3.
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FIGURE 3. The graph T
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If (V,(—,—)) is an arbitrary lattice and e € V is a root, i.e. {e,e) = —2, then the reflection
corresponding to e is defined by

2(z,
se(z) =2 — (2 e>e:x+ (x,e)e forzeV.
(e, €)
If B= (e1,...,e,) is an ordered basis consisting of roots, then the Cozeter element T corre-

sponding to B is defined by
T = Se,Sey " Se,, -
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For a Coxeter element 7, let A(t) = det(1 — 77¢) be its characteristic polynomial, using a
suitable normalization.

If D is a Coxeter-Dynkin diagram, then we denote by Ap(t) the characteristic polynomial of
the Coxeter element corresponding to the graph D. These polynomials can be computed as in
[E1] and one gets

R N A o I R L
_ t) = (1+t —t
oy () (+)1:[1 1—t z_; 1—t 1:[1 1—t "’
= = i
ATy @) = (L= (L= t) - (1= tm),
71—t O A o
A t) = (1—2t—2% 413 t2 .
Tdyan ) ( * )iljl -t ; 1—t H 1—t
B = i

(The last two formulas can also be found in [E2, p. 98], but note that, unfortunately, there is a
misprint in [E2, p. 98].)
Now we can state the main result of [EP].

Theorem 1. (i) For a Kleinian singularity not of type As, we have

t) = ———————.
A TR—0
(ii) For a Fuchsian singularity with g = 0 we have

t) At (t)
pr(t) = ———"—,
P A )

Remark 2. Unfortunately, the exclusion of the case As, is only implicit in [EP] and was
forgotten in the statement of [EP, Theorem 1].

Remark 3. Note that we have T273,3 ~ T3_,373, T2,374 ~ T2_7474, T27375 ~ T2_,3,67 where ~ means
equivalence under the braid group action, see [E6]. Similarly, one can show that the graphs
Topn—1, n > 1, and To 2, n > 2, are equivalent under the braid group action to the extended
Coxeter-Dynkin diagrams of type As,_1 and D, respectively.

3. POINCARE SERIES OF SUBGROUPS OF SLy(C) AND SL3(C)

Let G be a finite subgroup of SL,,(C) for n = 2, 3. Consider the algebra of complex polynomials
Clx1,...,x,] graded by the degree for homogeneous ones. It is isomorphic to the symmetric
algebra

S:=S5(C") = ésk(cn),
k=0

where S*(C") denotes the k-th symmetric power of C". Let S¢ be the algebra of invariant
polynomials with respect to G.

For n = 2, it is generated by 3 elements x,y, z which satisfy a relation R(z,y,z) = 0. The
elements x, ¥y, z correspond to invariant polynomials and their degrees correspond to the weights
of these variables. Let cg denote the greatest common divisor of these weights. The weights of
the variables x,y, z, the number cg, and the polynomial R(z,y, z) are indicated in Table 1.

Now let G be one of the finite subgroups of SL3(C) of Table 3. Except in the cases (E)
and A(6 - 32), the algebra S is generated by 4 elements w,z,y, z which satisfy a relation
R(w,,y,2). In the cases (E) and A(6-32), S¢ is generated by 5 elements w, x,y, z,u which
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satisfy two relations R;(w,z,y, z,u) = 0 and Ry(w,x,y, z,u) = 0. The degrees of the invariants
and the polynomials R(w, z,y, z) and Ry (w, z,y, z,u), Ra(w, x,y, z,u) respectively can be found
in [YY]. The degrees of the invariant polynomials and the restriction to the hyperplane w = 0
of the polynomials R(w, z,y, z) and Ry(w,x,y,z,u), Ra(w,x,y, z,u) respectively are indicated
in Table 3. Let cg be the greatest common divisor of the weights of the remaining variables
x,y, z(,u) (with the weight of w excluded). The number c¢ is also indicated in Table 3. Note
that, except in the case (G), cg also divides the weight of w.

For n = 2, the algebra Ag := S¢ = C[z,y, 2]/ R(w,y, 2) coincides with the coordinate algebra
Ay of the corresponding singularity indicated in the last column of Table 1 up to the grading.
The grading is shifted by ¢g. For n = 3 and G one of the cases of Table 3 except the cases (E) and
A(6-3?), the algebra A := Clz,y, z]/R(0, z,y, z) coincides with the coordinate algebra A of the
corresponding singularity indicated in the last column of Table 3 with the grading shifted by cg.
In the cases (E) and A(6 - 3%), the algebra Ag := Clz,y, 2,u]/(R1(0, 2,9y, z,u), Ra(0, 2, y, 2, u))
coincides with the coordinate algebra A of the complete intersection singularity K, and §1
respectively, again with the grading shifted by c¢g. Let pe(t) be the Poincaré series of the algebra
of Ag. Then we have

pr(tee)

pa(t) = pp(t¢) for G C SLy(C), pa(t) = (1= taesw)

for G C SLy(C).

The finite subgroups G C SL,(C) for n = 2,3 under consideration have a natural n-
dimensional representation v which is irreducible (except in the cases G = C;). Let 7* be
its contragredient representation. Let ~q,...,7; be the irreducible representations of G, where
7o is the trivial representation. Let B = (b;;) and B* = (bj;) be the (I 4+ 1) x (I + 1)-matrices
defined by decomposing the tensor products

v @y =EDbiv and v @y = EPbiv
i i
respectively into irreducible components.
For each integer k > 0, let py be the representation of G' on S*¥(C") induced by its natural

action on C™. We have a decomposition pr = Zé:o kY With vg; € Z. We associate to py the
vector vy, = (Umo, - - -, Um1)t € ZH. As in [K, p. 211] we define

Pa(t) =Y vmt™
m=0

This is a formal power series with coefficients in Z!*1. We also put Pg(t); := > Umit™
Note that Pg(t)o is the usual Poincaré series pg(t) of the group G. Let V denote the set of all
formal power series x = 2;0:0 T t™ with x,, € Z!*1. This is a free module of rank [ + 1 over
the ring R of formal power series with integer coefficients.

Now let n =2 and G C SLy(C) be a finite subgroup not of type Cay,+1. Then c¢g = 2 and we
have

ps(t*) = Pe(t)o.

Moreover, we have v* = v and therefore B* = B. The irreducible representations of SLa(C) are
of the form p,,, m a non-negative integer. The Clebsch-Gordon formula reads in this case

Pm @Y = Pm+1 D Pm—1
setting p_1 = 0 (cf., e.g., [FH, Exercise 11.11]). This yields the equation

Bvy, = Um41 + Um—1-
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Following [K, p. 222], one can easily derive from this equation that x = Pg(¢) is a solution of
the following linear equation in V:
(1 + 31 —tB)z = vy.

Let M(t) be the matrix (1 + 2)I — tB and My(t) be the matrix obtained by replacing the first
column of M(t) by vg = (1,0,...,0)%. By Cramer’s rule we can derive the following theorem
[E4, Sect. 3] (see also [St]).

Theorem 4. For a finite subgroup G C SLy(C) not of type Capt1 we have
_det Mo(t)  det(t?] —7)
 det M(t)  det(t2] — 1)’

where T is the Cozeter element and 7, the affine Cozeter element of the corresponding root
system of type ADE associated to the singularity defined by the equation f = 0 with the same
name.

pr(t?) = Pa(t)o

Now let n = 3 and G C SL3(C) be a finite subgroup. For a pair a, b of non-negative integers, let
I',.» be the unique irreducible, finite-dimensional representation of SL3(C) of [FH, Theorem 13.1].
By [FH, Proposition 15.25] and [FH, (13.5)], we have for a non-negative integer m (setting
I'_1 = 0) the following Clebsch-Gordon formulas:

Fno®y = Tnmg10®@ -1,
F'rn,O & ’Y* = F'm—l,O S F’m,1~
Since I'y, 0 = pm, we can derive from these formulas
Um+2 = BUerl - B*Um + Um—1.
Therefore x = Pg(t) is a solution of the following linear equation in V' (see also [BI, BP]):
(1 =3I —tB +t*B*)x = vy.
Let M(t) be the matrix (1 —t3)I — tB + t>B* and My(t) be the matrix obtained by replacing
the first column of M(t) by v = (1,0,...,0)t. Again Cramer’s rule yields
det M() (t)
Po(t)y= ——+2.
6t = T M(t)

We have the following theorem:

Theorem 5. Let G C SL3(C) be one of the groups T, A(3-42%), O, A(6-3?), A(6 - 4?),

A(6-62), (E), (F), (G), (H)=I, (I), (J), (K), or (L), let cg be the greatest common divisor
of the weights of the variables x,y, z(,u), and let oy, ..., be the Dolgachev numbers of the

singularity corresponding to G. Moreover, let q((;g(t) =(1—-t)%(1—t°)° for a,b,e € Z.
(i) For G=T,0,I (Eg, E7, Es) we have cg =1 and
(1), det M(t) = (1 - t)q ) (t)Ary., oo (B,

where (a,b) = (3,0),(3,1), (4,0) respectively.
(i) For G=(I), A(3-42), A(6-42) (Eia, E14, Z11) we have cg = 1 and

det Mo(t) = ¢} (H)A

TOTI,(YQ,Q3

det Mo(t) = qi) (A7 (1), det M(t) = (1= g\ ) (AT, ., o, (B)

where (a,b) = (3,0), (3,2), (2, 3) respectively.
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G det Mo (%) det M (t)

T L—t)°Ap (1) (1= 1)Am,,4,(1)
AB-4%) | (1131 — t4)2AT+ () (1 =" (1= t*)?Aqy . (1)

O (L= =) Ag- 4(t) (1 =)' (1 = t*)Agy 5., (1)
AG-3%) | P () O ATy 0 ()
A(6-42) | (1—1)2(1— t’ﬂ’d’Aﬁsg(t) (1= 1)3(1 = t4)3Ag, , , (1)
A6-6%) | (1—1)7(1= DAz (%) | (1= )3(1 — 1) A, ,,,,(t)

4348 3)9
(E) 8—;’;3 AT;2,4,4 (t3) 8 §6)3 AT2 ,2,2,4,4 (tg)
_BN\T
(F) Ei §6§2 AT+ (tg) Ei 16)2 ATQ 4,4 4(t3)
(G) (- ts)dl tfzg(l ¢ )A (16) (1t )((1 tls))(l £2) QAT (t%)
Tt ,3,3,3 - 2,3,3,3
(H):I (1 N t)4AT£3,5 (t) (1 - t)5AT2,2,3,5 (t)
(I) (1 - t)BAT+ )7(t) (1 - t)4AT2 13,4 7(t)
4348 3)9
(J) 8—;6;2AT2+220(1€3) El i6)2 ATQQQQO(tB)
4346 8)7
(K) ((11—tt6)) ATer4 7 (tS) ((1 ttG) AT2 2,4,7 (tg)
_43N\T 3)8
(L) Ay, () Ot Ay, 0 ()

TABLE 5. Determinants of the matrices My(t) and M ()

(iii) For G:(K), (L), (F), A(6-62), (J), (E) (Qll,Elg,U12,Zl,0,Q2’0,K{,0) we have cg = 3
and

det Mo(t) = () Ay (), det M(t) = (1 - #*)q)(t)Ar, ., ., (),
(6

where (a,b) = (6, —1), (7,71), (7,-2),(7,1),(8,—2), (8, —3) respectively.

(iv) For G = A(6-32) (1) we have cqg =3, m =6, a; =2 fori=1,...,m, and
det Mo(t) = (1 — t3)g5") @) Ay (), detM() = a5 (%) Ar,, (1),
(v) For G=(G) (U1p) we have cg =6 and

det Mo(t) = q(t)Ags (%), det M(t) = (1 - )q(P)Ax, ., ., .. ().
where q(t) = 4t 8_: n t3)

Proof. The character tables of the tetrahedral and icosahedral group are given in [Art]. The
character table of the octahedral group can be found, e.g., in [HH]. From these tables, one can
calculate the matrices B. The matrices B for the remaining cases are given in [BP]. For the case
(D), only one example is treated. More complete results for the cases A(3n?) and A(6n?) can
be found in [LNR] and [EL] respectively. From these results, one can derive the corresponding
matrices B. The proof of the theorem is then obtained by a direct calculation from these matrices
using the computer algebra system SINGULAR [DGPS]. O

The results are summarized in Table 5.

Remark 6. Let G be one of the groups T, O, I. In this case, the matrix B is symmetric and we
have B* = B. Therefore

M) =1 -t —tB+t*B* = (1 —t)(1 +t +t*)I —tB).
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