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This volume contains the proceedings of the international workshop “Topology and Geometry of Singular
Spaces”, held in honour of David Trotman in celebration of his sixtieth birthday. The workshop took place at the
Centre International de Rencontres Mathématiques (CIRM), Marseilles, France from October 29 to November
2nd 2012. Its main theme was the singularity theory of spaces and maps.

The meeting was attended by 74 participants from all over the world. 29 talks were given by major specialists,
and 8 posters were presented by some younger mathematicians. The topics of the talks and posters were wide-
ranging: stratification theory, stratified Morse theory, geometry of definable sets, singularities at infinity of
polynomial maps, additive invariants of real algebraic varieties, applications of singularities to robotics, and
topology of complex analytic singularities.

We thank all participants, especially the speakers, for making the meeting successful and fruitful, both
socially and scientifically.

We are also very grateful to all the research bodies who contributed to the financing of the conference: the
CIRM institution, the University of Aix-Marseille for Fonds FIR, the LABEX Archimede, and FRUMAM, the
University of Rennes 1, the University of Savoy, the ANR SIRE, the city of Marseilles, the ”Conseil Geéneral des
Bouches du Rhéne”, the Ministry of Education via the ACCES program, the GDR (Groupement de Recherche)
of the CNRS Singularités et Applications and the GDR-International franco-japonais-vietnamien de singularités.

The papers of this volume cover a variety of the subjects discussed at the workshop. All the manuscipts

have been carefully peer-reviewed. We thank the authors for their valuable contributions, and the referees for
their careful and conscientious work.

The Editors (who were also the organisers of the workshop),
April 2015.
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David Trotman

David John Angelo Trotman was born on September 27th, 1951, in Plymouth, U.K..

As a boy he lived in Stourbridge, attending first Gig Mill School (1958-62) and then King Edward’s School
(1962-69). His interest in, and enjoyment of, mathematics was evident very early, but he had many other interests
too - the end of his schooldays coincided with success in a competition involving walking 240 kilometers through
mountainous terrain in western Turkey, undertaking a dozen set projects on the way!

He read mathematics as an undergraduate at the University of Cambridge (1969-72), where a prize-winning
essay on Plane Algebraic Curves is already indicative of his mathematical focus. He went on to do post-graduate
work at the University of Warwick - from where his M.Sc. dissertation Classification of elementary catastrophes
of codimension less than or equal to 5, often cited and much used, comes - and later on at the Université
Paris-Sud, at Orsay. His Ph.D. was awarded in 1978; his thesis was entitled Whitney Stratifications: Faults and
Detectors. The list of advisors who encouraged this work is remarkable - Christopher Zeeman, Bernard Teissier,
René Thom, and, less officially, Terry Wall.

He has held tenured positions at the University of Paris XI (Orsay) and at the University of Angers, but from
1988 he has been Professor of Mathematics at the University of Provence (Aix-Marseille I). Here he has played
an important role, both administratively (for example, he was Director of the Graduate School in Mathematics
and Computing of Marseilles from 1996 to 2004, and he was an elected member of the CNU (the National
University Council in France) from 1999 to 2007), and especially in teaching and research. He has supervised
ten Ph.D. students, with great success - all ten are active in teaching and/or research in mathematics. They
are listed below.

David’s extensive published research in singularity theory is described by Les Wilson elsewhere in this
volume. An equally important part of David’s contribution to the research milieu lies in the way he interacts
with colleagues and students. He is very helpful, and very generous with his time - and his wide knowledge
of, and intuition for, singularities in general and stratifications in particular has helped towards the success of
many a research project, to the extent that René Thom, in an article in the Bulletin of the AMS, could write
of the work of “Trotman and his school” on the theory of stratifications. David has always been good at asking
interesting questions, and at finding, or helping to find, interesting answers!

I have known David since we were undergraduates at St. John’s College, Cambridge, and over time have
got to know him, and his family, very well. He has helped me very many times, both mathematically and
practically. It is a privilege to have him as my colleague and my friend. I congratulate him on a most successful
career so far, and wish for him - and for us, his colleagues, collaborators and students - many more years of
interesting mathematics.

Andrew du Plessis

The Trotman School of Stratifications.

First generation: Patrice Orro (1984); Karim Bekka (1988); Stephane Simon (1994); Laurent Noirel (1996);,
Claudio Murolo (1997); Georges Comte (1998); Didier D’Acunto (2001); Dwi Juniati (2002); Guillaume Valette
(2003); Saurabh Trivedi (2013).

The next generation: via Orro: Mohammad Alcheikh, Abdelhak Berrabah, Si Tiep Dinh, Farah Farah,
Sébastien Jacquet, Mayada Slayman; via Bekka: Nicolas Dutertre, Vincent Grandjean; via Comte: Lionel
Alberti; via Juniati: Mustamin Anggo, M.J. Dewiyani, Sulis Janu, Jackson Mairing, Theresia Nugrahaningsih,
Herry Susanto, Nurdin.

The coauthors: Kambouchner, Brodersen, Navarro Aznar, Orro, Bekka, Kuo, Li Pei Xin, Kwieciriski, Risler,
Wilson, Murolo, Noirel, Comte, Milman, Juniati, du Plessis, Gaffney, King, Plénat, Trivedi and Nguyen Nhan.
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THE RESEARCH OF DAVID TROTMAN

Leslie Wilson

In order to analyze singular spaces (differentiable or analytic), Whitney and Thom in the 1950’s and 1960’s
partitioned the spaces into disjoint unions of manifolds satisfying some conditions on how they approached each
other; this was the beginning of Stratification Theory. Early work by them, Mather and others focused on
proving topological equisingularity of the stratifications, or of stratified mappings. The theory has continued to
develop, and has become an essential tool in Differential Topology, Algebraic Geometry and Global Analysis.
Since his first publications in 1976, David Trotman has played a central role in Stratification Theory. I will give
a brief presentation of his work. Citation numbers refer to the following Publication List. I will assume some
familiarity with basic stratification theory on the reader’s part; an excellent survey of real stratification theory
is [C16].

Whitney’s stratification condition (b) and Verdier’s (w) were both early on proven to guarantee topological
equisingularity. How are these conditions related? (b) is equivalent to (w) in the complex analytic case; (w)
implies (b) in the real subanalytic case. The converse is not true: the first semialgebraic example appeared in
Trotman [C2], the first algebraic example y* = t*z + 23 was due to Brodersen-Trotman [6]. In the differentiable
case neither condition implies the other (the slow spiral satisfies (w) but not (b)).

Wall conjectured that condition (b) (and Whitney’s weaker condition (a)) were equivalent to more geometric
conditions (bs) and (as): these conditions hold for strata X and Y with Y in the closure of X if for every C!
tubular neighborhood T of Y (with C? projection 7 to Y and C! control function p to R with Y = p~1(0)),
(m,p)| X is a submersion to Y x R (respectively, 7|X is a submersion to Y')— here 7 and p are assumed C'-
equivalent to orthogonal projection and the distance squared to Y function, respectively. Trotman in [4] showed
that (bs) implies (b) and (as) implies (a) (Thom having established the converse earlier). Trotman’s Arcata
paper [C5] is still a beautiful though no longer complete listing of known relationships between stratification
conditions.

For some applications (for example the classification of topological stable mappings) it is necessary to
consider stratification conditions weaker than (b) and (w), but which still guarantee topological equisingularity.
One useful such condition is condition (C), introduced by Trotman’s student Bekka; this involves replacing p
with a generalized control function. Bekka and Trotman in [25] (see also [11]) study a notion of “locally-radial
(C)-regular spaces”: in addition to yielding stratifications which are topologically trivial, the stratifications are
locally homeomorphic to a cone on a stratified space such that the rays of the cone have finite length and the
volume is locally finite. In [C14], Bekka and Trotman define a notion of “weakly Whitney”, which lies between
(b)-regular and locally-radial (C)-regular; it has the additional property that the intersection of two weakly
Whitney stratified spaces is weakly Whitney (see also [32]).

Condition (a) is weaker then (b), and doesn’t imply topological triviality; why is it interesting? Trotman
showed in [3] that (a) has the following important property: a locally finite stratification of a closed subset Z
of a C! manifold M is (a)-regular iff for every C! manifold N, {f € C1(N, M)|f is transverse to the strata of
Z } is an open set in the Whitney C* topology.

An important property for stratification conditions is invariance under transverse intersection. The following
was proved in Orro-Trotman [C17]: if (Z, %) and (Z’/,%') are Whitney (b)-regular (resp. (a)-regular, resp. (w)-
regular) and have transverse intersections in M, then (Z N Z', ¥ NY’) is (b)-regular (resp. (a)-regular, resp.
(w)-regular) (the (b) case was done earlier, the Orro-Trotman result includes other conditions we haven’t looked
at).

Similarly one would like to know which conditions are invariant under intersection with generic wings.
Suppose X and Y are disjoint C? submanifolds of a C? manifold M, and y € Y N X. Suppose FE is a regularity
condition (like (b)). Then (X,Y) is said to be (E*)-regular if for all k, 0 < k < codY, there is an open,
dense subset of the Grassmannian of codimension k subspaces of T, M containing 7,Y such that if W is a C?
submanifold of M with Y C W near y, and T,W € U, then W is transverse to X near y and (X N W,Y) is
(E)-regular at y (the W is a generic wing). From Navarro Aznar-Trotman [7]: for subanalytic stratifications,
(w) = (w*), and if dimY = 1, () = (b*). This property plays an important role in the work of
Goresky and MacPherson on existence of stratified Morse functions, and in Teissier’s equisingularity results.
More recently, it was shown by Juniati-Trotman-Valette [26]: for subanalytic stratifications, (L) = (L*)
(where (L) is the condition of Mostowski guaranteeing Lipschitz equisingularity).
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Another interesting stratification condition, due originally to Thom, is condition (¢). Recall Whitney’s
example Z = {y? = t?22 + 23}, which satisfies (a) but not (b). The intersections of Z with planes through 0
transverse to the t-axis have constant topological type. A theorem by Kuo in 1978 states: if (X,Y) is (a)-regular
at y € Y then (h*°) holds, i.e. the germs at y of intersections S N X, where S is a C* submanifold transverse
toY at y and dim S + dimY = dim M (S is called a direct transversal) are homeomorphic. Trotman refined
Thom’s condition to be: (X,Y) is (t*)-reqular at y € Y if every C* submanifold S transverse to Y at y is
transverse to X nearby. He proved the following theorems.

Theorem (Trotman [1]): If Y is semianalytic, then (t!) is equivalent to (a).

In the above result one needs non-direct transversals. In the results below, we always restrict to direct
transversals.

Theorem (Trotman [9]): (¢!) is equivalent to (h!).

Theorem (Trotman-Wilson [17], following Kuo-Trotman [12] and Kuo-Li-Trotman [13]): For subanalytic
strata (t*) is equivalent to the finiteness of the number of topological types of germs at y of SN X for S a C¥
transversal to Y (1 < k < 00).

The proofs use the“Grassmann blowup”: like the regular blowup, but with lines through y replaced with all
linear subspaces through y of dimension equal to the codimension of Y.

Theorem ([12] and [17]): (X,Y) is (t*)-regular at 0 € Y iff its Grassmann blowup (X,Y) is (t*~1)-regular
at every point of Y (k > 1).

A definition of (#*) is given in [17] so that (t°) is equivalent to (w). So (t!) == (h!) follows from blowup
and then applying the Verdier Isotopy Theorem.

Consider the Koike-Kucharz example: let Z = {23 — 3zy® + ty® = 0}, with Y the t-axis and X = Z — Y.
Then (X,Y) is (t?), but not (t!). There are two topological types of germs at 0 of intersections SN X where S
is a C? submanifold transverse to Y at 0. However the number of topological types of such germs for S of class
C' is uncountable.

Also there is a theory in [17] of (#*7) such that (¢'7) is essentially (a) holding for all sequences going to 0
not tangent to Y. The (t*) and (¢~ )-conditions were formulated for jets of transversals. The (t*) and (t*7)-
conditions were then used to characterize sufficiency of jets of functions, generalizing theorems of Bochnak,
Kuo, Lu and others.

In Gaffney-Trotman-Wilson[30] condition (#*) was expressed in terms of integral closure of modules, giving
more algebraic techniques for computations. In the complex analytic case, (t*) is characterized by the genericity
of the multiplicity of a certain submodule.

If a subset Z of R™ or C™ contains a submanifold Y, and p is the local orthogonal projection to Y, then the
normal cone Cy Z of Z to Y is the set of limits ¢;(z; — p(z;)), where z; € Z converge some y € Y, and ¢; is in
R or C as appropriate.

Theorem (Hironaka in analytic (b) case, Orro-Trotman [22] generalize to smooth (a) + (7°¢)): a stratification
of Z satisfying the above regularity conditions is (npf) (= normally pseudo-flat, i.e. p is an open map), and
(n) (= the fibre of the normal cone is the tangent cone of the fibre).

Orro-Trotman [22] show the Theorem fails for (a)-regularity. Trotman-Wilson [28] show that it also fails in
the non-polynomial bounded o-minimal category for (b); our example is :
z=flx,y) =z —zln(y + /22 +y?)/In(x).

The Nash fiber of a singular space X at x is the set of limits of tangent spaces at regular points x; of X
as ¢; — . Kwieciniski-Trotman [15] show: every continuum can be realized as the Nash fiber of a Whitney
stratified set.

The classical Poincaré-Hopf Theorem equates the index of a vector field with isolated zeros on a smooth
compact manifold with the Euler characteristic of the manifold. Trotman (with King) proved a generalization
to singular spaces satisfying fairly general stratification conditions; their manuscript has been influential in the
field for many years, but has only recently been published in [33].

Finally, Trotman has made several contributions toward the proof of Zariski’s Conjecture: the multiplicity of
complex analytic hypersurface-germs with isolated singularity is invariant under homeomorphism. C*-invariance
was proven in [C11]; bi-Lipschitz invariance is proved in Risler-Trotman [16]. In Comte-Milman-Trotman [23]
it is proven that multiplicity is preserved by homeomorphisms which preserve both |z| and level sets of the
moduli of our defining equations. More recently, Plendt and Trotman in [31] prove: if the family F(z,t) =
f(2) +tgi(2) + t2g2(2) +t3g3(2) + ... has constant Milnor number at z = 0, then mult(g,) = mult(f) —r +1
for r > 1.



Publications of David Trotman (October 2014)

Articles in refereed journals :

1. A transversality property weaker than Whitney (a)-regularity, Bulletin of the London Mathematical Society,
8 (1976), 225-228.

2. Geometric versions of Whitney regularity, Mathematical Proceedings of the Cambridge Philosophical Society
80 (1976), 99-101.

3. Stability of transversality to a stratification implies Whitney (a)-regularity, Inv. Math. 50 (1979), 273-277.

4. Geometric versions of Whitney regularity for smooth stratifications, Annales de I’Ecole Normale Supérieure
12, 4eme série (1979), 453-463.

5. (with Anne Kambouchner), Whitney (a)-faults which are hard to detect, Annales de I’Ecole Normale
Supérieure 12, 4eéme série (1979), 465-471.

6. (with Hans Brodersen), Whitney (b)-regularity is weaker than Kuo’s ratio test for real algebraic stratifica-
tions, Mathematica Scandinavia 45 (1979), 27-34.

7. (with Vicente Navarro Aznar), Whitney regularity and generic wings, Annales de UInstitut Fourier, Grenoble
31 (1981), 87-111.

8. (with Patrice Orro), Sur les fibres de Nash de surfaces a singularités isolées, Comptes Rendues de I’Académie
des Sciences de Paris, tome 299 (1984), 397-399.

9. Transverse transversals and homeomorphic transversals, Topology 24 (1985), 25-39.

10. (with Patrice Orro), On the regular stratifications and conormal structure of subanalytic sets, Bulletin of
the London Mathematical Society 18 (1986), 185-191.

11. (with Karim Bekka), Propriétés métriques de familles ®-radiales de sous-variétés différentiables, Comptes
Rendues de I’Académie des Sciences de Paris, tome 305 (1987), 389-392.

12. (with Tzee-Char Kuo), On (w) and (¢°)-regular stratifications, Inv. Math. 92 (1988), 633-643.

13. (with Tzee-Char Kuo and Li Pei Xin), Blowing-up and Whitney (a)-regularity, Canadian Mathematical
Bulletin, 32 (1989), 482-485.

14. Une version microlocale de la condition (w) de Verdier, Ann. Inst. Fourier, Grenoble, 39 (1989), 825-829.

15. (with Michal Kwiecinski), Scribbling continua in R™ and constructing singularities with prescribed Nash
fibre and tangent cone, Topology and its Applications, 64 (1995), 177-189.

16. (with Jean-Jacques Risler), Bilipschitz invariance of the multiplicity, Bulletin of the London Mathematical
Society 29 (1997), 200-204.

17. (with Leslie Wilson), Stratifications and finite determinacy, Proceedings of the London Mathematical Society,
(3) 78 (1999), no. 2, 334-368.

18. (with Claudio Murolo), Semi-differentiable stratified morphisms, Comptes Rendus de I’Académie des Sci-
ences, Paris, Série I Math. 329 (1999), no. 2, 147-152.

19. (with Claudio Murolo), Horizontally-C' morphisms and Thom’s isotopy theorem, Comptes Rendus de
l’Académie des Sciences, Paris, Série I Math. 330 (2000), no. 8, 707-712.

20. (with Patrice Orro), Coéne normal & une stratification réguliere, Seminari Geometria, Universitd degli Studi
Bologna, 12 (2000), 169-175.

21. (with Claudio Murolo), Relévements continus contrdlés de champs de vecteurs, Bulletin des Sciences Math-
ématiques, 125, 4 (2001), 253-278.

22. (with Patrice Orro), Cone normal et régularités de Kuo-Verdier, Bulletin de la Société Mathématique de
France, 130 (2002), 71-85.

23. (with Georges Comte and Pierre Milman), On Zariski’s multiplicity problem, Proceedings of the Amer.
Math. Soc., 130 (2002), no. 7, 2045-2048.

24. (with Claudio Murolo and Andrew du Plessis), Stratified transversality via isotopy, Transactions of the
Amer. Math. Soc., 355 (2003), no. 12, 4881-4900.

25. (with Karim Bekka), On metric properties of stratified sets, Manuscripta Mathematica, 111(2003), 71-95.
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Math. Soc., (2) 68 (2003), 133-147.

27. (with Claudio Murolo and Andrew du Plessis), Stratified transversality via time-dependent vector fields, J.
London Math. Soc. (2) 71 (2005), no. 2, 516-530.

28. (with Leslie Wilson), (r) does not imply (n) or (npf) for definable sets in non polynomially bounded
o-minimal structures, Singularity theory and its applications (ed. S. Izumiya, G. Ishikawa, H. Tokunaga, I
Shimida, T. Sano), Advanced Studies in Pure Mathematics 43, Mathematical Society of Japan (2006), 463-475.

29. (with Claudio Murolo), Semidifferentiabilité et version lisse de la conjecture de fibration de Whitney,
Singularity theory and its applications (ed. S. Izumiya, G. Ishikawa, H. Tokunaga, I. Shimida, T. Sano),
Advanced Studies in Pure Mathematics 43, Mathematical Society of Japan (2006), 271-309.

30. (with Terence Gaffney and Leslie Wilson), Equisingularity of sections, (¢") condition, and the integral
closure of modules, Journal of Algebraic Geometry 18 (2009), no. 4, 651-689.

31. (with Camille Plénat), On the multiplicities of families of complex hypersurface-germs with constant Milnor
number, International Journal of Mathematics 24 (3) (2013), 1350021.

32. (with Karim Bekka), Weak Whitney regularity and Briangon-Speder examples, Journal of Singularities 7
(2013), 88-107.

33. (with Henry King), Poincaré-Hopf theorems for singular spaces, Proceedings of the London Mathematical
Society 108 (3) (2014), 682-703.

34. (with Saurabh Trivedi), Detecting Thom faults in stratified mappings, Kodai Mathematical Journal 37 (2)
(2014), 341-354.

35. (with Nhan Nguyen and Saurabh Trivedi), A geometric proof of the existence of definable Whitney strati-
fications, Illinois Journal of Mathematics (2014), to appear.

36. (with Duco van Straten), Weak Whitney regularity implies equimultiplicity for families of singular complex
analytic hypersurfaces, submitted.

Articles in acts of conferences or collective works :

C1. (with Christopher Zeeman), Classification of elementary catastrophes of codimension less than or equal to
5, Structural Stability, the Theory of Catastrophes, and Applications, Proceedings, Seattle 1975 (edited by P.J.
Hilton), Lecture Notes in Math. 525, Springer, New York, 1976, 263-327.

C2. Counterexamples in stratification theory : two discordant horns, Real and Complex Singularities, Oslo 1976
(edited by P. Holm), Sijthoff and Noordhoff, Alphen aan den Rijn, 1977, 679-686.

C3. Interprétations topologiques des conditions de Whitney, Journées Singulieres a Dijon 1978, Astérisque
59-60, 1979, 233-248.

C4. Regular stratifications and sufficiency of jets, Algebraic Geometry, La Rabida 1981, Lecture Notes in
Mathematics 961, Springer, New York, 1982, 492-500.

C5. Comparing regularity conditions on stratifications, Proceedings of Symposia in Pure Mathematics, Volume
40, Arcata 1981-Singularities, Part 2, American Mathematical Society, Providence, Rhode Island, 1983, 575—
586.

C6. On the canonical Whitney stratification of real algebraic hypersurfaces, Séminaire de géométrie algébrique
réelle (dirigé par Jean-Jacques Risler), tome 1, Publications Mathématiques de I’Université de Paris 7, 1986,
123-152.

C7. On Canny’s roadmap algorithm, Real Days - Symposium in honour of Aldo Andreotti, edited by M. Galbiati,
University of Pisa, 1990, 115-117.

C8. On Canny’s roadmap algorithm : orienteering on semialgebraic sets (an application of singularity theory
to theoretical robotics), Proceedings of the 1989 Warwick Singularity Theory Symposium (edited by D. M. Q.
Mond and J. Montaldi), Springer Lecture Notes, 1991, 320-339.

C9. Blowing-up Thom-Verdier regularity, June 1991 Workshop on resolution of singularities, edited by M.
Galbiati, University of Pisa, 1993, pp.117-124.
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C10. Espaces stratifiés réels, Stratifications and topology of singular spaces (eds. D. Trotman, L. Wilson),
Hermann - Travaux en Cours, Paris, vol. 55, 1997, 93-107.

C11. Multiplicity as a C! invariant, Real analytic and algebraic singularities (edited by T. Fukuda, T. Fukui, S.
Izumiya and S. Koike), Pitman Research Notes in Mathematics, vol. 381, Longman, 1998, 215-221.

C12. Singularités, Dictionnaire d’Histoire et Philosophie des Sciences, edité par D. Lecourt, Presses Universi-
taires de France, Paris, 1999, 866-867.

C13. (with Laurent Noirel), Subanalytic and semialgebraic realisations of abstract stratified sets, Real Algebraic
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To David Trotman for his sixtieth birthday.

ABsTRrRACT. In this note, we consider the problem of bi-Lipschitz contact equivalence of com-
plex analytic function-germs of two variables. Basically, it is inquiring about the infinitesimal
sizes of such function-germs up to bi-Lipschitz changes of coordinates. We show that this
problem is equivalent to right topological classification of such function-germs.

1. CONTACT EQUIVALENCE

Two K-analytic function-germs f, g: (K", 0) — (K, 0), at the origin 0 of K", are (K-analytic-
ally) contact equivalent if the ideals (in Ogn o) generated by f and, respectively, generated by ¢
are K-analytically isomorphic. As is well known, this classical (K-analytic) contact equivalence
admits moduli. For a complete description and answer to Zariski probléme des modules pour les
branches planes in the uni-branch case, see [5], (see also [6] for an answer towards the general
case). Over the years several generalizations of the notion of (K-analytic) contact equivalence
appeared, and for some rough ones moduli do not exist.

More precisely, we will say that two function-germs f,g: (K™, 0) — (K,0) at the origin 0
of K" are bi-Lipschitz contact equivalent if there exists H: (K", 0) — (K", 0) a bi-Lipschitz
homeomorphism and there exist positive constants A and B, and o € {—1,41} such that

Alf(p)| < |go H(p)| < B|f(p)| when K = C,
Af(p) <o-(9oH(p)) < Bf(p) when K =R,

for any point p € K" close to 0.
When the bi-Lipschitz homeomorphism H is also subanalytic, we will say that the functions
f and g are subanalytically bi-Lipschitz contact equivalent.

A consequence of the main result of [1] on bi-Lipschitz contact equivalence of Lipschitz
function-germs is the following finiteness

Theorem ([1]). For any given pair n and k of positive integers, the subspace of polynomial
function-germs (K™,0) — (K,0) of degree smaller than or equal to k has finitely many bi-
Lipschitz contact equivalence classes.

Later on, Ruas and Valette (see [10]) obtained for real mappings a result more general than
that of [1], and which again ensures the finiteness of the bi-Lipschitz contact equivalent classes for

2010 Mathematics Subject Classification. 14B05, 32505, 58K50.

1 Research supported under CNPq grant no 300575/2010-6.

2 Research supported under CNPq grant no 302998/2011-0.

3 Research supported by CNPq grant no 150555/2011-3.

The authors wish to thank the anonymous referee for helpful remarks and comments.


http://dx.doi.org/10.5427/jsing.2015.13a

2 L. BIRBRAIR, A. FERNANDES, AND V. GRANDJEAN

polynomial function-germs (K”,0) — (K, 0) with given bounded degree. However, we observe
that in the aforementioned papers [1, 10], the proofs of the finiteness theorems for bi-Lipschitz
contact equivalence do not say anything about the corresponding recognition problem.

The preprint [2] completely solves the recognition problem of subanalytic contact bi-Lipschitz
equivalence for continuous subanalytic function-germs (R2,0) — (R, 0) by providing an explicit
combinatorial object which completely characterizes the corresponding orbit.

In the present note, we solve the recognition problem for the subanalytic bi-Lipschitz contact
equivalence of complex analytic function-germs (C?,0) — (C,0).

Our main result, Theorem 4.2, states that the subanalytic bi-Lipschitz contact equivalence
class of a plane complex analytic function-germ f: (C2,0) — (C,0) determines and is deter-
mined by purely numerical data, namely: the Puiseux pairs of each branch of its zero locus,
the multiplicities of its irreducible factors and the intersection numbers of pairs of branches of
its zero locus. It is a consequence of Theorem 3.6 which explicits the order of an irreducible
function-germ g along real analytic half-branches at 0 as an affine function of the contact of the
half-branch and the zero locus of g.

Last, combining the main result of [8] and our main result, we eventually get that two complex
analytic function germs f,g: (C?,0) — (C,0) are subanalytically bi-Lipschitz contact equiva-
lent if, and only if, they are right topologically equivalent, i.e. there exists a homeomorphism
®: (C?,0) — (C2,0) such that f = go ®.

2. PRELIMINARIES

We present below some well known material about complex analytic plane curve-germs. It
will be used in the description and the proof of our main result.

2.1. Embedded topology of complex plane curves.

Let f: (C%,0) — (C,0) be the germ at 0 of an irreducible analytic function. It admits a
Puiseux parameterization of the following kind:
(1) x— (™, () with U (z) = 2P0 (2°) + ... + 2% o, (%),

where each function ¢; is a holomorphic unit at x = 0, the integer number m is the multiplicity
of the function f at the origin and (81,e1),..., (Bs, es) are the Puiseux pairs of f. Then we can
write down,

(2) fa™,y) = Uz, y)IL (y — U(w'z)),

where w is a primitive m-th root of unity, the function U is a holomorphic unit at the origin,
and U is a function like in Equation (1).

The following relations determines the Puiseux pairs of f. Let us write ¥(z) = >_,,, ajz’
and eg :=m and P41 := +00. We recall that
Bi+1 =min{j : a; # 0 and e; fj} and e;1+1 := ged(e;, Bit1)
fori=0,...,5s—1. We deduce that there exists positive integers my, ..., my, such that for each

k=1,...,s, we find
(3) m=eimy; = esmomy =...=ex(mg---my)

We recall that the irreducibility of the function f implies that e, = 1.
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Remark 1. Let f: (C%2,0) — (C,0) be an irreducible analytic function-germ and let X be its
zero locus. The ideal Ix of C{z,y} consisting of all the functions vanishing on X is generated
by f. If g = A\f is any other generator of I, then the functions f and g have the same Puiseux
pairs. Thus we will speak of the Puiseux pairs of the branch X.

Let f1, fo: (C%,0) — (C,0) be irreducible analytic function-germs, and let X; and X, be the
respective zero sets of f; and fs.
The intersection number at 0 of the branches X7 and X5 is defined as:

C{z,y}
(f1, f2)
where (f1, f2) denotes the ideal generated by f; and fs.

Notation: Let ® : (C2,0) — (C2,0) be a homeomorphism and let X be a subset germ of
(C2%,0). We will write

()(17 X2)0 = dlm@

®: (C% X,0) — (C%Y,0)
to mean that the subset germ Y is the germ of the image ®(X) of X.

The following classical result completely described the classification of embedded complex
plane curve germs:

Theorem 2.1 ([3, 11]). Let f,g: (C%,0) — (C,0) be reduced analytic function-germs and let X
andY be the respective zero sets of f and g. Let X = Ji_; X; andY = J;_, Y; be the irreducible
components of X and Y respectively. There exists a homeomorphism ®: (C%, X,0) — (C2,Y,0)
if and only if, up to a re-indexation of the branches of Y, the components X; and Y; have the
same Puiseuz pairs, and each pair of branches X; and X; have the same intersection numbers
as the pair Y; and Y;.

We end-up this subsection in recalling a recent result of Parusiriski [8]. It is as much a
generalization of Theorem 2.1 to the non reduced case, as it is an improvement in the sense that
it provides a more rigid statement.

Theorem 2.2. Let f,g: (C?,0) — (C,0) be complex analytic function-germs (thus not neces-
sarily reduced). There exists a germ of homeomorphism ® : (C%,0) — (C2,0) such that go® = f
(the function-germs f and g are then said topologically right-equivalent) if, and only if, there
ezists a one-to-one correspondence between the irreducible factors of f and g which preserves the
multiplicities of these factors, their Puiseux pairs and the intersection numbers of any pairs of
distinct irreducible components of the respective zero loci of f and g.

2.2. Lipschitz geometry of complex plane curve singularities.

The Lipschitz geometry of complex plane curve singularities we are interested in is the Lip-
schitz geometry which comes from being embedded in the plane. It is described in a collection
of three articles over 40 years, initiated with the seminal paper [9], followed then by [4] and
concluding for now with the recent preprint [7]. Those papers state that the Lipschitz geometry
of complex plane curve singularities determines and is determined by the embedded topology of
such singularities. The version of this result which we are going to use is the following one:

Theorem 2.3. Let X and Y be germs of complex analytic plane curves at 0 € C2. Then, there
exists a homeomorphism ®: (C2,X,0) — (C2,Y,0) if, and only if, there exists a (subanalytic)
bi-Lipschitz homeomorphism H: (C2,X,0) — (C2,Y,0).

The version stated above is almost Theorem 1.1 of [7]. The exact statement of Theorem 1.1

of [7] does not require the subanalyticity of the homeomorphism H. However, we observe that
the proof presented there actually guarantees the subanalyticity of the mapping H.
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3. ON THE IRREDUCIBLE FUNCTIONS CASE

This section is devoted to the relation between the order of a given irreducible plane complex
function-germ f along any real analytic half-branch germ at the origin 0 of C2, and the contact
(at the origin) between the half-branch and the zero locus X of f. (Both notions of order and
contact will be recalled below.) Theorem 3.6 is the main result of the section and the key
new ingredient to complete the subanalytic bi-Lipschitz contact classification. It states that the
contact and the order satisfies an affine relation whose coefficients can be explicitly computed
by means of the Puiseux data of X presented in sub-Section 2.1.

We suppose given some local coordinates (w,y) centered at the origin of C2.

Let I' be a real-analytic half branch germ at the origin of C?, that is the image of (the
restriction of) a real analytic map-germ « : (R, 0) — (C2,0) defined as s — v(s) = (w(s),y(s)).
When I is not contained in the y-axis, we can assume that y(s) = (s®u(s), s¢ v(s)) for positive
integers e, €’ with u(z),v(z) € Oy := C{z} and u(0),v(0) # 0.

When T is not contained in the y-axis, we want to find a holomorphic change of coordinates
w — z(w) so that
4) z(z°u(z)) = 2° <= u(z) - x(z°u(z)) =1
writing  as xz(w) := w - x(w) for a local holomorphic unit x. Thus Equation (4) admits
a holomorphic solution. The mapping O : (w,y) — (z(w),y) = (x,y) is bi-holomorphic in
a neighbourhood of the origin. In the new coordinates (z,y), the mapping v now writes as
s — (54,59 v(s)).

Vocabulary. A map-germ ¢ : (Ry,0) — (C2%,0) is ramified analytic if there exists a function
germ ¢ € Oy and (co-prime) positive integers p, ¢ such that ¢(t) = ¢(t?/7). We will further say
that ¢ is a ramified analytic unit if ¢ is a holomorphic unit.

When T is not contained in the y-axis, we re-parameterize v with s(¢) := t¢/™ for t € Ry,
so that y(t) := y(s(t)) = ("™, y(t)) where y is ramified analytic with y(0) = 0 and m is the
multiplicity of the function f at the origin.

If I is contained in the y-axis then we take s =t and © is just the identity mapping.

We recall that the Puiseux pairs introduced in sub-Section 2.1 are bi-holomorphic invariant.

We denote again f = f(x,y) for f o ©~! and use the Puiseux decomposition for f(z™,y) given
in Equation (2) to define for each k =0,...,s, the function germ ¥, € O; as

\IJO(‘%) = Oa
Up(z) = aPp () + ...+ 2Pk pop(2) when k > 1.

Note that Uy (x) = 0 (z°*) for some function germ 0y € O;.

For each I =1,...,m, we can write

y(t) = U(wht) + tha (1)

where \; € QsoU{+o00} for u; is a ramified analytic unit, and with the convention that we write
the null function 0 as 0 = ¢7>°wy,;(¢). Thus the half-branch T is contained in X if and only if
there exists [ such that \; = +oc.
Notation. Let A := max;—1,..m Al

Let I € {1,...,m} so that A = \;. When T is not contained in X (equivalently A < +00) and

convening further that Sy = 0 and 541 = 400, there exists a unique integer k € {0,..., s} such
that

Br <A< Brta,
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and consequently we can write
y(t) = Wp(w't) + tru(t)
for u a ramified analytic unit. (Note that ¥ = Wy + Ry where Ry, (x) = (U —U},)(x) = O(zPr+1).)
Evaluating the function f along the parameterized arc ¢ — ~(t) using Equation (2) gives

FOB) = £, y(6) = 7, i (t) + Pu(t)) = UL, [T (') + ult) — T(w't)]

where ¢ — U(t) is a ramified analytic unit. Since the function ¢ — f(v(t)) is a ramified analytic
function, there exist a ramified analytic unit V' and a number v € Q<o U {400} such that

(5) fOy(@) =tV (B).
The number v of Equation (5) is called the order of the function f along the parameterized curve
t— (t).
Lemma 3.1. 1) Assume T is contained in the y-axis. The order of the function f along the
parameterized curve t — y(t) = (0,2¢v(t)) is v =m - €.
2) Assume T is not contained in the y-azis. The order of v the function f along the parameterized
curve t — ~y(t) is given by

v=egA+(eo—e1)B+ ...+ (ex—1 —ex)Br € Qso U {+o0}.
Proof. If T is contained in the y-axis, then the order of f along ¢t — (0, te,v(t)) ism-e.

We can assume that T' is parameterized as Ry 3t — y(t) = (t™, ¥x(t) + tru(t)).

Fori € {1,...,m} such that [ —i is not a multiple of m;, the order of Wy, (w't) +t u(t) — ¥ (w't)
is B1. There are m — 1 — (e; — 1) = eg — €1 such indices i.

For any 0 < j < k, when ¢ € {1,...,m — 1} is such that | — ¢ is a multiple of m; ... m; but
not a multiple of my ... mj11, the order of ¥y (w't) + tru(t) — U(w't) is B;. There are e;_1 — ¢;
such indices.

When ¢ € {1,...,m} is such that [ — 7 is a multiple of m; ...my, the order of
U (wht) + tru(t) — U (w't)
is A. There are e; such indices.

We just add-up all these orders to get the desired number v, once we have checked that this
sum does not depend on the index [ such that A = A\;. Let r € {1,...,m} be an index such
that A, = A. Thus y(t) = Ui (w"t) + t*u,(t). If I —r is not a multiple of m; - - - my, then we
check again that 0 = y(t) — y(t) = t*(w(t) — u.(t)) + t% W for a ramified analytic unit W
and 3; < Br—1 < A, which is impossible. Necessarily [ — r is a multiple of my ---my, and thus
Uy (w't) = Ui (w't), so that v is well defined. O

Now we can introduce a sort of normalized parameterization of real analytic half-branch germs
in order to do bi-Lipschitz geometry. More precisely,

Definition 3.2. A (real) analytic arc (at the origin of C?) is the germ at 0 € Ry of a mapping
a:[0,e[— C? defined as t — (x(t),y(t)) such that:

0) the mapping « is not constant and a(0) = 0,

1) there exists a positive integer e such that t — «(t¢) is (the restriction of) a real analytic
mapping,

2) the arc is parameterized by the distance to the origin in the following sense: there exists
positive constants a < b such that for 0 <t < 1 the following inequalities hold,

at < |a(t)] < bt.
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We will denote any analytic arc by its defining mapping «. Note that the semi-analyticity of the
image of an analytic arc o implies a much better asymptotic than that proposed in the definition,
namely we know that |a(t)| = a1t + ¢4(¢), with a; > 0 and where ¢ is ramified analytic such
that §(0) = 0.

Let «a be a real analytic arc. The function ¢ — f o «(¢) is ramified analytic, thus as already
seen in Equation (5) can be written as f o a(t) = t*/(®V(#) for a ramified analytic function V'

and vy(a) € Qs U {+oo}. The order of the function f along the real analytic arc o is the well
defined rational number v¢(a).

Let C be a real-analytic half-branch germ at the origin of C2. Let a and 3 be two real
analytic arcs parameterizing C. We check with an easy computation that v¢(a) = v¢(5). Thus
we introduce the following

Definition 3.3. The order of the function f along the real analytic half-branch C' is the well
defined number v;(C) := v¢(9) for any analytic arc § parameterizing C.

Let us denote X (r) = {p € X :|p| =r} for r a positive real number.

Let « be any analytic arc. The contact (at the origin) between the analytic arc o and the
complex curve-germ X is the rational number defined as

_ iy Jog(dist(a(t), X (la(t)]))
ela, X) = t£%1+ log(t) '

Let C be the image of the analytic arc a above. Given any other analytic arc 8 parameterizing
C, it is a matter of elementary computations to check that c¢(a, X) = ¢(8, X). Thus we present
the following

Definition 3.4. The contact between the real-analytic half-branch C and the curve X is
c(C, X) :=¢(6,X) for any analytic arc § parameterizing C.

Let T be a real analytic half-branch at the origin of C2. Let « be a parameterization of I' of the
form Ry ¢ — (0,y(¢)) when I is contained in the y-axis, where y is a ramified analytic function-
germ. When T is not contained in the y-axis, possibly after a holomorphic change of coordinates
at the origin of C2, we consider a parameterization of I' of the form R >t — (™, y(t)) for y
ramified analytic.

When the half-branch T is not contained in X (and regardless of its position relatively to the
y-axis), as already seen above, we can write y(t) as y(t) = Ui (w't) +t u(t) where B, < \ < Bri1
for some integer k € {0, ..., s}, with u a ramified analytic unit and [ € {1,...,m}. Let u be the
order of |y(t)| at t = 0, that is the positive rational number p such that |y(t)| = Mt* + o(t") for
a positive constant M. Thus we find

Lemma 3.5. The contact between T and X is ¢(T', X) = %

Proof. Up to a linear change of coordinates we can assume that the tangent cone at the origin
of the (irreducible) curve X is just the z-axis. Writing v(¢t) = (x(¢),y(t)), the half-branch is
tangent to the z-axis if and only if lim;_,o () "1y(t) = 0. When T is transverse to the z-axis,
we have k = 0 in the writing of y(t) above, so that g = A and thus ¢(T, X) = 1.

When the half-branch T' is tangent to the x-axis, we deduce y = m since the tangency
hypothesis implies that y(t) = o(t™). Thus the mapping ¢ — (¢t ) = (¢,y(t#)) is an analytic
arc parameterizing I'. In particular we must have A > m.

Notation. Up to the end of this proof we will use the notation Const to mean a positive
constant we do not want to precise further.
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Let p : (R4,0) — (Ry4,0) be the function defined as p(t) := dist(v(¢w ), X). First, since v is
tangent to X and the function p is continuous and subanalytic, there exists a positive rational
number c¢ such that

(6) p(t) = Const - t° + o(t°).

Second, we obviously have for ¢ positive and small enough p(t) < tw |u(t)| so that we deduce
from Equation (6) that ¢ > 2.

Let r(t) := |y(t )|, so that we find r(t) = t + o(t). Let t — ¢(t) be any analytic arc on X
such that p(t) = |(t) — y(t#)|. From Equation (6) we get

(7) [lp(®)| — r(¥)| < Const - t°.

Writing ¢ = (x4, ye), we see from Equation (7) that z4(¢) =t + O(t°). Let £ : (R4,0) — (C,0)

be the ramified analytic function of the form ¢ — £(t) := tw [1 + O(t"!)] and such that £(t)

is a m-th root of x4(t). Thus yu(t) = U(w*&(t)) for some ¢ € {1,...,m} and we observe that

yo(t) = U (wit )+o(tm). Since y(t) = Wy (w'tm )+tmu(t ), with u a ramified analytic function,

and |yg(t) — y(t=)| < Const - t¢, we deduce that Wy (w'T) = Wy (w'T). But this implies that
A

c< %7 and thus ¢ = =

From Equation (7) we deduce that
(8) p(t) < dist(y(t=), X (r(t))) < Const - t°.
Combining Equation (6) and Equation (8) we get the result. O

The next result will be key for Theorem 4.2, the main result of this note, is indeed the new
ingredient to the range of questions we are dealing with here. We recall that the Puiseux data
notation convenes that e_; = 8y =0, ¢g = m and fs11 = +00.

Theorem 3.6. Let I' be a real analytic half-branch at the origin of C? as above. The order of
the function f along I is given by

9) vy(l) = ek.c(l“,X)+(e0—el)%+...+(ek,1—ek)%
k—1
w s (o By 8 (meony,
i=min(k—1,0)

where the integer number k € {0, ..., s} in Equations (9) and (10) is uniquely determined when
(T, X) < 400 by the following condition:

B <m-c(l', X) < Brgr.

Proof. 1t is just a rewriting of Lemma 3.1 in term of the size t of any arc parameterizing I and
uses Lemma 3.5. O

A direct consequence of the above result is the following result about bi-Lipschitz contact
equivalence.

Proposition 3.7. Let (C2, X,0) and (C%,Y,0) be two germs of irreducible complex plane curves
defined by reduced function-germs f and g respectively. If there exists a subanalytic bi-Lipschitz
homeomorphism H: (C?, X,0) — (C2,Y,0) then there exist positive constants 0 < A < B < 400
such that in a neighbourhood of the origin we find

Alf| < lgo H| < B|f|.



8 L. BIRBRAIR, A. FERNANDES, AND V. GRANDJEAN

Proof. If it is not true, it happens along a real-analytic half-branch C'. Necessarily such a half-
branch C must be tangent to the curve X. Taking a parameterization of C' by an arc a, we can
for instance assume that (f o a(t))"1(go H o «(t)) goes to 0 as t goes to 0. Let v be the order
of f(a(t)) and v’ the order of g(H(«(t))). Theorem 3.6 provides

v = (eo—el)%—i—...—}—(ek,l—ek)%—i—ek-c(C,X)
Vo= (60—61)%+~~+(6k’—1—ek’)ii/ +ep - c(HHO),Y).

From the proofs of Lemma 3.1 and Lemma 3.5 we know that
B <m-c(HHC),Y) < Brrg1 and B, <m - c(C, X) < Bry1.

Since the contact is a bi-Lipschitz invariant we get ¢(C, X) = ¢(H 1(C),Y). Besides v/ > v,
thus we deduce k' > k. This latter inequality implies

m- C(H71(0)7Y) > Bk’ > Bk-‘rl > m - C(CaX)7

which is impossible. O

4. MAIN RESULT

Let f: (C2,0) — (C,0) be a germ of analytic function. Let f = f™* - -+ f™ be the irreducible
decomposition of the function, where f1,..., f, are irreducible function-germs and my, ..., m,,
the corresponding respective multiplicities, are positive integer numbers.

Let X; be the zero locus of f;, let m; be the multiplicity of f; at 0 and let (B;l), eg-l));i:l be
its Puiseux pairs. Let I' be a real analytic half-branch at the origin. Let ¢; := ¢(v, X;) be the
contact of I" with X; and let v; = vy, (') be the order of f; along T'.

Since we have defined in Section 3 the order of an irreducible function-germ along I', the order
of f along I' is defined as the sum of the order of each of its irreducible component weighted by
the corresponding multiplicity (as a factor of the irreducible decomposition of f). From Theorem
3.6 we deduce straightforwardly the next

Lemma 4.1. The order v of the function f along T is

v = mi-v1+...+m,- v,

" (i) Kol ) a0
_ Lo P W Pin B
Bl (%) 5 o (B4

j=min(k; —1,0)

where each of the integer k; € {0,...,s;} is uniquely determined when ¢y ---c, < 400 by the
condition

1(6? <m;-¢ < 51(:)_5_1

The main result of this note is the following:
Theorem 4.2. Let f and g be two analytic function-germs (C?,0) — (C,0). Let f = f{™* - fmr

and g = gyt -+ - g be respectively the irreducible decompositions of the functions f and g. Let
X be the zero locus of f; and Y} be the zero locus of g;.

The functions f and g are subanalytically bi-Lipschitz contact equivalent if, and only if, pos-
sibly up to a re-indexation of the irreducible factors f;:

0)r=s,

1) the multiplicities of each corresponding factors are equal, that is m; = n;,
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2) the Puiseux pairs of f; and g; are the same, and

3) for any pair i,j, the intersection numbers (X;, X;)o and (Y;,Y;)o are equal.

In particular, f and g are subanalytically bi-Lipschitz contact equivalent if, and only if, they
are right topologically equivalent.

Proof. First (and possibly after a re-indexation of the irreducible factors f;) assume that,
-r=s,
- the intersection numbers (X;, X;)o and (Y;,Y;)o are equal for any i # j and,
- the Puiseux pairs of the functions f; and g; are equal and,
- the multiplicities m; and n; are equal, for i = 1,...7.

From Theorem 2.3 we deduce there exists H: (C%,0) — (C2,0) a subanalytic bi-Lipschitz
homeomorphism such that H(X;) =Y; for any ¢ = 1,...r. For each ¢ = 1,...,r, Proposition
3.7 implies there exist positive constants 0 < A; < B; < 400 such that in a neighbourhood of
the origin we find

Ailfi] < lgi o H| < Bilfil.
Thus the functions f and g are bi-Lipschitz contact equivalent (via h).

Conversely, we assume now that there exists H: (C?,0) — (C2,0) a subanalytic bi-Lipschitz
homeomorphism such that there exist positive constants A < B such that in a neighbourhood
of the origin the following inequalities hold true:

(11) Alfl < lgo H| < Blf].

We immediately find H(X) = Y and » = s. Up to re-indexation of the branches Y;, we also
have H(X;) = Y; for i = 1,...,r. Using Theorem 2.3 again we deduce that the intersection
numbers (X;, X;)o and (Y;,Y;)o are equal for any i # j (let us denote each such number by
I; j), the Puiseux pairs of the function-germs f; and g¢; are equal. It remains to prove that
the multiplicities m; and n; are also equal, for ¢ = 1,...,7. In order to prove that m; = n,
let C' be any real-analytic half-branch such that the contact ¢ = ¢(C, X1) is sufficiently large
(and finite) and also such that the others contacts ¢(C, X;), for ¢« = 2,...,r, are equal to the
intersection number I; 1 := (X;, X1)o (see [4] for details). Since H is a subanalytic bi-Lipschitz
homeomorphism such that H(X;) = Y; for any ¢« = 1,...,r, the image H(C) is still a real
analytic half-branch. Since bi-Lipschitz homeomorphisms preserve the contact, we deduce that
c=c(H(C),Y1) and each contact ¢(H(C),Y;) is equal to the contact (¥;,Y1)o, for i =2,...,r.
In other words we see

(12) l/g(H(C)):C'l’l1 +12,1~n2+...+.7r71'nr
and
(13) I/f(C):C'm1+.[2’1'm2+...+.[r71'mr.

Combining Equation (11) from the hypothesis, with Equations (12) and (13) we conclude that
cny + I271n2 + ...+ Ir,lnr =cmq + 1271m2 + e+ Irﬂlmr.

Since the half-branch C' can be chosen asymptotically arbitrarily close to X7, its contact ¢
goes +00, and thus we find m; = n;. The same procedure can be applied for each remaining
i =2,...,r, substituting ¢ for 1, thus we conclude that

m; =n; fori=1,...,r,
thus proving what we wanted. O

The first immediate consequence of our main result is the following:
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Corollary 4.3. Let f and g be two analytic function-germs (C%,0) — (C,0). They are bi-
Lipschitz contact equivalent if, and only if, they are subanalytically bi-Lipschitz contact equiva-

lent.

The second consequence is:

Corollary 4.4. The subanalytic bi-Lipschitz contact equivalence classification of complex ana-
lytic plane function-germs has countably many equivalence classes.

(1]
2]
(3]
[4]
(5]
(6]
(7]
(8]
(9]
(10]

(11]
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DEFORMATION OF SINGULARITIES AND ADDITIVE INVARIANTS

GEORGES COMTE

ABSTRACT. In this survey on local additive invariants of real and complex definable singular
germs we systematically present classical or more recent invariants of different nature as
emerging from a tame degeneracy principle. For this goal, we associate to a given singular germ
a specific deformation family whose geometry degenerates in such a way that it eventually
gives rise to a list of invariants attached to this germ. Complex analytic invariants, real
curvature invariants and motivic type invariants are encompassed under this point of view.
We then explain how all these invariants are related to each other as well as we propose a
general conjectural principle explaining why such invariants have to be related. This last
principle may appear as the incarnation in definable geometry of deep finiteness results of
convex geometry, according to which additive invariants in convex geometry are very few.

INTRODUCTION

A beautiful and fruitful principle occurring in several branches of mathematics consists in
deforming the object under consideration in order to let appear some invariants attached to
this object. In this deformation process, the object Xy to study becomes the special fibre of a
deformation family (X.). where each fibre X, approximates Xy, from a topological, metric or
geometric point of view, depending on the nature of the invariant that one aims for Xy through
(Xe)e-

For instance in Morse theory, where a smooth real valued function f : M — R on a
smooth manifold M is given, such that f=1([f(m) — n, f(m) + 7] contains no critical point
of f but m, the homotopy type of f~1(] — oo, f(m) + n]) is given by the homotopy type of
Y] — oo, f(m) — ¢€]), for any e with 0 < & < 7, plus a discrete invariant attached to f
at m, namely the index of f at m. In this case the family (f~'(] — oo, f(m) — €]))o<e<y
has the same fibres, from the differential point of view, and approximates the special set
F7Y(] — oo, f(m) + n]), from the homotopy type point of view, up to some additional discrete
topological invariant.

Another instance of this deformation principle can be found in tropical geometry, where a
patchwork polynomial embeds a complex curve X, of the complex torus (C*)? into a family
(X:) of complex curves. This family may be viewed as a curve 2" on the non archimedean
valued field C((e®)) of Laurent series with exponents in R. Then, by a result of Mikhalkin and
Rullgard ([82] and [91]), the amoebas family 7 (X.) of (X.) has limit (in the Hausdorff metric)
the non archimedean amoeba &7 (2") of 2.

In the theory of sufficiency of jets the aim is to approach a smooth map by its family of
Taylor polynomials up to some sufficient degree depending on the kind of equivalence considered
for maps (right, left, or V' equivalence). Embedding a germ into a convenient deformation is
a seminal way of thinking for R. Thom that has been successfully achieved in his cobordism
theory or in his works on regular stratifications providing regular trivializations. We could
multiply examples in this spirit, old ones as well as recent ones (from recent developments in


http://dx.doi.org/10.5427/jsing.2015.13b

12 GEORGES COMTE

general deformation theory itself for instance '), but in this introduction we will focus only on
two specific examples, that will be developed thereafter: the Milnor fibration and the Lipschitz-
Killing curvatures.

The Milnor fibre of a complex singularity. The first of these two examples is provided by
the Milnor fibre of a complex singular analytic hypersurface germ f : (C™,0) — (C,0). We will
assume for simplicity that this singularity is an isolated one, that is to say that we will assume
that 0 = f(0) is the only critical value of f, at least locally around 0. We denote B, the
open ball of radius 7, centred at 0 of the ambient space depending upon the context. Now, for
n > 0 small enough and 0 < ¢ < 7, the family (f~*(¢) N Bo,;))o<|c|<o 18 & smooth bundle, with
projection f, over the punctured disc B(g,,) \ {0} C C. The topological type of a fibre

Xe:=f" ( ) nB (0,m)
does not depend on the choice of €, and the homotopy type of this fibre is the homotopy of a
finite CW complex of dimension n — 1, the one of a bouquet of y spheres S”~!, where y is called
the Milnor number of the fibration (see [86]) On the other hand, the special singular fibre

=f" ()mBon)

is contractible, as a germ of a semialgebralc set. It follows that the family (X:)o<|c|<y approx-
imates the singular fibre Xy up to p cycles that vanish as £ goes to 0. The number p of these
cycles appears as an analytic invariant of the germ of the hypersurface f that is geometrically
embodied on the nearby fibres X, of the deformation on the singular fibre (see also [23]). In
[102], B. Teissier embedded the Milnor number p in a finite sequence of integers in the following
way. For a generic vector space V of C" of dimension n — 14, the Milnor number of the restriction
of f to V does not depend on V and is denoted p("~%. In particular x4 = p(™ and therefore the
sequence 1) 1= (g, - -+, ™V, u(™) gives a multidimensional version of .

We can COHbldeI" other invariants attached to the Milnor fibre of f, also extending the simple
invariant p: the Lefschetz numbers of the iterates of the monodromy of the Milnor fibration, that
we introduce now in order to fix notations in the sequel. The Milnor fibre X. may be endowed
with an isomorphism M, the monodromy of the Milnor fibre, defined up to homotopy and that
induces in an unambiguous way an automorphism, also denoted M, on the cohomology group
HY(X.,C)

M :HY(X.,C) » HY(X.,C),£=0,--- ,n—1.

For the m-th iterate M™ of M, for any m > 0, one finally defines the Lefschetz number A(M™)
of M™ by

n—1

AM™) =" (=1)'tr(M™, H' (X, C)),

i=0
where tr stands for the trace of endomorphisms. Note that A(M°) = x(Xo) = 1+ (=1)""tu
and that the eigenvalues of M are roots of unity (see for instance [99]).

A more convenient deformation of f~'(0) than the family (f~'(g) N B(o,y)e, at least for the
practical computation of the topological invariants we just have introduced, is provided by an
adapted resolution of the singularity of f at 0. To define such a resolution and fix the notations
used in Section 3, let us consider o : (M,o~1(0)) — (C™,0) a proper birational map which is
an isomorphism over the (germ of the) complement of f~1(0) in (C",0), such that f oo and
the jacobian determinant jac o are normal crossings and ¢~1(0) is a union of components of the
divisor (f o o)7'(0). We denote by E;, for j € #, the irreducible components of (f o c)~1(0)

1As recalled by Kontsevich and Soibelman, Gelfand quoted that “any area of mathematics is a kind of
deformation theory”, see [68].
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and assume that Ej, are the irreducible components of 71(0) for k € # C 7. For j € 7 we
denote by NN; the multiplicity multg, f o o of f oo along E; and for k € # by v, the number
v = 1+ multg, jac o. For any I C 7, we set E} = (N,c; Ei) \ (Uje/\l Ej;).

The collection (E9) ¢ _# gives a canonical stratification of the divisor foo = 0, compatible with
o = 0 such that in some affine open subvariety U in M we have foo(z) = u(x) HZGI , where
u is a unit, that is to say a rational function which does not vanish on U, and x = (ac’, ( i)iel)
are local coordinates. Now the nearby fibres X, are isomorphic to their lifting

XE = J_l(f_l(&‘) n B(o 71))
in M and the family (X )o<|e|<n approximates the divisor Xo == o L(f7H0) N Bo,m). Of

course the geometry of Xo has apparently nothing to do with the geometry of our starting germ
(£71(0),0), but as the topological information concerning the singularity of f : (C",0) — (C,0)
is carried by the nearby fibres family (X 5)0<|€‘<,7, all this information is still encoded in the family
(Xs)0<\s|<n, and the discrete data NN;, v} although depending on the choice of the resolution,
may be combined in order to explicitly compute invariants of the singularity.

Not only g, the most elementary of our invariants, may be computed in the resolution, but
also more elaborated ones such as the Lefschetz numbers of the iterates of the monodromy of
the singularity. Indeed, by [1] we have the celebrated A’Campo formulas

AM™ = 3 N (B, m 20
ie%, N7/m
and in particular
L+ (=1)""p = x(Xo) = =Y Ni-x(Ey):
sy 4

0.1. Remark. Denoting X, the closure of the Milnor fibre of f : (C,0) — (C,0), since the
boundary X\ Xy is a compact smooth manifold with odd dimension, we have x(Xo\Xo) = 0, and
in particular x(Xo) = x(Xo). This is why, in the complex case and for topological considerations
at the level of the Euler-Poincaré characteristic, the issue of the open or closed nature of balls
is not so relevant. In contrast, in the real case, this issue really matters.

Metric invariants coming from convex geometry. The second main example of invariants
arising from a deformation that we aim to emphasize and develop here, comes from convex
geometry. In this case, starting from a compact convex set of R™, it is usual to approximate this
set by its family of e-tubular neighbourhoods, € > 0, since those neighbourhoods remain convex
and generally have a more regular shape than the original set. This method is notably used in
[101] to generate a finite sequence of metric invariants attached to a compact convex polytope
P (the convex hull of a finite number of points) in R™ (actually in R? or R? in [101]). It is
established in [101] that the volume of the tubular neighbourhood of radius € > 0 of P,

TP,E = U B(x,e)v

zeP
where B(z’a) is the closed ball of R™ centred at x with radius ¢, is a polynomial in & with
coefficients Ag(P),- -+, A, (P) depending only on P and being invariant under isometries of R".
We have
Ve >0, Vol,(Tp.) Zaz n_i(P) -, (1)

It is convenient to normalize the coefficients Az( ) by the introduction, in the equality (1)
defining them, of the i-volume «; of the i-dimensional unit ball.



GEORGES COMTE

14
. On the other hand, denoting

When e = 0 in this formula, one gets A, (P) = Vol,(P)
0 = max{|z — y|;x,y € P} the diameter of P, for any x € P, the inclusions

By CTpe C By ets)

show that Vol,,(Tp) . Qn e" and thus Ag(P) = 1. Denoting the Euler-Poincaré character-
istic by x and having in mind further generalizations, the relation Ag(P) = 1 has rather to be
considered as Ag(P) = x(P). A direct proof of (1) leads to an expression of the other coefficients
A;(P) in terms of some geometrical data of P. To give this proof, we set now some notation.
For P a polytope in R™ of dimension n, generated by n + 1 independent points, an affine
hyperplane in R™ generated by n of these points is called a facet of P. The normal vector to
a facet F' of P is the unit vector orthogonal to F' and pointing in the half-space defined by F
not containing P. For ¢ € {0,--- ,n — 1}, a i-face of P is the intersection of P with n —1
distinct facets of P. We denote .%;(P) the set of i-faces of P. By convention .%,(P) = {P}. For
x € P one consider F,, the unique face of P of minimal dimension containing x. If x € 9P (the
boundary of P), the normal exterior cone of P at z, denoted C(z, P), is the R4-cone of R™
generated by the normal vectors to the facets of P containing . By convention C(z, P) = {0},

for x € P\ OP.

We note that for F,, of dimension i € {0,---,n — 1}, C(z, P) is a R -invariant cone of R"
of dimension n — i. Furthermore, for any y € F,, C(z, P) = C(y, P). One thus defines C(F, P),
the exterior normal cone of P along a face F of P, by C(z, P), where x is any point in F. One

has C(P, P) = {0}.

For P a degenerated polytope of R™, that is to say that the affine subspace [P] of R™ generated
by P is of dimension < n, one denotes Cip(z, P) the exterior normal cone of P at x in [P],
since P is of maximal dimension in [P]. With this notation, the exterior normal cone of P at
x in R™, denoted Crn(z, P), or simply C(z, P) when no confusion is possible, is defined by
Cipj(z, P) x [P]*. We finally define C(F, P), for P general, as C(z, P) for any x € F. The
exterior normal cone of P depends on the ambient space in which we embed P, but we now
define an intrinsic measure attached to the normal exterior cone, the exterior angle.

C(E,.P) — <\—1\l
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0.2. Definition. Let P be a polytope of R"™ and F € %;(P). One defines the exterior angle
~v(F, P) of P along F (see fig.1), by

V(F, P) =

. VOlnfz(C(F, P) N B(O,l)) = VvOZn,ifl(C’(.F7 P) n S(O,l))'

On—j

By convention v(P, P) = 1.
With the definition of the exterior angle, the proof of (1) is trivial.
Proof of equality (1). We observe that

Vol,(Tpe) = Zal e N Voli(F)-~(F, P).

FeZ:(P)

In particular
> Voli(F)-+(F,P). (2)
FeZ;(P)
(|

The equality (2) shows how the invariant A;(P) captures the concentration y(F, P) of the
curvature of the family (Tp.)c>0 along the i-dimensional faces of P as e goes to 0.

In the general convex case and not only in the convex polyhedral case, the equality (1) still
holds, defining invariants A; on the set J£™ of convex sets of R™. A proof of this equality by
approximation of a convex set by a sequence of polytopes is given in [97], section 4.2. Another
proof is indicated in [40] (3.2.35) and [74], using the Cauchy-Crofton formula, a classical formula
in integral geometry, that we recall here.

0.3. Cauchy-Crofton formula ([40] 5.11, [41] 2.10.15, 3.2.26, [94] 14.69). Let A C R" a
(4, d)-rectifiable set, where % is the d-dimensional Hausdorff measure. We have

1 = —
d(A dy
Bld,n) /peg<n oy COTAANP) &7, (P), (%)

with G(n — d,n) the Grassmannian of (n — d)-dimensional affine planes P of R™, 7, 4, its
canonical measure and denoting T’ the Euler function, B(d,n) the universal constant
n—d+1 _.d —|— 1 n + 1.1
PN PTG

One can now prove equality (1) in the general compact convex case.

Vold(A)

Proof of equality (1) in the convex case. We proceed by induction on the dimension of the am-
bient space is which our convex compact set K lies. If this dimension is 1, formula (1) is trivial,
and if this dimension is n > 1, one has

Vol,(Tk..) = Vol (K) + / Vol,—1(K") dr,
r=0

where K" is the set of points in R™ at distance r of K. We compute Vol,,_1(K") using the
Cauchy-Crofton formula.
Noting that Card(LNK") =2 or Card(LN K") =0, up to a7, ,,-null subset of G(1,n), we
obtain by definition of ; ,
VOln(TK7E) =

€ 2
Vol, (K +/ 7/ Voly—1(mg(K")) dyn—1,,(H) dr,
( ) r=0 /8(17”) HeG(n—1,n) ( ) ( )
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where G(n — 1,n) is the Grassmannian of (n — 1)-dimensional vector subspace of R™ equipped
with its canonical measure vy, _1 5, invariant under the action of O,,(R) and 7y is the orthogonal
projection onto H € G(n — 1,n).

fig.2

By induction hypothesis, the expression of the volume of the tubular neighbourhood of radius
r of the convex sets of R"~! is a polynomial in r. Since 7z (K") is Try(r),r in H, we have

Vol (Tk..) = Voln(K)

i=0

n—1
i |
+ i1 (g (K)) - r' dyp—1n(H) dr
B(1,n) Jr—o HGG(n—l,n)Z 1-i(ma (K)) 1n(H)
n—1

2 — oy .
= Vol,(K) + el .EH-I/ Np—1—i(mp(K)) dyn—1.(H).
(%) 5(1,n);z+1 eGmotm (mu(K)) dyn—1,n(H)

O

In [101], the formula (1) is also proved for C?* surfaces, giving a hint for a possible extension
of this formula to the smooth case. This extension is due to H. Weyl, who proved in [110] the
following statement (see also [74]).

0.4. Theorem (Weyl’s tubes formula). Let X be a smooth compact submanifold of R™ of di-
mension d. Let nx > 0 such that for any e, 0 < e < nx, for any y € Tx ¢, there exists a unique
x € X such thaty € v + (T, X)*. Then for any e < nx
[d/2] '
Voly(Tx ) = Y an_ayaibasi(X) - ",
i=0
where the A, (X)'s are invariant under isometric embeddings of X into Riemannian manifolds.

When, on the other hand, X is a non convex union of two polytopes P, @, Vol,(Tx ) is no
more necessarily a polynomial in . For example for X; = P U Q where P = {(0,0)} C R? and
Q =1{(0,2)} c R? and for 1 < e < 2. In the same way, when X is a singular set, for any ¢ > 0,
Vol,(Tx..) is not necessarily a polynomial in . For example for

X2 = {(‘T,y) € Rz;x > Oa ($2 +y2 - 1)(1'2 + (y72)2 - 1) = 0}7
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) — V&2 + 2¢ (see fig.3).

0.5. Remark. Nevertheless by [22] we know that for X a subanalytic subset of R", Vol(Tx ) is
a polynomial in subanalytic functions with variable £ and the logarithms of these functions, and
thus that it is defined in some o-minimal structure over the reals.

1
for any sufficiently small ¢ > 0, Voly(Tx ) = (1 + €)? arccos( T3

0.6. Remark. The grey areas ¥, and 3 in figure 3, counted with multiplicities 1 in Vols(Tx;, )
have non polynomial contributions. But when these areas are counted with multiplicity 2, on
one hand, with this modified computation for Voly(Tx, ), we obtain the sum of the areas of two
discs of radius € centred at P and () and, on the other hand, with this modified computation
for Vols(Tx, <), we obtain twice the volume of the tubular neighbourhood of radius € of half a
circle minus the volume of a ball of radius e.

In conclusion, a multiple contribution of the volume of the grey areas provides two polynomials
in . Moreover, we observe that for j = 1,2:

-Vr e X 2=x(X;N B(w,e)),

-Vr €Tx; e \VEr 1=x(X; N B(x,g)),

-V e R*\ Tx, . : X(X; N Byq) =0.

It follows that for j=1,2 / x(X;N B(%E)) dr = / x(X; N B(x,a)) dz is a polynomial
z€ER?2 QJGTXj,a

in . These examples are in the scope of a general fact: the formula (1) can be generalized
to compact sets definable in some o-minimal structure over the reals by the formula (1) given
below.

0.7. Theorem ([45], [46], [47], [48], [49], [50], [51], [8], [9], [11]). Let X be a compact subset
of R™ definable in some o-minimal structure over the ordered real field. There exist constants
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Ao(X), -+, Ap(X) such that for any e >0

/ x(X N B(z,a)) dx = Z i, _(X) - (1)
z€T: x i=0

The real numbers A;(X),i =0,--- ,n are called the Lipschitz-Killing curvatures of X, they only
depend on definable isometric embeddings of X into euclidean spaces. Moreover, we have

d:)/n—i,n(P)
Bli,n)

0.8. Remarks about (1’) and (2'). In Theorem 0.7 we assume the set X compact, although for
X bounded but not compact the equality (1') together with (2') is still true with y the Euler-
Poincaré characteristic with compact support, usually considered for non-compact definable sets.
This characteristic is additive and multiplicative and defined by any finite cell decomposition
UiC; of X by x(X) = >, (~=1)4m() (see [39], p. 69). For simplicity, in what follows we will
still consider the compact case.

) = [ o XXOP) 2)

0.9. Remark. The formula (1’) is clearly a generalization to the non convex case of the formula
(1), since for X compact convex, for any € > 0, for any ¢ € Tx ., x(X N B(w)g)) = 1, thus
fzeTa.X X(X N B(z)) dv = Vol,(Tx ). In the same way (1') generalizes Weyl’s tube formula to
the singular case, since for X smooth, there exists nx > 0 such that for any €,0 < ¢ < nx, for

any z € Tx,e, X(X N B(,,)) =1 and fweTE,x X(X N B(ge)) dz = Vol,(Tx e).

The formula (1’) comes from a more general cinematic formula (see [11], [49]). For X and YV’
two definable sets of R™

/ M(XNg-Y)dg= Y cnij-M(X)-Aj(Y)
9eC i+j=k+n

with G the group of isometries of R™ and ¢, ; ; universal constants.

The expression of A; given by (2') generalizes to the definable case the representation formula
(2) of A; given in the polyhedral case. Furthermore, from (2') we get the following characteriza-
tion of Ag and Ay, d = dim(X), already obtained from (1) in the compact convex case

Ao(X) = x(X)
and, using the Cauchy-Crofton formula,
Ay(X) = Volg(X).
Finally,
Agp1(X) =+ = An(X) =0,

for d < n.

The last remark made now here is a remark that, having in mind geometric measure theory,
we are eager to address: the Euler-Poincaré characteristic being additive for definable sets (see
[39]) the equality (1’) or (2") shows that the A;’s are additive invariants of definable sets, in the
following sense

for any definable sets X and Y of R”.
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We have now in hand two kinds of deformation of a singular set. When this set is an analytic
isolated hypersurface singularity, we may consider its Milnor fibration, providing in particular
as invariant the Milnor number of the singularity, and in the more general definable case, we
have recalled in details the notion of Lipschitz-Killing curvatures, coming from the deformation
family provided by the tubular neighbourhoods. It is worth noting that in these two cases, the
deformations considered lead to additive invariants attached to the given germ.

In what follows, we explain how to localize the Lipschitz-Killing curvatures in order to attach
to a singular germ a finite sequence of additive invariants (Section 1). We will then explain
how all our local invariants are related and how such kind of relation illustrates, in the very
general context of definable sets over the reals, the emergence of a well-known principle in
convex geometry wherein additive invariants (with some additional properties) may not be so
numerous (Section 2). Finally, we will stress the fact that the additive nature of an invariant
coming from a deformation allows us to compute this invariant in some adapted scissors ring
via some generating zeta function capturing the nature of the deformation. This is the point of
view which underlies the work of Denef and Loeser (Section 3).

0.10. Notation. As well as in this introduction, in the sequel, B(, ), B(wﬁ) and S(, ) are re-
spectively the open ball, the closed ball and the sphere centred at = and with radius r of the
real or the complex vector spaces R™ or C™. If necessary, to avoid confusion, we emphasize the
dimension d of the ambient space to which the ball belongs by denoting B(dx’ e Definable means
definable in some given o-minimal structure expanding the ordered real field (R, +,—,-,0,1, <)
(see [14], [39]).

1. LOCAL INVARIANTS FROM THE TUBULAR NEIGHBOURHOODS DEFORMATION

The invariants Ag, -+ , A, defined in the introduction for compact definable sets (or at least
bounded definable sets) may be extended to non bounded definable sets as well as they may be
localized in order to be attached to any definable germ (X, 0). The extension of the invariants
A; to non bounded definable sets has been proposed in [36]. These two possible extensions are
similar; they essentially use the fact that near a given point or near infinity the topological types
of affine sections of a definable set are finite in number. As we are mainly interested in local
singularities, we explain in this section how to localize the sequence (Ag,---,A,) at a given
point.

For this goal, let us consider X C R™ a compact definable set. We assume that 0 € X and we
denote by X the germ of X at 0, d its dimension. Representing elements P of the Grassmann
manifold G(n—i,n) of (n—i)-dimensional affine subspaces of R" by pairs (z, P) € R" x G(i,n),
where € P, and P is the affine subspace of R™ orthogonal to P at z, the measure Vn—in
on G(n — i,n) is the image through this representation of the product m ® Yi,n, Where m is
the Lebesgue measure on P and P is identified with R?. It follows by formula (2°) that A; is
i-homogeneous, that is to say A;(A-X) = A"A;(X), for any A € R%. In consequence, it is natural

1 1 _ 1 _
to consider the asymptotic behaviour of —A;(= - (X N Bg,))) = ——Ai(X N B(o,p)), as 0 — 0,
a; @ a;0° ’
in order to obtain invariants attached to the germ Xy of X at 0.
Using standard arguments for the definable family
1 _ _
(E . (X N B(O;Q)) N P))(Q,IB)ERixé(nfi,n)

such as Thom-Mather’s isotopy lemma or cell decomposition theorem, one knows that, for any

fixed P € G(n—i,n), the topological type of the family (% . (XﬁB(O,Q))ﬁp))g)eR*+ is constant for
o small enough and therefore the limit of x(% (XN Bg,))NP) for o — 0 does exist. Furthermore,
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still by finiteness arguments proper to definable sets, the family (X(% . (XﬁB(O,g))mP))PGG(nan)

is bounded with respect to P.
The next definition follows from these observations (see [21], Theorem 1.3).

1.1. Definition (Local Lipschitz-Killing invariants, see [21]). Let X be a (compact) definable
set of R, representing the germ Xy at 0 € X. The limit

A°(Xp) == lim ! A (X N B(0, 0)) (3)

0—0 ;.0

exists and the finite sequence of real numbers (Af°¢(X0));e o
Lipschitz-Killing invariants of the germ Xj.

n} is called the sequence of local

.....

1.2. Remark. Another kind of localization of the invariants A; have been obtained and studied
in [9], by considering the family (X N S(g,4))o>0 instead of the family (X N B(,q))o>0-

1.3. Remarks. For any i € {0,---,n}, just as A;, A%° is invariant under isometries of R"
and defines an additive function on the set of definable germs at the origin of R™. Moreover
Afe(Xy) =0, fori > d,since A; = 0 for definable sets of dimension < i and for any definable
compact germ Xg, Af¢(Xy) = 1, since Ag = x and a definable germ is contractible. Finally,
since by the Cauchy-Crofton formula (¢%¢) and (2') we have

Volg(X N B
Agoc(XO) = lim 2 d( d (0,9))7 (4)
0—0 Vold(B(O’g))

we observe that A%¢(X,) is by definition the local density ©4(Xo) of X, and thus we have
obtained, by finiteness arguments leading to Definition 1.1, the following theorem of Kurdyka
and Raby.

1.4. Corollary ([69], [70], [78]). The local density of definable sets of R™ exists at each point of
R".

On figure 4 are represented the data taken into account in the computation of Af°¢(X).

For P € G(i,n), we denote by K f "¢ the domains of P above which the Euler-Poincaré
characteristic of the fibres of 7p xnp(,,) IS constant and equals Xf’g € Z. The quantity

A(X ﬂB("O’Q)) is then obtained as the mean value over the vector planes P of the sum Zﬁi 1 Xf’g~

Vol;(K, f *¢). In particular we’d like to stress the fact that are considered in this sum the volumes
of the domains K f "¢ (in green on figure 4) defined by the critical values of 7p coming from the
link X' N S,,). We draw attention to these green domains, far from the origin, in view of other
local invariants, the polar invariants, that will be defined in the next section, and for which only
the domains Kf’g close to the origin will be considered.
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P x=1

fig.4

2. ADDITIVE INVARIANTS OF SINGULARITIES AND HADWIGER PRINCIPLE

In the previous section we have localized the Lipschitz-Killing invariants. We’d like now to
investigate the question of how these invariants are related to classical local invariants of singu-
larities, such as Milnor number, or Milnor numbers of generic plane sections of the singularity
(for the complex case). The question of the correspondence of invariants coming from differen-
tial geometry and invariants of singularities has been tackled by several authors. In the first
section 2.1, we briefly recall some of these works. We then introduce in section 2.2 a sequence
of invariants of real singularities that is the real counterpart of classical invariants of complex
singularities and we finally relate the localized Lipschitz-Killing invariants to the polar invariants
in section 2.3. In section 2.4 we recall results from convex geometry and convex valuation theory
giving a strong hint, called here Hadwiger principle, of the reason why such invariants have to
be linearly related.

2.1. Differential geometry of complex and real hypersurface singularities. The first
example we’d like to recall of such a correspondence may be found in [71] (see also [72] and [73]).
In [71] R. Langevin relates the concentration of the curvature of the Milnor fibre

Fl'=f"e)N B, 0<e<n<l,

as € and 7 go to 0 to the Milnor numbers p and (=) of the isolated hypersurface singularity
f:(C™0) — (C,0). To present this relation, we need some definitions.

For a given real smooth oriented hypersurface H of R™ and for x € H, we classically define
the Gauss curvature K (z) of H at z by K(z) := jac(v), where v : H — S"~! is the mapping
giving the unit normal vector to H induced by the canonical orientation of R™ and the given
orientation of H. The curvature K (x) can be generalized in the following way to any submanifold
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M of R™ of dimension d,d € {0, -+ ,n — 1} (see [42]). Let = be a point of M and denote by
N(z) ~ 8”471 the manifold of normal vectors to M at z, and, for v € N(z), by K(x,v) the
Gauss curvature at = of the projection M, of M to T, M @ v. Note that the projection M,
defines at « a smooth hypersurface of T, M @ v oriented by v. The mean value of K(x,v) over
N(z) define the desired generalized Gauss curvature.

2.1.1. Definition (see [42]). With the above notation, the curvature K(x) of M at x is defined
by

K(x) ::/ K(z,v) dv
vePN (x)

2.1.2. Remarks. The curvature K (z,v) is e?~" times the Gauss curvature of the boundary 9Ty
of the e-neighbourhood of M at = + ev (see [15]).

In [71], following Milnor, it is observed that for M a smooth complex hypersurface of C™,
K(z) = (=1)"!r|jacyc(x)|?, where y¢ is the complex Gauss map sending # € M to the normal
complex line yo(z) € PC™"! to M at z.

In case M is a compact submanifold of R™, using a so-called exchange formula ([72] Theorem
I1.1, [74], [35]) relating [,, K(x) dx and the mean value over generic lines L in R™ of the total
index of the projection of M on L, we obtain the Gauss-Bonnet theorem

/ K(x) dx = c(n,d)x(M).
M

Applying Definition 2.1.1 to the Milnor fibre F! of an isolated hypersurface singularity
f:(C™0) — (C,0) and using again the exchange formula, we can estimate the concentration
of the curvature K(x) of the Milnor fibre F as € and 7 go to 0. This value is related to the
invariants 4 and p("~1) of the singularity, thanks to a result of [103], by the following formula

2.1.3. Theorem ([71], [72]). The curvature K of a complex Milnor fibre satisfies

n—0e—0

lim lim c(n)/ (—1)"*1K(x) dr = MJru(n*l)’
F?

where ¢(n) is a constant depending only on n.

This formula has been generalized to the other terms of the sequence p*) by Loeser in [79]
in the following way.

2.1.4. Theorem ([79]). For k € {1,--- ,n — 1}, we have

-1 n—k
lim lim —( )" cln, k)

k n—k n—k—1
n—0e—0 n2k /F" Cnflfk(fol(E)) A O = N( ) -l-,u( )’

where cn_1-k(Qy-1(c)) is the (n—1—k)-th Chern form of f~1(e), ® the Kihler form of C" and
as usual c(n, k) a constant depending only on n and k.

A real version of these two last statements has been given by N. Dutertre, in [35] for the real
version of Theorem 2.1.3 and in [36] for the real version of Theorem 2.1.4. In [35] (see Theorem
5.6), a real polynomial germ f : (R™,0) — (R, 0) having an isolated singularity at 0 is considered
and the following equalities are given for the asymptotic behaviour of the Gauss curvature on
the real Milnor fibre F7 = f~1(g) N Bo,n)-

2.1.5. Theorem ([35], Theorem 5.6). The Gauss curvature K of the real Milnor fibre F2 have
the following asymptotic behaviour

n—1
lim lim K(z) de = Vols™™)

n—0e—0+ Jpn 2

1
degoV f + 5/ degoV (fip) dP
G(n—1,n)
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Vol(Smt 1
lim lim K(x) dx = —MdegOVf + f/ degoV (fip) dP
n—0e—=0- /gy 2 2 JG(n—1m)
In [36], the asymptotic behaviour of the symmetric functions sg, - - , s,—1 of the curvature of

the real Milnor fibre are studied. For a given smooth hypersurface H of R"”, the s;’s are defined
by
n—1 n—1
det(Id+ tDv(z)) = Y si(z) -t = [[ (1 + ki(2)t),
i=0 i=1
where the k;’s are the principal curvatures of H, that is to say, the eigenvalues of the symmetric
morphism Dv(z). The limits

1
lim lim —k/ Sn—k(x) dz
n—0e—=07n N

are then given in terms of the mean value of deg,V(fip) for P € G(n — k + 1,n) and for
P € G(n—k —1,n) (see [36], Theorem 7.1). In particular, the asymptotic behaviour of the
symmetric functions sg, - - - , 1 of the curvature of the real Milnor fibre is related to the Euler-
Poincaré characteristic of the real Milnor fibre by the following statement.

2.1.6. Theorem ([36], Corollary 7.2). For n odd,

(n—1)/2
1
o -
X(FI) = kg_o c(n, k) %IH%) Ehr% prg /F;' Sn—1-2k(7) dz,

and for n even
1 (n—2)/2 1
M) = T ON S = 3 k)l /| k()

2.2. Local invariants of definable singular germs. In the present survey we aim to relate
the local Lipschitz-Killing invariants Af"ﬂi =0,---,n, coming from the tubular neighbourhoods
deformation, to local invariants of definable singular germs of R™. These germs have not neces-
sarily to be of codimension 1 in R", as it is the case in the complex and real statements recalled
above in Section 2.1. Therefore we have to define local invariants of singularities attached to de-
finable germs of R™ of any dimension and try to relate them to the sequence A, Furthermore
those invariants have to extend, to the real setting, classical invariants of complex singularities,
such as the sequence u(*) in the hypersurface case or the sequence of the local multiplicity of
polar varieties in the general case. For this purpose we introduce now a new sequence o, of local
invariants, called the sequence of polar invariants.

Let, as before, X C R™ be a closed definable set, and assume that X contains the origin of R™
and that d is the dimension of X at 0. We denote by % (X) the group of definable constructible
functions on X, that is to say the group of definable Z-valued functions on X. These functions
[ are characterized by the existence of a finite definable partition (X;) of X (depending on f)
such that f|x, is a constant integer n; € Z, for any i. We denote by €’ (Xo) the group of germs at
the origin of functions of € (X). For Y C R™ a definable set, f : X — Y a definable mapping, a
definable set Z C X and y € Y, we introduce the notation f.(12)(y) := x(f~*(y) N Z) and we
then define the following functor from the category of definable sets to the category of groups

X o~ EX)

I 1 fe
Y o~ )
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In [21], Theorem 2.6, it is stated that, for f = mp the (orthogonal) projection onto a generic
i-dimensional vector subspace P of R", this diagram leads to the following diagram for germs

Xo ~ € (Xo)

TPy L b TPy« (5)
Py ~  C(PR)

where for Zy C Xg and y € P, mpy«(1z,)(y) is defined by X(wljl(y) nzZn B(07g)), o being
sufficiently small and 0 < ||y|| < o. The existence of such a diagram for germs simply amounts
to prove that a generic projection of a germ defines a germ ? and that, for such a projection and
for any ¢ € Z, the germ at 0 of the definable set {y € P;x(7p'(y) N Z N Bg,y) = ¢} does not
depend on p.

Denoting by 6;(p) the integral with respect to the local density ©; at 0 € R of a germ
¢ : Py — Z of constructible function, that is to say

N
j=1

when ¢ = Ej\;l n; -1 Ki» for some definable germs Kg C Py partitioning Py, we can define the
desired polar invariants o;(Xp) of Xj.

2.2.1. Definition (Polar invariants). With the previous notation, the polar invariants of the
definable germ X are

0:i(Xo) ;:/ 0i(mpy(1x,)) dvin(P), i=0,---,n
PeG(i,n)

2.2.2. Remarks. Since they are defined as mean values over generic projections, the o;’s are
invariant under the action of isometries of R™. On the other hand the o;’s define additive invari-
ants (as well as the Af°°’s do), since they are defined through the Euler-Poincaré characteristic
x and the local density ©;, two additive invariants.

Observe that 0;(Xo) = 0, for ¢ > d, since a general k-dimensional affine subspace of R™ does
not encounter a definable set of codimension > k. We also have oo(Xo) = A§¢(Xo) = 1, again
by the local conic structure of definable sets and because X is closed. Finally, for ¢ = d, one
shows that

04(Xo) = ©a(Xo) = A*(Xo)

(we recall that by the Cauchy-Crofton formula (¢'%) and by definition (2') and (3) of A4 and of
Afre, we have ©4(Xo) = AYP°(Xy), as already observed for Corollary 1.4). Since the relation

oa(Xo) = ©a(Xo)

asserts that the localization ©4 of the d-volume is o4, that is to say, by definition of o4, that
the localization of the volume may be computed by the mean value over (generic) d-dimensional
vector subspaces P C R™ of the number of points in the fibre of the projections of the germ
Xo onto the germ Py, this relation appears as the local version of the global Cauchy-Crofton
formula (4%¢). We state it as follows.

2 Let us for instance denote X the blowing-up of R? at the origin and « € X a point of the exceptional divisor
of X. We then note that the projection of the germ (X), on R?2, along the exceptional divisor of X, does not
define a germ of R2. Indeed, the projection of X N U, for U a neighbourhood of = in X, defines a germ at the
origin of R? that depends of U.
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2.2.3. Local Cauchy-Crofton formula ([18], [19] 1.16, [21] 3.1). Let X be a definable subset
of R™ of dimension d (containing the origin), let 4 be a definable subset of G(d,n) on which
transitively acts a subgroup G of O, (R) and let m be a G-invariant measure on 4, such that

- the tangent spaces to the tangent cone of Xy are in ¢,

- There exists P° € 4 such that {g € G;g- P° = P°}, the isotropy group of P, transitively
acts on the d-dimensional vector subspace P° and m(9) = m(¥ N &x) = 1, where Ex is the
generic set of G(d,n) for which the localization (5) is possible.

Then, we have

o (Xo) = ©a(Xo), (€¢*)
where Jff is defined as in Definition 2.2.1, but relatively to 4 and m.
In the case 4 = G(d,n) and G = O,,(R), the formula (€¢*°°) is just

74(Xo) = Ba(Xo) = A (Xo).

In the case X is a complex analytic subset of C", % = G(d/2,n) (the d/2-dimensional complex
vector subspaces of C") and G = U, (C), since by definition the number of points in the fibre
of a projection of the germ X, onto a generic d/2-dimensional complex vector subspace of C"
is the local multiplicity e(X,0) of Xy, formula (€€*°¢) gives

e(X,0) = a5 “*™ (Xo) = 04(Xo).

Obtaining the equality e(X,0) = ©4(Xj) as a by-product of the formula (¢'6*°¢) provides a new
proof of Draper’s result (see [32]).

2.2.4. Remark. When (X7);cqo,... »} is a Whitney stratification of the closed set X (see for
instance [105] and [106] for a survey on regularity conditions for stratifications) and 0 € X°,
0i(Xo) =1, for i < dim(X?) (see [21], Remark 2.9). Therefore, to sum up, when (X7);c0.... 1}
is a Whitney stratification of the closed definable set X and dy is the dimension of the stratum
containing 0, one has

0.(Xo) = (1, ,1,04041(X0), -+, 0a—1(X0), AY¢(X0)(X0) = Oua(X0),0,- - ,0).

On figure 5 we represent the data taken into account in the computation of the invariant
0i(Xp). Here, contrary to the computation of the Af°°(X) where all the domains K f "¢ matter
(see figure 4), only the domains Kf’g having the origin in their adherence (these domains are
coloured in red in figure 5) are considered, since only these domains appear as

X(mp'(Y)NZ N Bp) - @i((Kf’g)o)

in the computation of 0(mpy«(1x,))-

In particular the domains K ZP "¢ (in green on figure 5) defined by the critical values of the
projection 7p restricted to the link X N.S(g ,) are not considered in the definition of 6(7pyx(1x,))-
One can indeed prove (see [21], Proposition 2.5) that for any generic projection 7 p exists rp > 0,
such that for all o, 0 < ¢ < rp, the discriminant of the restriction of 7p to the link X NS ,) is
at a positive distance from 0 = wp(0).
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Let us now deal with the question of what kind of invariants of complex singularities the
sequence o, of invariants of real singularities generalizes. For this goal, we consider that X is a
complex analytic subset of C™ of complex dimension d. One may define, like in the real case,
the polar invariants of the germ Xy, denoted &;, ¢ = 0,--- ,n. These invariants are defined
by generic projections on i-dimensional complex vector subspaces of C™. In the complex case,
assuming 0 € X, there exists r > 0, such that for y generic in a generic i-dimensional vector
space P of C" and y sufficiently closed to 0

5i(Xo) = x(7p (y) N X N B )

In particular, as already observed, &4(Xg) is e(X,0), the local multiplicity of X at 0.

In the case where X is a complex hypersurface f~1(0), given by an analytic function
f:(C™,0) — (C,0) having at 0 an isolated singularity, one has for a generic y in the germ
at 0 of a generic i-dimensional vector space Py of C"

X(mp' (¥) N X N B,y) = x(7(0) N () N Bioy)s
where ¢ is generic in C, sufficiently close to 0 and 0 < |e| < n < 1.

Therefore, for 0 < || < 7 < 1, the integer x (75" (0) N f~1(¢) N B(g,,)) is the Euler-Poincaré
characteristic of the Milnor fibre of f restricted to P, that is to say 1 + (—=1)"~*"'u(®=9 In
the case where X is a complex analytic hypersurface of C™ with an isolated singularity at 0, we
thus have

FiXo) = 1+ (~1)r ),

For X a complex analytic subset of C™ of dimension d, d being not necessarily n — 1, the
complex invariants ¢;(Xp) have been first considered by Kashiwara in [65] (where the balls are
open and not closed as it is the case here). An invariant E_ is then defined in [65] by induction
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on the dimension of X, using ;. This invariant is studied in [33], [34] and in [12] where a
multidimensional version E% of E% is given (see also [85]). The definition is the following

E%, = > B, - Ghrdim(x)+1(X0),
XJoC X\ X7, dim(XJ)<dim(Xo)
where (X7) is a Whitney stratification of Xy, X7 the stratum containing 0 and Efo} = 1. The
authors then remark that (see also [33], [34])

ko_ ok
Ex, = Fuk,,

where Eu’j(0 = Bu(x,nm), H is a general vector subspace of dimension k of C" and where Eu
is the local Euler obstruction of X at 0, introduced by MacPherson in [84]. In particular,

0 _
EXO — EUX(]'

Let us now denote 2¢(Xy), i =0, -- ,d, the codimension i polar variety of Xy, that is to say
the closure of the critical locus of the projection of the regular part of Xy to a generic vector
space of C™ of dimension d — i + 1. The following relation between invariants E@O and the local
multiplicity of the polar varieties 2¢(Xy) is obtained in [12]

(=) (B, T = BT = e(21(X0), 0),

0
which in turn gives (see also [85], [75], [76], [77], [34])
d—1
Bux, = 3 (~1)'e(#(Xo),0),
i=0
where e(2%(Xy),0) is, as before, the local multiplicity at 0 of the codimension i polar variety
f@i(Xo) of XO at 0.

All the invariants 7;(X,), Eg(y, e(2(Xy),y), viewed as functions of the base-point y, enjoy
the same remarkable property: they can detect subtle variations of the geometry of an analytic
family (X,), in the sense that the family (X,) may be Whitney stratified with y staying in
the same stratum if and only if these invariants are constant with respect to the parameter y.
Without proof, it is actually stated in [33] Proposition 1, [34] Theorem I1.2.7 page 30, and [12],
that the invariants &;(X,) are constant as y varies in a stratum of a Whitney stratification of
Xo (see also [21] Corollary 4.5). And in [58], [87], [104] it is proved that the constancy of the
multiplicities e(22%(X,),y) as y varies in a stratum of a stratification of Xy, is equivalent to the
Whitney regularity of this stratification, giving also a proof, considering the relations between
e(2(X,),y) and 6;(X,) stated above, of the constancy of y — 5;(X,) along Whitney strata.

We sum-up these results in the following theorem, where e(A*(X,),y) is the local multiplicity
at y of the discriminant A?(X,) associated to 22%(X,), that is the image of #*(X,) under the
generic projection that gives rise to ,@i(Xy).

2.2.5. Theorem ([58], [87], [77], [104] ). Let X be a complex analytic germ at 0 of C™ endowed
with a stratification (X7). The following statements are equivalent
(1) The stratification (X7) is a Whitney stratification.
(2) The functions X7 > y e(@i(Xf),y), fori=0,---,d—1 and any pairs (X7, X*) such
that X7 C X*, are constant.
(3) The functions X7 > y e(Ai(Xf),y), fori=0,---.d—1 and for any pairs (X7, X")
such that X7 C X¥, are constant.
(4) The functions y 3 X7+ 6;(X,), fori=1,---,d are constant.
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2.2.6. Remark. In the real case the functions y — 0,;(X,) are not Z-valued functions as in the
complex case, but R-valued functions and in general one can not stratify a compact definable
set in such a way that the restriction of these functions to the strata are constant. However, it is
proved in [21] Theorems 4.9 and 4.10, that Verdier regularity for a stratification implies continuity
of the restriction of y — ¢;(X,) to the strata of this stratification. Since, in the complex setting,
Verdier regularity is the same as Whitney regularity, this result is the real counterpart of Theorem
2.2.5. Note that in the real case one can not expect that the continuity or even the constancy of
the functions y — 0;(X,) in restriction to the strata of a given stratification implies a convenient
regularity condition for this stratification (see the introduction of [21]).

As a conclusion of this section, the complex version &; of the real polar invariants o; of
definable singularities plays a central role in singularity theory since they let us compute classical
invariants of singularities and since their constancy, with respect to the parameter of an analytic
family, as well as the constancy of other classical invariants related to them, means that the
family does not change its geometry. Since our polar invariants o; appear now as the real
counterpart of classical complex invariants, we’d like to understand in the sequel how they are
related to the local Lipschitz-Killing invariants Af°¢(X,) coming from the differential geometry
of the deformation of the germ X, through its tubular neighbourhoods family.

This is the goal of the next section.

2.3. Multidimensional local Cauchy-Crofton formula. The local Cauchy-Crofton formula
(€€*°) given at 2.2.3 already equals o4 and A% over definable germs. This relation suggests a
more general relation between the Af°¢’s and the o;’s. We actually can prove that each invariant
of one family is a linear combination of the invariants of the other family. The precise statement
is given by the following formula (€'€%¢,).

2.3.1. Multidimensional local Cauchy-Crofton formula ([21] Theorem 3.1). There exist
real numbers (m])1<i j<n.i<j such that, for any definable germ Xy, one has

1

2 n— n
M)\ [ T L T (o (Xo)
' R () msy ' foe
. = : : ’ . (%%mult)
vea) o o 1) et

These constant real numbers are given by
. a y a_ y
mj = — <Z) — <i1)
Q- Q4 J Qj_1—4 Oy J

2.3.2. Remark. Applied to a d-dimensional definable germ X, the last a priori non-trivial equality
provided by formula (€67%°,), involving the d-th line of the matrices, is

m

fori+1<j5<n.

0a(Xo) = AY(Xo) = 0a(Xo),

which is the local Cauchy-Crofton formula (¢°6*°¢). The local Cauchy-Crofton formula (€'¢°°)
expresses the d-density of a d-dimensional germ as the mean value of the number of points in
the intersection of this germ with a (n — d)-dimensional affine space of R™. This number of
points may be viewed as the Euler-Poincaré characteristic of this intersection. Now, since for
d-dimensional germs the d-density is the last invariant of the sequence A and since formula
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(€€ °c,) expresses all invariants A% in terms of the mean values of the Euler-Poincaré char-
acteristics of the multidimensional plane sections of our germ, we see in formula ((f‘fff;lt) a

multimensional version of the local Cauchy-Crofton formula.

2.4. Valuations theory and Hadwiger principle. In the previous section 2.3, with formula
(€€%°c,), we have answered the question: how are the local Lipschitz-Killing invariants and
the polar invariants related? In this section we would like to risk some speculative and maybe
prospective insights about formulas similar to (%%ﬂojﬁ), that is to say formulas linearly relating
two families of local invariants of singularities. We include in this scope the complex formulas
presented in Section 2.1. For this goal we first recall some definitions and celebrated statements
from convex geometry, since it appears that from the theory of valuations on convex bodies one
can draw precious lessons on the question: why our additive invariants are linearly dependent?

We have already observed that the additive functions A;, Af¢ and o; are invariant under
isometries of R™. Therefore the first question we would like to address to convex geometry is the
following: to what extend those invariants are models of additive and rigid motion invariants?

The systematic study of additive invariants (of compact convex sets of R™) has been inau-
gurated by Hadwiger and his school and motivated by Hilbert’s third problem (solved by Dehn
by introducing the so-called Dehn invariants) consisting in classifying scissors invariants of poly-
topes (see for instance [13] for a quick introduction to Hilbert’s third problem). One of the most
striking results in this field is Hadwiger’s theorem that characterises the set of additive and rigid
motion invariant functions (on the set of compact convex subsets of R™) as the vector space
spanned by the A;’s. We give now the needful definitions to state Hadwiger’s theorem and the
still-open question of its extension to the spherical case (for more details one can refer to [83],
[97] or [98]).

We denote by #™ (resp. £ S" 1) the set of compact convex sets of R (resp. of S"~!, that
is to say the intersection of the sphere S”~! and conic compact convex sets of .#™ with vertex
the origin of R™). A function v : #™ — R (resp. v : #S"~! — R) is called a valuation (resp.
a spherical valuation) when v(f)) = 0 and for any K,L € #™ (resp. K,L € 2#S"™!) such that
KULe€ ™ (resp. KUL € #S™ 1), one has the additivity property

v(KUL)=v(K)+v(L)—v(KNL).

One says that a valuation v on ™ (resp. #S""!) is continuous when it is continuous with
respect to the Hausdorff metric on #™ (resp. on #'S™~1). A valuation v on #™ (resp. #S"~1)
is called simple when the restriction of v to convex sets with empty interior is zero. Let G be a
subgroup of the orthogonal group O, (R). A valuation v on #™ (resp. .#S"~1) is G-invariante
when it is invariant under the action of translations of R™ and the action of G on J#™ (resp.
the action of G on #'S"™1).

The Hadwiger theorem emphasizes the central role played in convex geometry by the Lipschitz-
Killing invariants as additive rigid motion invariants.

2.4.1. Theorem ([55], [66]). A basis of the vector space of SO, (R)-invariant and continuous
valuations on K™ is (Ao =1,A1,--- , A, = Vol,).

Equivalently (by an easy induction argument) a basis of the vector space of continuous and
SO, (R)-invariant simple valuations on Z™ is A, = Vol,.

This statement forces a family of n + 2 additive, continuous and SO, (R)-invariant functions
on euclidean convex bodies to be linearly dependent. The second formulation of Hadwiger’s
theorem, concerning the space of simple valuations, enables to address the question of such
a rigid structure of the space of valuations in the setting of spherical convex geometry. This
question of a spherical version of Hadwiger’s result has been address by Gruber and Schneider.
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2.4.2. Question ([53] Problem 74, [83] Problem 14.3). Is a simple, continuous and O, (R)-
invariant valuation on .#'S"~! a multiple of the (n — 1)-volume on S™"~17?

2.4.3. Remark. In the case n < 3 a positive answer to this question given in [83], Theorem 14.4,
and in the easy case where the simple valuation has constant sign one also has a positive answer
given in [95] Theorem 6.2, and [96]. Note that in this last case the continuity is not required
and that the valuation is a priori defined only on convex spherical polytopes.

This difficult and still unsolved problem naturally appears as soon as one consider the local-
izations AL¢ of A; and their relation with other classical additive invariants such as the o;’s.
Indeed, the question of why and how such invariants are related falls within the framework of
Question 2.4.2. Let’s clarify this principled position.

The invariants (A{°®);cqo,... »} define spherical O, (R)-invariant and continuous valuations

(2

(Ai)iefo,- n} on the convex sets of 8"~ by the formula

—~ ~ 1 ~ _ .
A(K) := Ao (K) = ;Ai(K N Bo,1), (8)
K3
where K is a convex set of S”~!, that is to say the trace in S"~! of the cone K= R, - K with
vertex the origin of R™. Another possible finite sequence of continuous and O, (R)-invariant
spherical valuations on convex polytopes of S*~! is

EiP):= Y Voly(F)-o(F,P)=Voli(5'(0,1)) Y ©iF)-(F,P), (9
FeZ;i(P) FeZ;i(P)

where P C S™~! is a spherical polytope, that is to say that R, - P = P is the intersection
of a finite number of closed half vector spaces of R"™, .%;(P) the set of all i-dimensional faces
of P (the (i + 1)-dimensional faces of P) and v(F, P) the external angle of P along F. The
valuations Z; are the natural spherical substitutes of the euclidean Lipschitz-Killing curvatures
A; according to formula (2).

Finally the polar invariants (0;)ieqo,... n} also define continuous and O, (R)-invariants spher-
ical valuations (&7);eqo,... ,n} ON the convex sets of S™~1, according to a formula of the same type
that formula (8)

i (K) :=0;(Kp). (10)

These three families of continuous and O, (R)-invariant spherical valuations

(Ai)iE{O,-u n}y (Ei)ie{o,--- nks (6:7)16{0, n}
being linearly independent families in the space of spherical valuations, a positive answer to
Question 2.4.2 would have for direct consequence that each element of one family is a linear
combination of elements of any of the other two families.

Therefore, in restriction to polyhedral cones, each element of the family (Afoc)ie{ow. ny could
be expressed as a linear combination (with universal coefficients) of elements of the family
(04)ie{0,.- .ny and conversely. Despite the absence of any positive answer to Question 2.4.2 for
n > 3, this linear dependence is proved in [21] (Theorem A4 and A5) over the set of convex
polytopes (and in [21], section 3.1, even over the set of definable cones). It is actually shown
that each invariant Afoc and each invariant ¢; may be expressed as a linear combination (with
universal coefficients) of elements of the family (Z;);cqo,... n}- The coefficients involved in such
linear combinations may be explicitly computed by considering the case of polytopes.

In conclusion, an anticipating positive answer to this question would imply the existence of
a finite number of independent models for additive, continuous and O, (R)-invariant functions
on convex and conic germs. Consequently, solely following this principle and restricted at least
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to convex cones, our local invariants o; and A%¢ would be automatically linearly dependent. In
the next step, in order to extend a relation formula involving some valuations from the set of
finite union of convex conic polytopes to the set of general conic definable set one has to prove
some general statement according to which the normal cycle of a definable conic set may be
approximate by the normal cycles of a family of finite union of convex conic polytopes. We do
not want to go more into technical details and even define the notion of normal cycle introduced
by Fu; we just point out that this issue has been tackled recently in [44]. Finally to extend a
relation formula from the set of conic definable set to the set of all definable germs one just has
to use the local conic structure of definable germs and the deformation on the tangent cone (see
[21], [38]).

To finish to shed light on convex geometry as an area from which some strong relations
between singularity invariants may be understood, let us remark that the following generalization
of Hadwiger’s theorem 2.4.1 has been obtained by Alesker.

2.4.4. Theorem. Let G be a compact subgroup of On(R).

(1) The vector space Val®(#™) of continuous, translation and G-invariant valuations on
K™ has finite dimension if and only if G acts transitively on S™~! (see [2] Theorem 8.1,
[4] Proposition 2.6).

(2) One can endowed the vector space Val® (™) with a product (see [3], [5]) providing
a graded algebra structure (the graduation coming from the homogeneity degree of the
valuations) and

Rlz]/(z"t1) — ValO®) () = Val¥0n®)(gm)
r A1

is an isomorphism of graded algebras (see [3], Theorem 2.6).

3. GENERATING ADDITIVE INVARIANTS VIA GENERATING FUNCTIONS

The possibility of generating invariants from a deformation of a singular set into a family
of approximating and less complicated sets is perfectly illustrated by the work developed by
Denef and Loeser consisting in stating that some generating series attached to a singular germ
are rational. Such generating series have their coefficients in some convenient ring reflecting
the special properties of the invariants to highlight, such as additivity, multiplicativity, analytic
invariance, the relation with some specific group action and so forth, and on the other hand
each of these coefficients is attached to a single element of the deformation family. It follows
that such a generating series captures the geometrical aspect that one aims to focus on through
the deformation family as well as its rationality indicates that asymptotically this geometry
specializes on the geometry of the special fibre approximated by the deformation family. Indeed,
being rational strongly expresses that a series is encoded by a finite amount of data concentrated
in its higher coefficients.

To be more explicit we now roughly describe how Denef and Loeser define the notion of
motivic Milnor fibre (for far more complete and precise introductions to motivic integration
which is the central tool of the theory, and to motivic invariants in general, the reader may refer
to [10], [16], [17], [25], [28], [29], [30], [31], [52], [54], [56], [57], [80], [81], [107]).

3.1. The complex case. A possible starting point of the theory of motivic invariants may
be attributed to the works of Igusa (see [62], [63], [64]) on zeta functions introduced by Weil
(see [109]). In the works of Igusa the rationality of some generating Poincaré series is proved.
These series, called zeta functions, have for coefficients the number of points in /1™ of f =0
mod M™, for f a n-ary polynomial with coefficients in the valuation ring & of some discrete
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valuation field of characteristic zero, with maximal ideal 111 and finite residue field of cardinal
q. This result amounts to prove the rationality (as a function of ¢~%, s € C, Re(s) > 0) of an

integral of type
[ \rrlas (1)
0771.

(the Igusa local zeta function) which is achieve using a convenient resolution of singularities of f,
as described in the introduction (see also [24] for comparable statements on Serre’s series and a
strategy based on Macintyre’s proof of elimination of quantifiers as an alternative to Hironaka’s
resolution of singularities). In the opposite direction, the rational function, expressed in terms
of the data of a resolution of f, associated to a polynomial germ f : (C,0) — (C,0) by the
expression provided by the computation of Igusa’s integral in the discrete valuation field case
let Denef and Loeser define intrinsic invariants attached to the complex germ (f~1(0),0), called
topological zeta functions (see [26]).

Another key milestone in the systematic use of discrete valuation fields (here with finite
residue field and more explicitely in the p-adic context) have been reached in Batyrev’s paper
[7], where it is shown that two birationally equivalent Calabi-Yau manifolds over C have the
same Betti numbers. Indeed, by Weil’s conjectures, these Betti numbers are obtained from the
rational expression of the local zeta functions having for coefficients the number of points in the
reductions modulo p™ of the manifolds into consideration (viewed as defined over Q, when they
are defined over Q C C) and on the other hand, these local zeta functions may be computed
by Igusa’s integrals over these manifolds. Being birationally equivalent, these manifolds provide
the same integrals.

Kontsevich, in his seminal talk [67], extended this method (consisting in shifting a complex
geometric problem in a discrete valuation field setting) in the equicharacteristic setting by de-
veloping an integration theory in particular over C[[t]]. Note that the theory may be developed
in great generality and not only in equicharacteristic zero (see [81], [16]). The idea of Kontse-
vich was to define an integration theory over arc spaces, say C[[t]], by considering a measure
with values in the Grothendieck ring Ko(Varc) of algebraic varieties over C (localized by the
multiplicative set generated by the class L of A! in Ky(Varc)). The main tool in this context
being a change of variables formula that allows computation of integrals through morphisms,
and in particular through a morphism given by a resolution of singularities. Formally the ring
Ky(Varg) is the free abelian group generated by isomorphism classes [X] of varieties X over C,
with the relations

[(XA\Y] = [X] - [Y],

for Y closed in X, the product of ring being given by the product of varieties (see for in-
stance [88]). Denoting L the class of Al in Ky(Varg), we then denote .#Zc the localization
Ko(Varg)[L™1]. Any additive and multiplicative invariant on Varc with non zero value at Al,
such as the Euler-Poincaré characteristic or the Hodge characteristic (both with compact sup-
port), factorizes through the universal additive and multiplicative map Varc 3 X — [X] € Ac.
Now we equip the space £ (C"™,0) of formal arcs of C™ passing through 0 at 0 with the above-
mentioned measure that provides a o-additive measure, with values in a completion Mc of Mc,
for sets of the boolean algebra of the so-called constructible sets of Z(C"™,0). Finally denoting
Zm(C™,0), m > 0, the set of polynomial arcs of C™ of degree < m, passing through 0 at 0, and
for f: (A", 0) — (A',0) a morphism having a (isolated) singularity at the origin, inducing the
morphism f, : £, (C",0) - Z(C,0), we denote

Emo1:={p € ZLn(C",0);(fm o¢)(t) =t" + high order terms},
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and we define (see for instance [31]) the motivic zeta function of f with formal variable T' by

Zf(T) = Z [%m,o,l] ]L—mnTm

m>1

This generating series appears as the C|[[t]]-substitute of p-adic zeta functions introduced by Weil,
and whose rationality, following Igusa, amounts to compute an integral of type (11). Inspired
by the analogy of Z;(T') with Igusa integrals, and also using a resolution of singularities of
f as presented in the introduction and using the Kontsevich change of variables formula for
this resolution applied to the coefficients of Z; viewed as measures (in the ring ///Ac) of the
constructible sets 27, 0,1, Denef and Loeser proved (see [27], [28], [31]) the rationality of Z;(T').
With the notation given in the introduction, we then have

[I|=17 50 P
Zf(T) = Z (L-1) [E7] H 1_L-wTN: (12)
INA #0 el

where E? is a covering of EY defined in the following way. Let U be some affine open subset
of M such that on U, foo(x) = u(x)]],; 2N, with u a unit. Then E? is obtained by gluing
along EY NU the sets

{(z,2) € (EYNU) x AL 2™ - y(x) =1},
where m; = ged(N;)ier.

3.1.1. Question (Monodromy conjecture). We do not know how the poles (in some sense) of the
rational expression of Z; relates on the eigenvalues of the monodromy function M associated
to the singular germ f : (C™,0) — (C,0). The Monodromy Conjecture of Igusa, that has
been stated in many different forms after Igusa, asserts that when L” — TV indeed appears as
denominator of the rational expression of Z; viewed as an element of the ring generated by Mc
and TV /(LY —TVN), v, N > 0, then e2™/N is an eigenvalue of M (see for instance [25] and the
references given in this article for additional classical references).

3.1.2. Remark. The rationality of Zy illustrates again a deformation principle; the family
(Zm.0.1)m>1 may be considered as a family of tubular neighbourhoods in .Z(C",0) around
the singular fibre 25 = {f = 0} and in a neighbourhood of the origin, with respect to the ultra-
metric distance given by the order of arcs. Now the rationality of Z; expresses the regularity of
the degeneracy of the geometry of %Z;,.0.1 onto the geometry of Zy. Following this principle, the
rational expression (12) of Zy is supposed to concentrate the part of the geometrical information
encoded in (% 0,1)m>1 that accumulates at infinity in the series Zy.

This is achieved in particular by the following observation (see [27], [30], [31]): the negative
of the constant term of the formal expansion as a power series in 1/T of the rational expression
of Z; given by formula (12) defines the following element in .Zc¢

Spi= Y (L= [E],
INA #D

called the motivic Milnor fibre of f = 0 at the singular point 0 of f. Taking the realization of
Sy under the morphism x : .#c — Z (note that x(IL) = 1) gives, in particular, by the A’Campo
formula recalled in the introduction,

x(Sy) = Z Ni - x(Efy) = x(Xo) = 1+ (=1)" . (13)
iex
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3.1.3. Remark. Generally speaking, taking the constant term in the expansion of a rational
function Z as a power series in 1/T , amounts to consider limr_, ., Z(T) (in a setting where
this makes sense). A process that gives an increasing importance to the m-th coefficient of Z
as m itself increases. On the other hand, the coeflicients of Z; may be directly interpreted at
the level of the Euler-Poincaré characteristic, which could be seen as the first topological degree
of realization of Ky(Varc), and it turns out that the sequence (x(Zm,0.1))m>1 has a strong
regularity since it is in fact periodic. Indeed, one has by [31] Theorem 1.1 (we recall that M is
the monodromy map and A the Lefschetz number)

X(%m,o,l) = 1\(]\47”)7 Ym 2 1 (14)

and by quasi-unipotence of M (see [99] 1.1.2) there exists N > 1 such that the order of the
eigenvalues of M divides N. It follows from (14) that x(Zm+n,01) = X(Zm.0,1),m > 1.

Now formula (13), showing that the motivic Milnor fibre has a realization, via the Euler-
Poincaré characteristic, on the Euler-Poincaré characteristic of the set-theoretic Milnor fibre,
is a direct consequence of formulas (14) (note in fact that the proofs of (13) and (14), using
A’Campo’s formulas and a resolution of singularities, are essentially the same and thus gives
comparable statements). Indeed, as noticed by Loeser (personal communication), working with
x instead of formal classes of Ko(Varc), on gets L = x(A') = 1 and thus by definition of Z,
the series x(Zy), realization of the class Z; under the Euler-Poincaré characteristic is

X(Z5) = 3 A Zino )T

m>1

that gives in turn, by formula (14),

N m
X(Zg) =Y AM™T™ =3 AM™) Y TN =N AM™) - TTN.
m=1

m>1 m=1 k>0

Since x(Sf) = —limp_,00 X(Z7y), on finally find again that
X(8) = AMY) = A(Id) = x(Xo) = x(Xo) = 1+ (=1)" 1.

3.1.4. Remark. One may consider a more specific Grothendieck ring, that is to say a ring with
more relations, in order to take into account the monodromy action on the Milnor fibre. In this
equivariant and more pertinent ring equalities (12) and (14) are still true (see [30], [31] Section
2.9)

3.1.5. Remark. In [61], Hrushovski and Loeser gave a proof of equality (14) without using a
resolution of singularity, and therefore without using A’Campo’s formulas. Since a computation
of Zy in terms of the data associated to a particular resolution of the singularities of f leads to the
simple observation that one computes in this way an expression already provided by A’Campo’s
formulas, the original proof of (14) may, in some sense, appear as a not direct proof. The proof
proposed in [61] uses étale cohomology of non-archimedean spaces and motivic integration in
the model theoretic version of [59] and [60].

3.1.6. Remark. To finish with the complex case, let us note that in [93] and [100] a mixed Hodge
structure on the Milnor fibre f~1(¢) at infinity (|t| > 1) has been defined by a deformation
process, letting ¢ goes to infinity (see also [92]). In [89] and [90] a corresponding motivic Milnor
fibre S7° has then be defined.
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3.2. The real case. A real version of (12), giving rise to a real version of (13) has been obtained
in [20] (see also [43]). In the real case, a singular germ

[+ (R",0) = (R,0)

defines two smooth bundles (f~'() N B, )o<—e<n<1 and (f71(e) N B(o,y))o<ewn<1 and as
well as Zo,0,—1 and £, 0,1, it is natural to consider the two sets

Zmo.> ={p € Ln(R",0); fr, 0 ¢ = at™ + high order terms, a > 0},

and

Zmo.< :={p € Ln(R",0); fr, 0o = at™ + high order terms,a < 0}.
Let us denote X' and X' the fibre f~1(¢) N B(o,,) for respectively ¢ < 0 and & > 0. While
Zm.0.a, for a € C*, is a constructible set having a class in K¢ (Varc), the sets 25, 0, < and Z.0,>
are real semialgebraic sets and unfortunately, the Grothendieck ring of real semialgebraic sets is
the trivial ring Z, since semialgebraic sets admit semialgebraic cells decomposition.

Therefore, in the real case, since we have to deal with two signed Milnor fibres, we cannot
mimic the construction of Ky(Varg). To overcome this issue, in [43] we proposed to work in the
Grothendieck ring of real (basic) semialgebraic formulas, Ko(BSg). In this ring no semialgebraic
isomorphism relations between semialgebraic sets, but algebraic isomorphim relations between
sets given by algebraic formulas, are imposed and distinct real semialgebraic formulas having
the same set of real points in R™ may have different classes. In particular, a first order basic
formula in the language of ordered rings with parameters from R may have a nonzero class
in Ko(BSgr) whereas no real point satisfies it. The ring K¢(BSgr) may be sent to the more
convenient ring Ko(Varg) ® Z[%], where explicit computations of classes of basic semialgebraic
formula are possible as long as computations of classes of real algebraic formulas in the classical
Grothendieck ring of real algebraic varieties K(Varg) are possible.

In this setting, since %27, 0> and 2, 0,< are given by explicit basic semialgebraic formulas,
they do have natural classes in K((BSgr) and this allows the consideration of the associated zeta
series

2} = 3 (Zino2) L™ € (Ko(Varg) @ ZU DL T, 7 € {1, 41, <, >,
m>1

It is then proved, with the same strategy as in the complex case (using a resolution of singularities
of f and the Kontsevich change of variables in motivic integration) that the real zeta function
Zf? is a rational function that can be expressed as

1:=0.2 L—viTN:
Zf?(T) = Z (L — )1 ED ]H 1_L-wTN: (12)
INH #0 iel

for 7 being —1,+1,> or <, where E?’E is defined as the gluing along EY N U of the sets
{(z,t) € (EYNU) xR; t™-u(x) 17 },

where !7 is = —1, = 1, > 0 or < 0 in case ? is respectively —1,41,> or <. The real motivic
Milnor ?-fibre S} of f may finally be defined as

. ¢ ~0,? _ 1

S} = — lim Z5(T) = - > EDMEYL - )T e Ko(Varg) ® Z M .
INA #0

3.2.1. Remark. The class S}, although having an expression in terms of the data coming from a

chosen resolution of f, does not depend of such a choice, since the definition of Z} as nothing
to do with any choice of a resolution.
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3.2.2. Remark. There is no a priori obvious reason, from the definition of Z}(T), that the
constant term SJ’Z in the power series in 7! induced by the rational expression of Z; (T) could

be accurately related to the topology of the corresponding set-theoretic Milnor fibre Xg , that is
to say that Sj?v could be the motivic version of the signed Milnor fibre X of f. In the complex
case, it has just been observed that x(Sy) is the expression of x(Xo) provided by the A’Campo

formula. In the real case, taking into account that xy(R) = —1, the expression of X(S’;) is
X(SP) = D (=M I(EY),
N #0

showing a greater complexity than in the complex case where only strata Ey; of maximal
dimension in the exceptional divisor 0~1(0) appear. Despite this increased complexity, in the
real case the correspondence still holds, since it is proved in [20] that X(S’;) is still x(X(), where
? € {—1,+1}. This justifies the terminology of motivic real semialgebraic Milnor fibre of f at 0
for S;, at least at the first topological level represented by the morphism

1
X : Ko(Varg) ® Z [2} — Z.

In order to accurately state the correspondence between the motivic real semialgebraic Milnor
fibre and the set-theoretic Milnor fibre we set now the following notation.

3.2.3. Notation. Let us denote Lk(f) the link f=1(0)NS(0,n) of f at the origin, 0 < n < 1. We
recall that the topology of Lk(f) is the same as the topology of the boundary f~(g) N S(0,n),
0 < & < 7, of the Milnor fibre f~!(¢) N By, when f has an isolated singularity at 0.

- Let us denote, for ? € {<, >}, the topological type of f~1(]0,cs[) N B(0,7) by X, and the
topological type of f71(]0,c2[) N B(0,7n) by X{, where c. €] —n,0[ and ¢ €]0,7].

- Let us denote, for ? € {<, >}, the topological type of {f ? 0} N S(0,n) by G, where ? is <
when ? is < and ? is > when ? is >.

3.2.4. Remark. When n is odd, Lk(f) is a smooth odd-dimensional submanifold of R™ and
consequently x(Lk(f)) = 0. For ? € {—1,41,<,>}, we thus have in this situation, that
x(X$) = x(X{). This is the situation in the complex setting. When n is even, since X is
a compact manifold with boundary Lk(f), one knows from general algebraic topology that

1

X(Xg) = =x(Xg) = 5x(Lk(f)),

for 7 € {—1,41,<,>}. For general n € N and for ? € {—1,41, <, >}, we thus have
X(Xg) = (1) x(X).-
On the other hand we recall that for 7 € {<, >}
X(G5) = x(X77),
where 0> is 4+ and d< is — (see [6], [108]).
We can now state the real version of (13). We have, for 7 € {-1,+1, <, >}
— 70,7 Y ! n I
XS = > (“2MIN(EDT) = x(X5) = (1) x(Xp), (13')
INA #)
and for ? € {<,>}

XS = 37 (=N (EYT) = —x(GY). (13")
INK A0
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The formula (13’) below is the real analogue of the A’Campo-Denef-Loeser formula (13) for
complex hypersurface singularities and thus appears as the extension to the reals of this complex
formula, or, in other words, the complex formula is the notably first level of complexity of the
more general real formula (13).

3.2.5. Remark. In [111], following the construction of Hrushovski and Kazhdan (see [59], [60]),
Yin develops a theory of motivic integration for polynomial bounded T-convex valued fields and
studies, in this setting, topological zeta functions attached to a function germ, showing that they
are rational. This a first step towards a real version of Hrushovski and Loeser work [61], where
no resolution of singularities is used, in contrast with [20].

3.2.6. Questions. The question of finding a real analogue of the complex monodromy with real
analogues of the invariants A(M™) is open. Similarly the question of defining a convenient zeta
function with coefficients in an adapted Grothendieck ring in order to let appear invariants of
type A€ or o, (e(2?) in the complex case) from a rational expression of this zeta function also
naturally arises.
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ABSTRACT. We consider the conditions on a local stratification V which ensure that the local
singularity theory in the sense of Thom-Mather, such as finite determinacy, versal unfolding,
and classification theorems and their topological versions apply either to mappings on the
stratified set V or for an equivalence of mappings which preserve V in source or target for any
of the categories: complex analytic, real analytic, or smooth. For such a stratification V, it is
sufficient that the equivalence group be a “geometric subgroup of A or K”, and this reduces
to the structure of the module Derlog(V) of germs of vector fields on the ambient space which
are tangent to V. In the holomorphic or real analytic categories, with holomorphic, resp. real
analytic stratifications, we show the necessary conditions are satisfied.

However, in the smooth category the general question is open for smooth stratifications. We
introduce a restricted class of “semi-coherent”semianalytic stratifications (V,0) and semian-
alytic set germs (V,0) (and their diffeomorphic images). This notion generalizes Malgrange’s
notion of “real coherence”for real analytic sets. It is defined in terms of both Derlog(V)
and I(V) (the ideal of smooth function germs vanishing on (V,0)) being finitely generated
modulo infinitely flat vector fields, resp. functions. This class includes the special semiana-
lytic stratifications and sets in [DGH], and semianalytic sets such as Maxwell sets, “medial
axes/central sets”, and the discriminants of C'*°-stable germs in the nice dimensions. We
further show that the equivalence groups in the smooth category for these stratifications are
then geometric subgroups of A or K.

INTRODUCTION

For a stratification V of a germ (V,0), we consider singularity theory in the Thom-Mather
sense for mappings f : k™, 0 — kP, 0 either on V or by an equivalence preserving V. in any of
the categories: holomorphic (with k = C), real analytic, or smooth (for k = R). Traditionally,
the main interests in stratifications V has involved their properties and the consequences for
equisingularity of varieties and mappings as a result of the work of many people beginning with
Whitney[Wh], Thom [Th], Hironaka [H1, H2] Lojasiewicz [Lo], Mather [M1] and further built
upon by David Trotman with his many coworkers and students, e.g. [Trl, Tr2, BTr, NTr, OTr,
MPT, TrW], along with the important contributions by Verdier [Ve], Mostowski [Ms], Hardt [Ht],
and many others. By contrast, singularity theory on a given stratified variety V has concentrated
on the topological properties of V, either computed via stratified Morse functions on V, using
Stratified Morse Theory of Goresky-MacPherson [GM] or generic projections of Lé and Teissier
[LeT].
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For mappings on varieties (V;0) or equivalences preserving varieties, singularity-theoretic
results have concerned: infinitesimal stability implies stability for a holomorphic germs on holo-
morphic (V,0), Galligo [Ga]; finite determinacy modulo an ideal (= I(V)), DuPlessis-Gaffney
[DPG]; and the classification of function germs under R-equivalence preserving a hypersurfaces
(V,0) in several specific cases, Arnold [A] and Lyashko [Ly]. Also, a classification of low dimen-
sional smooth germs has been carried out with (V,0) denoting either a smooth curve on a surface
(or surface with boundary) Bruce-Giblin [BG] and Goryunov [Gol, or “creases and corners” Tari
[Tal, Ta2].

These latter results fit into the general framework where for any of the three categories, a group
of germs of diffeomorphisms of (k™, 0), denoted by D,, is replaced by a group Dy which preserves
a subspace V,0 C k™, 0. In the holomorphic or real analytic categories, (V,0) can be the germ of
any holomorphic, resp. real analytic set germ. However, in the smooth category, the results have
been limited to (V,0) which are smooth diffeomorphic images of real coherent analytic germs in
the sense of Malgrange [Mg]. Then, for example, for any of the standard equivalences in the
Thom-Mather sense, G = R, K, or A, we may replace the group of diffeomorphisms in the source
or target by the appropriate Dy, and obtain the corresponding group Gy preserving V.0 in the
target, or G preserving V,0 in the source. Second, we may further enlarge the equivalence
group to yield equivalences G(V') capturing equivalence of germs on V,0, and even allow both
the variety V, 0 to vary along with the mappings.

The basic theorems of singularity theory are valid for these equivalences, because each of
the groups Gy, vG, or Gy are “geometric subgroup of A or K”(with an adequately ordered
system of algebras) in the sense of Damon [D2]. All of the four conditions to be such a group
are naturally satisfied except for the tangent space condition which requires that the tangent
space TG, be finitely generated as a module over the system of algebras (and in the smooth
case this can be relaxed to hold modulo infinitely flat vector fields, see [D1] and [D3, §8]).
In the holomorphic or real analytic categories, the tangent space Derlog(V) = TDy . (see §1)
is finitely generated over the appropriate ring of germs, and in the smooth category for real
coherent analytic germs (V,0), this is true (modulo infinitely flat vector fields, by [D1, Lemma
1.1]). As a consequence, the basic theorems of singularity theory are valid for these equivalences
including: the finite determinacy theorem, versal unfolding theorem, and infinitesimal stability
implies stability under deformations, and classification theorems.

Here we address two questions. First, in a number of situations of interest we wish to replace
(V,0) by a stratification (V,0) of a set germ (V,0) in the appropriate category; and furthermore,
in the smooth category we would additionally like to allow the stratification (V,0) and the set
germ (V,0) to be semianalytic. Several examples where these conditions play a role involve:
discriminants of stable germs, which in general are only (diffeomorphic to) semialgebraic sets;
the Blum medial axis (or central set) for generic smooth regions in R™ are locally diffeomorphic
to semialgebraic sets, and in computer vision, the stratifications which are needed to describe
the geometric features of natural objects, and the refinements of these stratifications resulting
from shade and shadows requires the consideration of semianalytic stratifications.

The first goal is to extend Malgrange’s notion of real coherence for real analytic germs to
a sufficently large class of semianalytic sets and stratifications. In the smooth category, A
real coherent germ (V,0) in the sense of Malgrange has the property that the ideal I(V') of
smooth germs vanishing on (V,0) is finitely generated over the ring of smooth germs &, by the
generators of I(V)%", the ideal of real analytic germs vanishing on (V,0) (see [Mg, Chap. VI,
Theorem 3.10]). However, to be applicable to the equivalence groups described above, it was
also necessary to have that the module Derlog(V) is finitely generated (modulo infinitely flat
vector fields in the smooth category). We ask if there is a generalization of Malgrange’s notion
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of being real coherent which will apply to these semianalytic sets and stratifications? Secondly,
is this generalization useful to establish that the corresponding equivalence groups are geometric
subgroups of A or K7

We shall give a positive answer to both of these questions. We introduce a notion of semi-
coherence for semianalytic sets and stratifications, which concerns the finite generation of both
the ideal I(V) and Derlog(V) (or the corresponding ideals and modules for a stratification V)
modulo infinitely flat vector fields. Besides having several naturality properties, this notion in-
cludes the three classes of semianalytic sets and stratifications described above, including the
class of special semianalytic sets and stratifications introduced in [DGH]; and it establishes that
the corresponding equivalence groups are geometric subgroups of A or I so that the basic theo-
rems of singularity theory are valid for smooth mappings under such an equivalence preserving
the stratification or for germs on the stratification. These results are used in [DGH] for the
classification of local features of images of objects with geometric features inlcuding shade and
shadows.

In §1 we recall Malgrange’s notion of being real coherent and give several examples due to
Malgrange and Whitney of analytic sets which do not satisfy the condition. Next, we introduce
the more general notion of semi-coherence for semianalytic sets and explain how this condition
includes the class of special semianalytic sets introduced in [DGH]. We also prove that the
class of weighted homogeneous semianalytic germs are semi-coherent. This includes examples of
analytic sets that are not real coherent and in addition the discriminants of stable germs in the
nice dimensions. In §2, we extend the notion of semi-coherence to semianalytic stratifications and
give several conditions that insure that a semianalytic stratification is semi-coherent, including
the class of special semianalytic stratifications in [DGH]. In §3, we briefly indicate how the the
resulting equivalence groups satisfy the conditions for being geometric subgroups. In §4, we give
the proofs of several of the results and indicated how the others follow by slightly modifying the
proofs in [DGH] for the special semianalytic stratifications.

1. SEMI-COHERENT SEMIANALYTIC SETS

In this section we consider the smooth category, except we consider a semianalytic set
V,0 C R™,0 with local analytic Zariski closure (‘7,0). We will simultaneously consider both
the rings of smooth germs &,, with maximal ideal denoted by m,, and real analytic germs A,.
We let 0,, denote the module of germs of smooth vector fields on (R™,0). Then, we let I(V)
denote the ideal of smooth germs f € &, which vanish on V in a neighborhood of 0, and I*™(V)
the corresponding ideal of analytic germs. In general, it is not known when (V) is a finitely
generated ideal in &,. Malgrange [Mg] introduced the notion of V' being real coherent, which
means that there is a set of generators {g1,¢g2,...,gr} for I°"(V) and a neighborhood U of 0
on which they are defined so that for x € U, the germs of the g; at = generate the ideal of real
analytic germs at x vanishing on (V,z). He then proves that for such a real coherent analytic
germ (V,0), I(V) = I°"(V) - &,, so in particular it is finite generated [Mg].

We let Derlog®" (V) denote the module of real analytic vector fields ¢ satisfying

(V) C I*(V).

It is a finitely generated A,-module. We let V denote the canonical Whitney stratification of
(V,0). Then, we define

(1.1) Derlog(V) = {¢ €0, : £ is tangent to the strata of V}

Remark 1.1. If £ € Derlog(V) and g € I(V), then as g vanishes on the strata of V, £(g)
vanishes on the strata of V, and hence on (V,0), so £(g) € I(V).
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Moreover, if ¢ is analytic and g € I%"(V), then again g vanishes on the strata of V, so

£(g) vanishes on (V,0) and hence on its local analytic Zariski closure V so &(g) € I°*(V) and
¢ € Derlog™™ (V).

Also, if (V,0) is real coherent in the sense of Malgrange, then by an argument in [D1, §1], if

E(I(V)) C I(V), then & € Derlog(V) as defined in (1.1). Thus, Derlog(V) may be alternately be

defined by the condition £(I(V)) C I(V) as in [D1, §1], except there the notation 6y was used.

The notation Derlog(V) is a variant of the notation introduced by Saito [Sa] for the module
of “logarithmic vector fields” for a complex hypersurface singularity V, 0, reflecting the relation
with logarithmic forms.

However, even for real coherent analytic germs it is generally unknown whether Derlog(V) is
a finitely generated &, module. A weaker result which is satisfactory for many applications in
singularity theory is the following ( see [D1, Lemmal.1]).

Proposition 1.2. If V.0 C R™,0 is real coherent then
Derlog(V) =&™{¢1,...,¢} mod md6,
where {(1,...,(} are a set of generators of Derlog® (V).
Here m;° denotes the ideal of infinitely flat function germs.
By the result in [D3, §8], in the smooth category, for a real coherent analytic germ V,0 C R",
we may replace D,, by Dy in any standard group of equivalences G and conclude they are
geometric subgroups of A or K. However, this places an excessive restriction even for real

analytic (V,0), and does not address the case of semianalytic V;0. We illustrate the issue with
several examples due to Malgrange and Whitney.

Example 1.3 (Malgrange Umbrellas). The following examples are generalizations of that given
by Malgrange in [Mg, Example after Def. 3.9, Chap. VI]. We consider V,0 C R™*! 0 defined by

n
Tpy1 - <fo> = f(z,...,2zn),
i=1

where f is homogeneous of degree k > 3. Then, the x,41-axis lies in V' and is an isolated line,
for if we consider any line x; = tb; for i = 1,...n, with some b; # 0, then

L (. by)
Tp+1 = tk . (Z?_l b12

Also, (V,0) is not real coherent as at a point 2’ = (0,...,0, 2 nt+1) With zgn+1 # 0, (V,2') is
locally defined by 1 = --- =z, = 0, and is not generated by the single generator

G = Tpq1- <Zx?> — fz1, ..., x0).
i=1

If f(z1,...,2,) > 0 when some z; # 0, then we can remove the handle on the negative
ZTpy1-axis by adding the condition z,41 > 0 and obtaining a germ of a semianalytic set whose
Zariski closure is (V,0).

Example 1.4 (Generalized Whitney Umbrellas). The standard Whitney umbrella is the image
V = D(F) of the stable map germ F : R?, 0 — R? 0, where

(y1,Y2,93) = F(21,22) = (21, 2172, 73).

It is semialgebraic with analytic Zariski closure V,0 defined by y3 = yayi. It has a handle
consisting of the ys axis with y3 > 0. As for the Malgrange umbrellas, (V,0) is not real coherent.
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More generally we can define “generalized Whitney umbrellas”as images of maps
F:R" 0 R"20
given by
(yl, s 7yn+2) = F(xlv s 75['n+1) = (xla vy Ty Tpp1 f(xlv sy Tny x%—‘—l)’ xi—‘—l)

where both f and f(x1,...,x,,0) have isolated singularities. Such F' are finitely .A-determined
(see Mond [Mo] for the case n = 1); and such images are semialgebraic with Zariski closure V/
defined by G = y'rQL—i-l - yn+2f(y17 s Yns yn+1) =0.

If f(21,...,2n, x5 1) is weighted homogeneous of weight ¢ for positive weights wt (x;) = b; > 0,
then both F' and G are weighted homogeneous (with wt (y;) = b; for i < n, wt (yp41) = bpt1 +¢
and wt (yp42) = bpyo satisfying b, 4o = 2b,41+c¢. In the case that f(z1,...,z,,0) > 0 whenever

some x; # 0, then V has a handle consisting of the negative y,s-axis. Again, it is not real
coherent.

Next, we consider more generally V,0 C R", 0 a closed semianalytic set in the smooth category.
We introduce a notion of (V,0) being semi-coherent which extends that of real coherence of
Malgrange to closed semianalytic sets in a form which makes it sufficient for many applications
in singularity theory. For V0 C R" 0 which is closed and semianalytic, we let (f/70) denote
its local analytic Zariski closure. We also define Derlog(V') for a semianalytic set (V,0) with
canonical Whitney stratification V, by (1.1). Then, we define

Definition 1.5. A closed semianalytic set germ V,0 C R™, 0 will be said to be semi-coherent in
the smooth category if the following two conditions are satisfied.

) I(V)=&Edg1,...9s} modm?,
where {g1,...gs} generate I*(V); and

ii) Derlog(V) =&,{¢1,...,¢} mod m0, .
where {(1,...,(-} are a set of germs in Derlog®” (V') which are tangent to the strata
of V.

Here m;° denotes the ideal of infinitely flat smooth germs.

More generally a germ V,0 C R", 0 is semi-coherent if there is a germ of a smooth diffeomor-
phism ¢ : R™, 0 — R™, 0 and a semi-coherent semianalytic set V/ 0 C R™, 0 such that p(V’) = V.
We shall refer to the semi-coherent semianalytic set (V/,0) as the semianalytic model for (V,0).

It follows by the same argument in [D3, §8], that V,0 C R™, 0 being semi-coherent is sufficient
to be able to conclude the unfolding and determinacy theorems and their consequences are valid
for the equivalence groups in the smooth category preserve (V,0) or for equivalences of smooth
germs on (V,0) (see also §3).

By the result of Malgrange and Proposition 1.2, real coherent analytic germs (V,0) are semi-
coherent. A recent result Damon-Giblin-Haslinger [DGH] identifies a class of special semianalytic
germs which are semi-coherent. A semianalytic set germ V,0 C R"™, 0 is a special semianalytic
germ if its Zariski analytic closure V0 is real coherent and it satisfies conditions i) and ii) in
definition 1.5. This allowed several important classes of semianalytic set germs which are semi-
coherent to be identified using a special semianalytic criteria to be described in §2. However, for
example, the discriminants of stable map germs and the classes of Malgrange and Whitney and
umbrellas cannot satisfy the criterion for being special semianalytic set germs as their Zariski
closures are not in general real coherent. This leads to the question.

Basic Question: When are semianalytic sets semi-coherent?
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We give two distinct types of criteria for a semianalytic set to be semicoherent. The first
simple criterion is given by the following.

Proposition 1.6. Let V,0 C R",0 be semianalytic with local analytic Zariski closure V.0 in
R™ 0. Suppose that V|0 is weighted homogeneous (for positive weights) and that V is invariant
under the corresponding R, -action. Then, V,0 is semi-coherent.

A consequence of Proposition 1.6 is that both the weighted homogeneous analytic and semi-
analytic Malgrange and Whitney umbrellas are semi-coherent, even though the analytic versions
are not in general real coherent. Thus, the notion of semi-coherence is a more general notion than
real coherence for analytic set germs (V,0). There follows a basic consequence for discriminants
of C*° stable germs.

Theorem 1.7. Let f: R",0 — RP,0 be a simple C*° stable germ, which includes those in the
nice range of dimensions. Then the discriminant (D(f),0) is semi-coherent.

Proof of the Theorem. By Mather’s classfication theorems for such simple stable germs (see
[MIV], and [MVI]), f is A-equivalent to a polynomial germ g : R™, 0 — RP, 0 which is weighted
homogeneous of positive weights. Thus, there are germs of diffeomorphisms ¢ : R”,0 — R™, 0
and ¢ : R, 0 — RP, 0 so that f = ¢ o got. Hence, p(D(g)) = D(f), and it is sufficient to show
that (D(g),0) is semi-coherent. However, as g is a polynomial mapping, it follows by the Tarski-
Seidenberg theorem that the image D(g) = g(3(g)) of the singular set 3(g) is semialgebraic, so
in particular, semianalytic.

Also, as g is weighted homogeneous for positive weights, so is the Zariski closure D(g) (the
complexification g¢ has discriminant D(gc) which is weighted homogeneous for positive weights,
and D(gc)NRP is the Zariski closure of D(g)). Furthermore, if yo = g(zo) € D(g) with zg € X(g),
then by the weighted homogeneity of g, Ry -29 C X(g) and g(R4 -z9) = R4 -yo, so Ry -yo C D(g).
Thus, by Proposition 1.6, (D(g),0), and hence (D(f),0), are semi-coherent. O

Next, we illustrate that even for the simplest semianalytic germs that the equalities in Defi-
nition 1.5 are only true modulo infinitely flat functions and vector fields.

Example 1.8. Let V,0 C R™, 0 denote the model for a k-corner. It is defined by f = 0 where
flay,. ... zp) = Hle z; and the inequalities z; > 0 for ¢ = 1,...,k. Its local analytic Zariski

closure V,0 is the germ defined by f = 0. The module Derlog®* (V) of germs of analytic vector

0 0
fields tangent to V' is generated by xiaT, i=1,...,k and T j=k+1,...,n. We exhibit
i J

an infinitely flat smooth germ g € I(V'), but not in the ideal (f) - &,, and infinitely flat smooth

germs of vector fields 95 € Derlog(V), i = 1,..., k, which are not in

X

0 7]
wtiz—,i=1,...,k;=—,j=k+1,...,n}.
Efx oz, 7 oz, j + n}
Let p(x) be the infinitely flat germ

_ Jexp(—%) x<0,
pl) = {0 230

Let g(x1,...,25) = Zle p(z;)?. Then, g vanishes on V. We claim it is not smoothly divisible
by x; for any i = 1,...,k. For example, if g were smoothly divisible by z1, then as p(z1) is
smoothly divisible by 1, so would be g — p(z1)? = ZLQ p(z;)?. However, Zf:2 p(z;)? is not
smoothly divisible by x1. A similar argument works for not being smoothly divisible z; for
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i=2,...,k. Thus, g ¢ (f)-&,. Also, ifg% Efn{xig,i:L...,k;%JZk—Fl,...,n},
1 i J

then ga— =h- a:la—. This would imply x; smoothly divides g, which, as we just saw, is
T T
impossible. There is an analogous argument for i = 2,..., k.

We note that we could replace p by any infinitely flat function which vanishes for > 0 but
not identically on R. Also, an analogous argument would work for more general semianalytic
sets involving more than one inequality.

There is a second criterion, the special semianalytic criterion given in [DGH], which applies
to semianalytic sets that are not necessarily weighted homogeneous and will yield special semi-
analytic stratifications. We describe it in §2.

There are also further properties of both semicoherent semianalytic sets and the special semi-
analytic sets. However, these properties are best described for the more general notion of semi-
coherent semianalytic stratifications to be introduced next.

2. SEMI-COHERENT SEMIANALYTIC STRATIFICATIONS

Let V,0 C R™,0 be a germ of a closed semianalytic set, and let V,0 C R™,0 be its real local
analytic Zariski closure with 1%(V) = I*"(V) the ideal of real analytic germs vanishing on (V, 0)
and defining V. By a semianalytic stratification V of (V,0) we mean a decreasing sequence of
closed semianalytic set germs V = Vi, D Vip_y D --- D Vi DV = {0} with dimV; = j and
V;\V;_1 consisting of strata of dimension j. For the stratification V, we define for the smooth
category

(2.1) Derlog(V) = {£ € 6,, : £ is tangent to the strata S; of V for all i}.
We also consider Derloga"(f/) in the real analytic category. Then, we define

Definition 2.1. The stratification V of the germ of the closed semianalytic set V,0 C R",0 is
a semi-coherent stratification if it satisfies the following two conditions:

i) if {g1,...,gr} generate I°"(V), then in the smooth category
I(V) = &A{9g1,---, 9k} mod mp;

and
ii) there are ¢; € Derlog® (V), j = 1,...,m which are tangent to the strata S; of V for all
i such that
Derlog(V) = &.{¢&,...,&m} mod my° -0,.

In general we say that a stratification V of a germ V,0 C R" 0 is semi-coherent if there
is a germ of a diffeomorphism ¢ : R®, 0 — R™ 0 and a semi-coherent stratification V' of a
semianalytic germ (V’,0) such that ¢(V') =V and (V') = V.

If in Definition 2.1, we require the stronger condition that V is real coherent, then the strat-
ification is a special semianalytic stratification (SSA stratification) in the sense of [DGH].

Remark 2.2. If (V,0) is a semi-coherent semianalytic set, then the canonical Whitney strati-
fication V of (V,0) is a semi-coherent semianalytic stratification in the sense of Definition 2.1.
This follows since vector fields tangent to V' are tangent to the canonical Whitney stratification
of (V,0); and conversely by Remark 1.1, any analytic vector field £ tangent to the Whitney

stratification of (V,0), will satisfy £(g) € I°™(V) for any g € I*™*(V'). Hence, by property ii) for
semi-coherent semianalytic sets, we have

Derlog(V) = Derlog(V) = &,{¢,...,¢} mod my° -0, .
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Hence, properties for semi-coherent stratifications will hold for semi-coherent semianalytic sets.

The definition of semi-coherent stratification depends upon an ambient space. We first note
that the class of semi-coherent stratifications is preserved under two standard operations, which
removes this restriction.

Proposition 2.3. LetV be a semi-coherent stratification of a semianalytic set germ V,0 C R™, 0.

() If o : R",0 — M,p is an analytic diffeomorphism to an analytic submanifold
M,p CR™,p, then the stratification (V) of (¢(V'),p) is a semi-coherent stratification.

(2) Define a stratification V' of V- x R¥ 0 C R"** 0 which has strata S, = S; x R¥ for the
strata S; of V. Then V' is a semi-coherent stratification of V- x R¥ 0 c R*T* 0.

The proof of this proposition closely follows the proof of the corresponding result for special
semianalytic stratifications [DGH, Prop. 5.4, Chap. 5]; see §4.

Second, we may refine a semi-coherent stratification by a series of semi-coherent stratifications
in the following way. Let V; be semi-coherent stratifications of closed semianalytic germs V;, 0,
1=1,...,k, with V1,0 C V5,0 C ... Vg, 0 C R™, 0 such that each stratum of V; is contained in a
stratum of V;y; for each ¢ < k. Then, we can define a stratification V of (V,0) = (Vj,0) which
is a refinement Vj, with strata consisting of S;\V; for all S; in V41 and all 1 < j < k, together
with the strata of V.

Proposition 2.4. In the preceding situation, the stratification V of the closed semianalytic germ
V,0 C R™,0 is a semi-coherent semianalytic stratification.

To accompany these results, we next give the second criterion for establishing semi-coherence
of a stratification V of a germ of a closed semianalytic set (V,0), with Zariski closure (V,0).
This is given by the following criterion from [DGH, Def 5.1, Chap 5].

Special Semianalytic Criterion:

Definition 2.5. A stratification V of V,0 is said to satisfy the special semianalytic criterion
(SSC) if V is real coherent and the stratification satisfies the following conditions:

(1) V and each of the irreducible components V; are unions of connected components of the
canonical Whitney stratification of V.

(2) Each irreducible component V; of V' is smooth; and

(3) For each 4, the set of tangent lines Tyy to analytic curves v in V; with y(¢) € V; for t > 0
and v(0) = 0 form a Zariski dense subset of PT,V;.

Then, the second criterion is the following given in [DGH, Prop. 5.3, Chap 5.

Proposition 2.6. A stratification V of the closed semianalytic germ V,0 C R™, 0 which satisfies
the special semianalytic criterion is a special semianalytic stratification. Moreover,
(2.2) Derlog(V) = Derlog(V) mod m 6,

In order to apply this result we use a simple criterion for an analytic set germ (V,0) being
real coherent. This is given by the following (see [DGH, Chap. 5, Prop. 4.1]).

Proposition 2.7. Let V,0 C R",0 be a real analytic germ with complezification V¢, 0 C C™,0.
Suppose that there is a neighborhood U of 0 € R™ such that for x € U, the germ (V, z) is Zariski
dense in (Vg,x) for the local analytic Zariski topology at x. Then, V is real coherent.

We illustrate using these criterion for several examples that occur for natural images where
stratifications defining generic geometric features of objects are refined by the stratification
resulting from shade/shadow curves from a light source (see [DGH, Chap. 6, 7, 8]). The generic
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geometric features of objects are modeled by semianalytic sets which are “partial hyperplane
arrangements”.

Example 2.8 (Partial Hyperplane Arrangements). Let H; C R™ ¢ = 1,...,r denote a col-
lection hyperplanes through 0 with defining equations «; = 0. Then A = U;H; is a (central)
real hyperplane arrangement. It has a canonical Whitney stratification given by the strata
(NierHi\(Uj¢rH;)) for each subset I C {1,...,7}.

For each hyperplane H;, we let P; denote the closure of a nonempty union of connected com-
ponents of H;\(U;jx;H;). Then, V = U; P; will be called a partial hyperplane arrangement. Such
a partial hyperplane arrangement has Zariski closure the corresponding hyperplane arrangement,
which is real coherent by Proposition 2.7. Hence, it is a special semianalytic set by Proposition
2.6. A sample of model semianalytic sets which model geometric features in [DGH] are given in
Figure 1.

—
///ﬂ/ﬁ

FicUure 1. Examples of partial hyperplane arrangements which occur as mod-
els for feature stratifications: a) edge of surface; b) crease; ¢) convex or concave
corner; and d) notch or saddle corner.

There are further examples which occur for generic structure of Blum medial axis which is
the Maxwell set for the family of distance functions to the boundary hypersurface of a region,
as in [M2] or [Y], are given in b) and ¢) in Figure 2.

=

a) b) c) d)

FIGURE 2. Examples of partial hyperplane arrangements which do not oc-
cur as models for feature stratifications: a) piecewise linear model of Whitney
umbrella; b) and c) generic models for Blum medial axes; and d) nongeneric
corner.

A second example involves 1-dimensional special semianalytic sets. First,
Riy,0={ze€R:2>0}CR

with its Whitney stratification is immediately seen to satisfy SSC. Hence, by 1) of Proposition
2.3, the image of Ry, 0 under an analytic diffeomorphism satisfies SSC. Hence, a half-branch of
a smooth semianalytic curve in an analytic submanifold satisfies SSC. More generally, a germ
of a 1-dimensional semianalytic set in an analytic manifold which consists of branches or half-
branches of smooth analytic curves satisfies the condition SSC (see Example 5.5 and Proposition
5.6 of [DGH, Chap. 5]). This yields the following.
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Proposition 2.9. A 1-dimensional semianalytic set V.0 C R™,0 consisting of irreducible
branches of real analytic curves and half-branches of smooth analytic curves has a special semi-
analytic stratification consisting of {V\{0},{0}}.

Example 2.10 (Stratifications Refining Geometric Features by Shade/Shadows). It follows from
Proposition 2.4, that the refinement of a partial hyperplane arrangement by a 1-dimensional
special semianalytic stratification is again a special semianalytic stratification, and hence semi-
coherent. Using this result, it is proven in [DGH] that the stratifications resulting from the
refinement of any stratification defining a generic geometric feature by the shade/shadow curves
resulting from light in a generic direction is again a special semianalytic stratification V (and
hence semi-coherent). This enabled the classification of (topologically) stable and (topologi-
cal) codimension 1 germs for y.A-equivalence for each such stratification V. The list of such
stratifications and the corresponding classification of germs are given in Chapters 6, 7 and 8 of
[DGH].

3. EQUIVALENCES OF MAPPINGS ON STRATIFICATIONS OR PRESERVING STRATIFICATIONS

We consider the groups of equivalences Gy, or G preserving a stratification ), defined by
V=VyD>Ve_1D--DVy={0},

where in the holomorphic or real analytic category the stratification is holomorphic (the (V;,0)
are holomorphic germs), resp. real analytic (the (V;,0) are real analytic germs) and in the
smooth category it is a semi-coherent semianalytic stratification. To speak of all three of these
categories, we denote the corresponding ring of germs by C,. We also let ,, denote the module
of germs of vector fields on (k™,0) in the appropriate category. We explain how these groups
satisfy the conditions for being geometric subgroups of A or K and hence the basic theorems
of singularity theory are valid for them. The explanation follows the same form as that for the
case for Gy or G given in [D3, §8] and [D4, §9, 10].

vA as a geometric subgroup.

We now carry out the explanation for the case of y.A-equivalence, with that for the other
groups being analogous. Then, 1.4 consists of the group of pairs of diffeomorphisms (h, ') (in
the appropriate category) where h : k™ 0 — k™ 0 and A’ : k?,0 — kP ,0 with h preserving
the strata of V. This group is a subgroup of A and acts on germs fy : k,0 — kP 0 in the
appropriate category by (h,h’) - fo = h’ o fo o h=1. There are corresponding unfolding groups
acting on unfoldings. .A,,(g) consists of unfoldings of diffeomorphisms on g parameters (H, H')
acting on unfoldings F on ¢ parameters by (H,H')-F = H' o Fo H 1.

We let Derlog(V) be given by (2.1) for any of the three categories. In the holomorphic or
real analytic categories, Derlog()V) is a finitely generate module over C,, (denoting the ring of
holomorphic, resp. real analytic germs). In the smooth category, it is finitely generated over

&, modulo infinitely flat vector fields. If (hs,t) is a one-parameter group of unfoldings in the
oh
unfolding group Dy 4, (1), then as h; preserves the strata of V, it follows that ¢ = 6—;‘ is
t=0
tangent to the strata of V, so ¢ € Derlog(V). If h; fixes 0, then ¢ vanishes on 0, and belongs to
Derlog(V)?, the submodule of germs which vanish at 0. Conversely, the one-parameter subgroup
ht of germs of diffeomorphisms generated by some ¢ € Derlog(V) will preserve the strata of V.
Hence, (h¢,t) is in the group of one-parameter unfoldings Dy ., (1). If in addition, h; fixes 0,
then ¢ vanishes at 0, and conversely. Thus, the extended tangent space TDy . = Derlog(V),

with 7Dy, = Derlog(V)? (the submodule of Derlog()) consisting of vector fields vanishing at 0).
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Thus, Ty A, can be written

(3.1) TyvA. = Derlog(V) @ 6,
Likewise, the tangent space T A is given by

(3.2) TyvA = DerlogV)° @ m,-0,

For the smooth category, if (V, 0) is a semi-coherent semianalytic stratification of a closed semian-
alytic subset V,0 C R™, 0, then by the results in §2, we may replace Derlog(V) by £.{&1,...,&m}
with §; given in Definition 2.1. Then, the infinitesimal orbit map is the restriction of that for A.

(3.3) dag,(§&,m) =no fo —&(fo) for £ € Derlog(V) and 7 € 6,

Then, just as for the case of yA, for fy in the appropriate category, T A, is a finitely
generated module over the adequately ordered system of rings fg; : C, — C, (modulo infinitely
flat vector fields in the smooth category), and da s, would be a homomorphism of such modules.
Hence, yA would satisfy the four conditions to be a geometric subgroup of A (the other three
are easily seen to hold, using the modified version of the tangent space condition for the smooth
category).

Hence, applying the results in [D2] and [D3], we conclude

Theorem 3.1. Suppose V,0 is a stratification of V,0 C k™,0 of the corresponding type for each
category of mappings: holomorphic, real analytic, or semi-coherent semianalytic stratification
for the smooth category, then vA is a geometric subgroup of A (using (3.1) and (3.2)) for
the adequately ordered system of rings {C,,Cp}. Hence, both the finite determinacy and versal
unfolding theorems and their consequences are valid for yA.

There is an analogous result for any G or Gy for G = A, K, R.

Example 3.2. The version of Theorem 3.1 for the case of special semianalytic stratifications
is applied in [DGH] to the stratifications in R3 arising as refinements by shade/shadow curves
of the stratifications by generic geometric features. The theorem together with application of
classsification methods in [BKD], [BDW], and [Kr] and the topological methods in [D3] and [D4]
yields the classification of both the (topologically) y.A-stable projections of the stratifications
and the (topological) codimension 1 transitions given by Theorem 4.1 in Chap. 6 and Theorem
5.1 in Chap. 7 of [DGH].

A(V) as a geometric subgroup.

Let V be a stratification of a germ (V,0). Instead of A-equivalence preserving a stratification
V), we may consider instead A-equivalence for germs on V, which we denote by the group A(V).
For just the germ of a variety (V,0), the tangent space for the case of A(V') was determined in
[D2, §8] and [D3, §9, 10]. To consider instead the germs on the stratification V), the equivalence is
defined via the group consisting of diffeomorphisms H : k®tP 0 — k™*?,0, h : k™, 0 — k™, 0, and
R :kP,0 — kP, 0, such that: i) hom, = m, 0 H; ii) H preserves V x kP; iil) H|(V x kP) = h x I/;
and iv) h preserves the strata of V. Then, H o (h x h')~! =id on V x kP. A calculation then
shows that

0 0
3.4 TAYV), = Derl 0, ® I(V)-Cpyp{—, ... LY.
(3.4 AW) crlog(V) & 0, & (V) -Cusylg oo
Likewise, the tangent space T A(V) is given by
0

ayp

)
(3.5) TAYV) = DerlogV)@®m,- 0,d I(V) -cnﬂ{a—yl, S
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Now the infinitesimal orbit map is defined by

(3.6) dag,(€,m,¢) =Co fo+no fo —&(fo)

where as above, £ € Derlog(V) and n € 6,; in addition ( € I(V) - C"“’{ai’ ey g}, and
Y1 Yp

Jo(z) = (z, fo(x)).

Then, an analogous argument as above yields the following.

Theorem 3.3. Suppose V,0 is a stratification of V,0 C k™, 0 of the corresponding type for each
category of mappings: holomorphic, real analytic, or semi-coherent semianalytic stratification for
the smooth category, then A(V) is a geometric subgroup of A (using (3.4), (3.5)), and (3.5)) for
the adequately ordered system of rings {C,,Cp}. Hence, both the finite determinacy and versal
unfolding theorems and their consequences are valid for A(V).

Again there is an analogous result for (V), and R(V).

Equivalences Allowing the Stratification to Deform.

Lastly, suppose that (V,0) is defined as g~*(V’), for a stratification V' of a germ V’,0 C k", 0,
with the germ g : k™, 0 — k",0 being finitely determined for Ky -equivalence. Then, the
equivalence of a germ f : k™, 0 — kP 0 on (V,0), allowing both V and f to deform, is obtained
by considering the action on the pair (g, f) : k™,0 — k"2 0 by Ky-equivalence on g and A-
equivalence on f, using a common diffeomorphism on (k™,0). Again, if the stratification V' is
of the appropriate type for each category, then the equivalence group is a geometric subgroup of
A or K, and so the basic results of singularity theory apply for this equivalence.

Remark 3.4. We have concentrated on how the groups G = A, K, R can be modified to allow
an equivalence preserving a variety (V,0) or stratification (), 0) for each of the three categories.
In fact, for any geometric subgroup G which has a factor group D,, we can replace it by a
subgroup Dy or Dy, for V,0 C k",0 of V a stratification in (k”,0). Provided (V,0) or (V,0)
are appropriate for the category, the resulting group of equivalences will again be a geometric
subgroup.

Concluding Remarks.

The local singularity-theoretic methods we have described apply to finite codimension germs
for the appropriate equivalence group. The abundance of such germs will follow when the
stratification (V,0) or germ (V,0) is “holonomic”in the sense introduced by Saito [Sa]. By this
we mean there is a neighborhood U of 0 such that for each « € U, the generators {&1,...,&.} of
Derlog(V), resp. Derlog(V), span the tangent space T,.5; of the statum of V, resp. the canonical
Whitney stratification of (V;0), which contains z.

The special semianalytic stratifications which occur in [DGH] for the refinemments of the
stratifications of geometric features by shade shadow curves are all holonomic. However, the
classification shows that finite ).A-codimension germs of low codimension already are frequently
multi-modal singularities; so that topological methods of [D3] and [D4] are needed to carry out
the classification.

4. PROOFS OF THE RESULTS
It remains to prove the results concerning semi-coherence.

Proof of Proposition 1.6. First, for i), we let f € I(V'). There exists a neighborhood 0 € U C R"
such that f is defined on U and vanishes on VNU. Also, we denote the weights of the coordinates
on R™ by wt (x;) = a; > 0 for i = 1,...,n. We expand the Taylor expansion of f in terms of

weights f(z) = > =1 fi(@), where wt (f;) = j.
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We claim that each f; € I(V). If not, choose the smallest k& for which this is not true.
Suppose g € V NU is such that fi(zg) # 0. Let 9 = (01, -..,2Z0n) and define v : R — R™ by
Y(t) = (z01t™, ..., 20,t%). By the weighted homogeneity of f, it follows fx o v(t) = t* fi (o).
Then, the Taylor expansion of f o v(t) is given by ff'y\(t) = Z;L tJ fj(zo). On the one hand
as fov(t) =0 for 0 <t < g, the Taylor expansion of f o~(t) is zero. However, by assumption
the coefficient of t* is fi(x¢) # 0, so it is the lowest nonzero term of the Taylor expansion, a
contradiction. Thus, all f; € I(V). As each f; is analytic and = 0 on V/, which has local analytic
Zariski closure V, we conclude fiel ‘m(f/) Hence, we may write as a weighted homogeneous
sum f; = >.7_, h; jgi, where g; are a set of weighted homogeneous generators of I an (V) with
weights wt (g;) = b; > 0. Hence, we may write as a formal sum

f= Z(Z hij)gi -

i=1 j=1

As wt(h; ;) = j — b; the formal sum Z;’il h;; defines an element hi € R[[x,]], where
Xp = (T1,. .., ZTp)-

Lastly, by Borel’s Lemma, there is a germ h; € &, with Taylor expansion h;. Thus, if we let
=520, higi, we have f =7, or equivalently f = f'mod m®. As this holds for all f € I(V),
the result i) follows.

For ii) we follow an analogous line of reasoning and use the same notation as for i). Let

¢ € Derlog(V). There is a neighborhood 0 € U C R™ so that both £ and the generators g; of

I°™(I) are defined on U and so that ( by Remark 1.1) £(g;) vanishes on VN U for j =1,...,s.
We again consider a weighted expansion of the Taylor series of &, £ = Z;‘;no &, where ¢; is

weighted homogeneous of weighted degree j. Here, as usual, we assign weights wt ( )= —a;

(“)xi
and then we let ng = — max;{a;}.

We claim that each §; € Derloga”(V). If not let the lowest j for which this fails be denoted
by k and for this k there is an gy so that £x(gs) does not vanish on V' in a neighborhood of 0,
otherwise as it is analyic, it also vanishes on V, so &k(ge) € I“”(V). If this held for each i, then
&, € Derlog® (V). Hence, there is an 2o € V N U so that & (ge)(zo) # 0. We consider the curve
v(t) as above. Then &£(ge) vanishes on V N U, and hence on the curve (¢) for 0 < t < e. Thus,
the Taylor expansion of £(g;) o y(t) is 0.

Then &;(ge¢) is a weighted homogeneous polynomial of weighted degree j + b, > 0 (if it is a
nonzero polynomial). As we assume it is nonzero, we also have &;(gr) o v(t) = &;(ge)(wo)ti+0e.
We then compute the Taylor expansion of £(g¢) o v(t) by

E(ge)o(t) = 3 &(ge)(wo) 1"

Jj=no

Again, this Taylor series has a lowest nonzero term t*+%¢, contradicting that it is zero. Thus,
each ¢; € Derlog® (V).

If by [Lo|, V.=V; D V_1 D -+ D Vi D Vy = {0} defines the canonical Whitney stratification
V), consisting of semianalytic sets (also invariant under Ry ), then we may apply the preceding

argument to each V; to conclude &; € Derlog™"(V;). As ¢; is tangent to the regular strata of
each V;, &; € Derlog™"(V), the submodule of Derlog™" (V') consisting of germs of analytic vector
fields tangent to the strata of V.
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As A, is Noetherian, Derlog®™(V) is a finitely generated A,-module. As V, V, and V
are invariant under the Rj-action, Derlog®" (V) has a set of weighted homogeneous genera-
tors {C1,...,¢ } of weights wt ((;) = ¢;. We may write & = Y_;_, h; ;(;, where h; ; is weighted
homogeneous of weighted degree j — ¢; (and h;; = 0 if j — ¢; < 0). Thus, we may define
hi =% h,; € R[[x,]] and obtain

i:’ﬂo
£ = hiG
i=1

Again, using Borel’s lemma, there are smooth germs h; whose Taylor expansions are ﬁi, and we
let & = >"1_, hi¢;. We conclude & = £'mod m™6,,. As this holds for every £ € Derlog(V), we
obtain ii). O

Propositions 2.7 and 2.6 were proven in [DGH, Chap. 5]. Also, Propositions 2.3 and 2.4 were
proven for the case of special semianalytic stratifications in [DGH, Chap. 5, §6]; however, the
conditions i) and ii) in Definition 2.1 directly follow from the arguments given in the proofs for
the special semianalytic case.

We do remark that to deal with the lack of weighted homogeneity which was used heavily
in the proof of Proposition 1.6, the arguments proceed by first reducing to the formal category,
and using the Artin approximation theorem and the Artin-Rees Lemma to obtain the desired
generators there. Then, Borel’s Lemma gives the desired result. These ideas are used repeatedly
in the proofs in [DGH].
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To David Trotman on the occasion of his 60th birthday.

ABSTRACT. We survey the development of o-minimal structures from a geometric point of view
and compare them with subanalytic sets insisting on the differences. The idea is to show the
long way from semi-analytic to definable sets, from normal partitions to cell decompositions.
Some recent results are discussed in the last section.

INTRODUCTION

This paper was conceived as a historical survey. In a sense it is a follow up of the book
[DS1]. It does contain some recent results (mostly in the last section, e.g. on the Kuratowski
convergence of definable sets from [DD]) and some results that are not new, but are not very
well known; albeit, its aim is mostly didactical and historical. The younger author appreciated
this historical insight as well as the intertwining of subanalytic geometry, Pfaffian geometry and
o-minimal structures, and wishes to share it with others, as it proved useful to himself.

We have the feeling that definable sets and their cell decompositions have replaced nowadays
every other kind of special sets and stratifications, especially in applications (for instance in
control theory, cf. our later quotes). The cell decompositions have not necessarily the same
proprieties as subanalytic stratifications (not only they may not be analytic, but even not C*°-
smooth cf. [LGR]). Other wrong beliefs are also quite popular (for instance that subanalytic
sets form an o-minimal structure, which is not true). We spotted, as well, numerous omissions
in various references by different authors. This is due partially to the fact that many important
papers (especially those written in French) got forgotten.

This survey has two authors, which are (easily identifiable) mother and son. The older author
worked in Lojasiewicz’s group ever since 1967, presented Gabrielov’s work [G] at Lojasiewicz’s
seminar (this was a starting point for the theory of subanalytic sets a la polonaise), wrote (with
J. Stasica) the preprint [DS*] presenting the results obtained by Lojasiewicz’s group and was
even, by pure chance, present in Dijon when the Pfaffian sets were born there (in 1989, this
was an idea of Robert Moussu developed this year by Claude Roche and Jean-Marie Lion and
continued later cf. [L], [MR]...). The older author can be therefore considered as a witness to
the development we describe here, which began in 1965, when Lojasiewicz published his THES
preprint on semi-analytic sets [E1], now accessible on line on the site of Michel Coste [CL]. Our
survey will present the way that led from semianalytic to subanalytic, Pfaffian and definable sets
(the order here is not as linear as most people tend to believe).

The younger author appreciated the historical knowledge that let him understand better
definable sets and wishes to share it with others. He also contributed to the much modernized
and completed book version [DS1] of the preprint [DS*].
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Let us remark that E. Bierstone and P. Milman, the authors of the very well written THES
text Semi-analytic and subanalytic sets [BM] were among the first to quote the preprint [DS*]
that served them as a basis for their presentation of subanalytic sets (the Fiber-Cutting Lemma
is, for instance, lemme B from the initial work [DLS] of Denkowska, Lojasiewicz, Stasica).
L. Van den Dries, who can be considered as a father of definable sets (cf. the book [vdD]) also
knew the preprint [DS*].

As to our friend, David Trotman, we owe him a lot. We met very early in our careers and
David, a world known specialist in singularities and in particular in stratifications, encouraged
our work, asked questions that led to the writing of some of our papers, especially those con-
cerning stratifications (like [DSW], [DW]) and, together with Bernard Teissier popularized the
preprint [DS*]. Later, Trotman and Teissier played a very important role in the publication of
its book version [DS1]. Many thanks to both of them.

The stratifications, a tool largely used by René Thom , were brought to Poland by Lojasiewicz,
who was one of Thom’s close friends. As we mention in the survey, Lojasiewicz had his own
way of constructing different stratifications, to begin with normal partitions (they were a main
ingredient used in Lojasiewicz’s theory of subanalytic sets, as opposed to that of Hironaka, based
on desingularization).

The so called ‘Lojasiewicz group’ in Krakéw consisted of (in order in which they joined the
group), the following Lojasiewicz’s students: Krystyna Wachta, Zofia Denkowska, Jacek Stasica,
Wiestaw Pawtucki, Krzysztof Kurdyka and Zbigniew Hajto.

There are many sources of information about semi-analytic sets ([E1]), subanalytic sets ([H2],
[DS1], [LZ]) and definable sets ([vdD], [vdDM], [C2]). In this paper we are only trying to
put all this together in some order and in its historical context, with special interest given to
stratifications. We also gathered in this survey a lot of information otherwise scattered in the
literature (the bibliography is still far from being exhaustive, we included in it what we feel
represents the different facets of the subject).

May it serve the younger!

1. A REMINDER

For a start, recall one of the (equivalent) definitions of an o-minimal structure (see [C2],
[vdD]):

Definition 1.1. A structure on the field (R, +,-) is a collection & = {S,, }nen, where each S,, is
a family of subsets of R™ satisfying the following axioms:

(1) S, contains all the algebraic subsets of R™;

(2) S, is a Boolean algebra (1) of the powerset of R";

(3) fAeS,,, BES,, then AX B € S,1n;

(4) If 7: R™ x R — R™ is the natural projection and A € S,,+1, then 7(A) € S,.

The elements of S,, are called definable (or tame) subsets of R™.
The structure S is o-minimal (o stands for order) if it satisfies the additional condition

(5) & is nothing else but all the finite unions of points and intervals of any type.
It is natural to introduce the following notion:
Definition 1.2. Given a structure S, we call definable (in S) any function f: A — R"™, where
A C R™, such that its graph, again denoted f, belongs to S;,4n.

1Recall that a family S of sets, subsets of R™ in our case, is a Boolean algebra, if @ € S and for every A, B € S,
there is ANB,AUB,R*\ A€ S.
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Remark 1.3. Clearly, axiom (4) implies that if f is definable, its definition set A € S,,,. The
image, f(A) € S, since it coincides with 7w(f N (A x R™)), where 7 is the natural projection
onto R”, and A x R"™ € S,,,4+,,. Finally, the definability of f = (f1,..., f.) is equivalent to the
definability of its components f;.

Proposition 1.4. Every o-minimal structure contains semi-algebraic sets. (cf. subsection 1.1)

Proof. Indeed, by condition (1) it contains algebraic sets and thus it suffices to show that it
contains all the sets of the form {x € R™ | P(x) > 0} with P being a polynomial (axiom (2)).
Any such set can be written as {z € R™ | 3¢ > 0: P(z) = ¢} and thus it can be written as the
projection m(A) by m(z,t) = x of the algebraic set {(z,t) € R" xR | t*P(x) = 1}. Condition (4)
yields w(A) € Sy, O

Remark 1.5. It is easy to see that if A € S;,4,, and B € S,,, then the set
{r eR™ |y € B: (z,y) € A}

is in S, this set being the projection onto R™ of AN (R™ x B). Since taking the complement
changes the quantifier V to 3, the same is true for {z € R™ | Vy € B, (x,y) € B}, i.e., this set
belongs to S,.

1.1. Semi-algebraic geometry. (See e.g. [C1] or [BCR]). The definition of semi-algebraic
sets is global. In fact, Lojasiewicz [L1] used the notion of sets ‘described by’ the functions of a
given subring A of the ring of continuous real functions defined in R™. These are the sets of the
form

P g
A=z e R | fij(x) 0}
i=1j=1

where * stands for any of the signs >, <,=. Such sets form a Boolean algebra denoted S(A).

If A is the ring of polynomials of n variables, S(A) is the Boolean algebra of semi-algebraic
sets.

Clearly, semi-algebraic sets verify the conditions (1), (2), (3), (5) of o-minimal structures. It
suffices to check the condition (4) (projection property), the others being easy. This condition
is verified thanks to the following theorem of Tarski-Seidenberg:

Theorem 1.6 (Tarski-Seidenberg). Let m: R™ x R — R™ be the natural projection and let
A CR" xR be a semi-algebraic set. Then w(A) is semi-algebraic, too.

The classical geometric approach to this theorem is based on the following lemma.

Lemma 1.7 (Cohen — Lemme de saucissonage). Classical version: Let P(x,t) be a poly-
nomial in n + 1 wvariables. Then there exists a finite partition of R": R™ = Ule Aj into
semi-algebraic sets A such that for any i =1,...,p, either P(x,t) has constant sign for x € A;
and all t € R, or there is a finite number of continuous semi-algebraic functions & < ... < &,
on A; such that for x € A;, {P(x,t) =0} = {&(x),j =1,...,p;} and the sign of P(z,t) depends
only on the signs of t —&;(x), 5 =1,...,p;.

Lojasiewicz’s version: Let A be a ring of real continuous functions defined on a topological
space X . Assume that each set from S(A) has only a finite number of connected components, each
of them belonging to S(A). Then for any E € S(A[t]) there exists a finite partition X = Ji_, A;
with A; € S(A) and real functions £a,1 < ... < &a, p;, continuous on A; (it may happen that
there are none for some i), such that E is the union of sets from S(A[t]) of one of the two forms
below:

B :={(z,t) € Ay xR | &€a, 1) <t <&, pp1(2)},E=0,...,p; + 1,
or Clk = {(IagAq‘,,Z(x)) ‘ T e Al}ﬂg = 13 -y Piy
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where £4,,0 = —00 and &4, p,+1 = +00.

Clearly, Lojasiewicz’s version implies the classical one, as the assumption on the finiteness
of the number of connected components follows by induction. Below we quote the original
Lojasiewicz’s proof of his version:

Proof. The set E is described by some f;(z,t) = 337" aij(x)t™ 7, i = 1,...n with a;; € A. Let
ik denote the kth derivative of f; with respect to ¢, here k =1,...,m. Put f; := H(Lk)e‘] ik,
where J C I:={1,...,n} x {1,...,m}. Define for r = 1,...,m, o0,

Aj, ={zx e X | fs(x,t) =0 hasexactly r complex roots t¢}.

It is easy to check that each A;, € S(A). For any fixed J, the sets Ay, 7 =1,...,m, 0o form
a partition of X, whence we recover a partition of X from the connected components of the
intersections (1) ; Aj,,. We call them Ay,..., A,.

It is easy to see by applying Rouché’s Theorem (in fact, Hurwitz theorem, which is a corollary
for analytic functions) that for any A; and any J = {(i, k) € I | ;1 # 0on A; x R} one can find
continuous functions {4, 1(x) < --- < &a, p, (z) such that

P;
{zeAj| frla,t) =0} =] &a,
i=1
the latter denoting the graphs of £4, ;.

Now, since fj # 0 on Bjj, then on this set either ¢;;, # 0, or ;, = 0, depending on whether
(i,k) € J or not. On the other hand, for C} either ¢;; = 0 on A; x R which is the trivial case,
or w;; # 0 on it. If the latter occurs, then the roots of ¢;;(z,t) = 0 over A; are continuous
functions & (z) < ... < &(z). Since each graph &, is contained in |J]2; 4,, and the graphs
§a;,. are open-closed in this union, there is a unique ¢, such that {, = §a, ,,. Hence, on Cj) one
has either ¢;; = 0, or i, # 0 depending on whether k = ¢, for some p or not.

Finally, we show that Bj, Cji € S(A[t]). Let D be one of these sets. Then

DCT:Zﬂ ﬂ{xEAjMpiké@ik},
i=1k=0

where Oy, is either {¢ < 0}, or {0}, or {¢ > 0}. It suffices to prove now that in fact D = T.
If there were a point (a,t) € T\ D, then for some ¢’ there would be (a,t') € D. By Thom’s
Lemma (?), the set ({a} x R)NT is convex, whence {a} x [t,#'] C T. Whatever the form of D
(either Bji or Cji), there exists t1,t2 € [t,t'] such that f;(t1,a) = 0 while f;(t2,a) # 0. That
is a contradiction, since there must be either f; = 0, or f; # 0 on T depending on whether
©;, = {0} for some (i, k) € J, or not.

It remains to observe that the sets B;i, C;r form a partition of X x R and on each of them
one has either f; =0, or f; # 0, which implies that E is the union of some of them. O

Remark 1.8. Under the assumptions of the Lemma above on A we have:

(1) Each E € S(A[t]) has only a finite number of connected components, each of them
belonging to S(A[t]); therefore, by induction, the same is true in S(A[t1,...,ts]).

(2) If m: X xR — X is the natural projection, then 7(E) € S(A) for E € S(A[t]); therefore,
by induction, the same is true for 7: X x R" — X and S(A[t1,...,t,]).

2Thom’s Lemma: Let P(t) be a polynomial of degree n. Then each set Ap := Ni_o{t € R | PRI(t) € O},
where ©y, is either {t < 0}, or {0}, or {t > 0}, is connected: an open interval, a point, or possibly void. Indeed,
for n = 0 there is nothing to do. If the lemma holds for n — 1 take n and apply the lemma to P’. Then
Ap = Ap N{P(t) € O¢}. If Aps is an open interval, then P’(t) # 0 in it and thus P is strictly monotone on
Aps and the lemma follows.
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Taking X = {0} and A = R the first remark above yields by induction:

Theorem 1.9. Fvery semi-algebraic set has a finite number of connected components, each of
them semi-algebraic.

The second remark for A = Rxy,...,z,,] implies the Tarski-Seidenberg Theorem, also by
induction.

Remark 1.10. The theorem of Tarski-Seidenberg itself implies that the image of a semi-algebraic
set under any semi-algebraic mapping is semi-algebraic as in Remark 1.3. It is clear that semi-
algebraic sets form an o-minimal structure.

The theory of semi-algebraic sets is well exposed in [C1], [C2], [BR], [BCR]. We list here some
of their basic properties:

Theorem 1.11. The Euclidean distance to a nonempty semi-algebraic set is semi-algebraic (i.e.,
has semi-algebraic graph).

The obvious proof follows from the description of the graph and we easily obtain the following
corollary.

Corollary 1.12. If A is semi-algebraic, then the closure A, the interior intA and the border OA
are semi-algebraic as well.

Remark 1.13. The theorem and corollary above still hold true if one changes the words semi-
algebraic to definable (partly due to Proposition 1.4).

The most striking property of semi-algebraic sets is the existence of explicit uniform bounds,
for example on the number of connected components. These bounds are nicely gathered in the
book [YC] by G. Comte and Y. Yomdin.

1.2. Definable sets. By ‘definable sets’ we always mean ‘definable in some given o-minimal
structure S’. For this part we refer the reader to the works [vdD], [C3] and the survey [vdDM].

It is worth saying a few words about the point of view of mathematical logic: o-minimal
structures can be introduced in the following way. Given a family of functions (the ‘vocabulary’
of a language) F = {F, }nen, Fn C RR", one considers the sets described by first-order formulee,
or, in other words, by the ‘operations’ =, <, +, - and quantifiers applied to functions from F or
real numbers. The collection of all the sets obtained in this way in the spaces R" is the structure
denoted by Rx. To be more precise, a subset of R™ is said to be definable in Rz, if it belongs
to the smallest collection of subsets of R |, n € N, which

(1) contains the graphs of addition and multiplication, and all the graphs of functions in F,
and of constant maps;

(2) contains the graph of the order relation <, and of the equality;

(3) is closed under taking Cartesian products, finite unions or intersections, complements,
and images under linear projections.

As earlier, a function f: R™ — R" is said to be definable if its graph is definable. If each
definable set has finitely many connected components, then Rx is o-minimal.

The model theoretic notion of the structure Rz generated by F provides useful information
about the real geometry of the sets and functions obtained this way. The starting point of this
approach is the question of how much we have to extend a given language in order to describe
the solutions of systems of differential equations written in it, for instance: to what class does
the solution of analytic differential equations belong?
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Note that functions of one variable are particularly important since they carry most of the in-
formation about the structure (in some sense the whole structure is obtained through projections
of graphs).

For F = @, the structure Ry is just the class of semi-algebraic sets studied already by Tarski.
The o-minimality of such a structure Rz means precisely that all its sets have a finite number
of connected components. This fact is important e.g. for differential equations as it excludes
oscillations. If we take F to be the convergent power series in a given polidisc, extendable by
zero outside it (), then R is usually denoted R,, (restricted analytic functions). It is model
complete (it follows from [G], see below for this notion) and contains all the globally subanalytic
sets (of which we will speak later on). The structure Rpg.g generated by the so-called Pfaffian
functions (see later on) is o-minimal as well (cf. [W2]). This implies the o-minimality of Rexp
which is the structure generated by the exponential function.

One more remark: among the first four axioms of a structure on R the difficulties arise
mostly for two of them, namely the projection property (4) (or elimination of quantifiers) and
the operation of taking the complement in (2). The projection property is what is missing for
semi-analytic sets (see Example 4.1) and thus the larger class of subanalytic sets is needed,
but when these were introduced, the problem with axiom (2) appeared: how to prove that the
complement of a subanalytic set is again subanalytic? This was solved first by A. Gabrielov [G].
That property is called model completeness of the structure (notion introduced by A. Robinson).
In other words, if in the definition of Rx the operation of taking the complement is superfluous,
the structure is said to be model complete.

The most important tool from the geometric point of view is the cell decomposition:

Definition 1.14. A set C' C R™ is called a definable cell if
(1) for m =1, C is a point or an open, nonempty interval;
(2) for m > 1,
e cither C' = f is the graph of a continuous, definable function f: C’ — R, where
C'" ¢ R™! (R™! is the subspace of the first m — 1 variables in R™) is a definable
cell; such a cell we shall call thin;
e or C' = (f1, f2) is a definable prism, i.e.
(fi,f2) = {(x,t) e R" I xR |z € C', fi(z) <t < fo(z)}, where C' C R™lis a
definable cell and both functions f;: C’ — RU{=£o0} are continuous, definable and such
that f1 < fa on C’ and each f; either takes all values in R, or is constant.

Definition 1.15. Let C ¢ R"*! be a definable cell over a cell C’ ¢ R™. Then its dimension
dim C is defined to be either dim C’, if C' is thin, or dim C’ + 1 if C' is a prism. Of course, in R,
dim{a} = 0 and dim(a,b) = 1.

It is easy to check that for a cell C C R™ one has dimC = n iff C is open and dimC < n
iff C is nowhere-dense. Moreover, there is always a definable homeomorphism sending C, call it
he, on an open cell in R4™ ¢,

Definition 1.16. A cell C defined over a cell ¢’ is said to be of class ¢ (%), if for the defining
function f, or f; respectively, the composition f o ha,l (fio ha,l respectively) is of that class (°).

Definition 1.17. A cylindrical cell decomposition of R**! is a finite decomposition of R"?*1
into pairwise disjoint cells whose projections onto the first n coordinates yield a cylindrical cell

3To be more precise: F;, consists of functions f: R™ — R which are analytic in [—1,1]™ and vanish off this
cube.

4e.g. class €% with k = 1,2,...,00,w (where w means analycity)

5In particular, a €* cell is a €* submanifold of dimension dim C.
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decomposition of R”. The cell decomposition is said to be of class € or €%, k=1,2,...,00,w,
if all the cells are of that class.

A cell decomposition need not be a stratification in the sense of definition 2.23, since the
frontier condition of the latter definition may fail to hold. To see this consider the decomposition
of R? into the following five cells: C; = {(x,y) € R? | # < 0}, Cy = {0} xR, C5 = (0, +00) x {0},
Cy = {z,y > 0} and C5 = {z > 0,y < 0}. Then C3 \ C3 cannot be obtained from the other
cells. Turning a cell decomposition into a stratification requires a further refinement.

The following notion is identical with that of definition 2.24.

Definition 1.18. If A4;,... A, € S, then a cell decomposition C is said to be compatible (or
adapted to) with these sets if for any C' € C and any i, there is C N A; # @ = C C A;. In that
case each A; is the union of some cells from C.

Cohen’s Lemma 1.7 provides a semi-algebraic cell decomposition of a given semi-algebraic set.
The generalization of this to arbitrary o-minimal structure is the following theorem (compare to
Theorem 2.25):

Theorem 1.19 (Cylindrical cell decomposition of class €*). Given a finite family of definable
sets Ay,..., A, and a k € N there is always a cylindrical cell decomposition of class €% of R"
compatible with this family.

Remark 1.20. Until quite recently it has been an open question whether an arbitrary o-minimal
structure admits a € cell decomposition. The negative answer was given by O. Le Gal and
J.-Ph. Rolin in [LGR], where an explicit example is given. Actually, most of the known o-
minimal structures on the field R admit analytic cell decomposition. An earlier result — that
the o-minimal structures generated by convenient quasianalytic Denjoy-Carleman classes admit
€ cell decomposition but no analytic cell decomposition was obtained in [RSW]. See also
Remark 2.63.

Corollary 1.21. A definable cell being connected, the theorem above implies that any defin-
able set A has only finitely many connected components (°) and they all are definable, too (cf.
Theorem 1.9). Moreover, they are open-closed in A.

For a given set £ C R"™ let cc(E) denote the family of its connected components. If
A CR™ x R", then we put 4, := {y € R" | (z,y) € A}. The following holds:

Theorem 1.22. For any definable set A C R™ x R™ there is an N such that for all x € R™,
#ce(Agy) < N.

The possibility of obtaining a ¢* cell decomposition for any & is based on the following:

Theorem 1.23. Let f: Q — R be a definable function on an open set @ C R™. Then for each
k € N there is a closed definable and nowhere-dense set Z C ) apart from which f is of class
c*.

In particular:

Theorem 1.24. For any definable f: A — R, A C R", and any k € N, there is a €% cell
decomposition of R™, compatible with A and such that on any of its cells contained in A, f is of
class €*.

6Actually, they are even definably arcwise connected.
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Remark 1.25. The Cell Decomposition Theorem provides also an interesting and useful obser-
vation:

Let A C R™ be definable and let L C R™ be a linear subspace. If for any a € R™ the set
AN (L+ a) is nowhere-dense in L + a, then A is nowhere-dense.

This clearly follows from the fact that A is nowhere-dense iff it does not contain an open cell
and the trace of an open cell on L + a is open.

Definition 1.26. One can define the dimension of a definable set to be
dim A := max{dimC | C is a cell: C' C A}.

Proposition 1.27. If A C R" is definable, then dim A = n if and only if intA # & and
dim A < n if and only if A is nowhere-dense. Moreover, for any definable B C R™ one has
dim A x B = dim A + dim B; if m = n, then dim A U B = max{dim A,dim B} and if B C A,
then dim B < dim A. Finally, if f: A — R™ is definable, then dim f(A) < dim A (7).

Remark 1.28. One can also prove that there is a definable bijection f: A — B between two
given definable sets (in different ambient spaces), then dim A = dim B.

The next proposition shows how a cell decomposition induces a cell decomposition in sub-
spaces:

Proposition 1.29. Let C be a cell decomposition of R™ x R™ and, for (z,y) € R™ x R™, let
m(x,y) = x. Then

(1) C:= {m(C) | C € C} is a cell decomposition of R™;

2) Let € C and let Cp = € s = . en for any x € the sections
(2) Let D € C and let C {C € C | n(C) = D}. Then f D th
{C; | C €Cp} are a cell decomposition of R™ and dim C,, = dim C' — dim D.

Finally, o-minimal structures offer the possibility of triangulating definable sets:

Theorem 1.30. Let A C R™ be a compact definable set and let B; C A, i =1,...,k be definable.
Then there is a simplicial complex IC, with vertices in Q™, and a definable homeomorphism
¢: |K| = A sich that each B; is a union of images by ¢ of open simplices from K.

One important fact that excludes from o-minimal structures such an untame behaviour as
that of the graph of sin1/x is the following theorem:

Theorem 1.31. Let A C R" be definable. Then dim A\ A < dim A.
We end with the following useful lemma:

Lemma 1.32 (Curve Selecting Lemma). If A C R" is definable and a € A\ {a}, then there is a
definable curve y: [0,1) — R™, homeomorphic on its image and such that v(0) = a, v((0,1)) C A.

2. LOCALLY SEMI-ALGEBRAIC, SEMI-ANALYTIC AND SUBANALYTIC SETS

The properties of locally semi-algebraic, semi-analytic and subanalytic sets are often richer
than these of general o-minimal structures. We are now in the local situation. We will still
have Boolean algebras with the properties (1), (2), (3) and (5) of the definition of o-minimal
structures but the projection property is not satisfied in general without additional hypotheses
like the set being bounded in the direction of the projection.

"This expresses well the tameness of the topology involved. No pathologies as that of the Peano curve are
permitted.
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Definition 2.1 (Lojasiewicz). Let E C M where M is a real analytic variety (®). Then
dim F = —1, if F = @, or, if E is nonempty,

dim F = max{dimI" | I" an analytic submanifold: I" C E}.

Definition 2.2. A point a € FE is called smooth or regular, if ENU is an analytic submanifold
for some neighbourhood U of a. Then we define dim, £ := dim E N U (it does not depend on
the choice of U).

Remark 2.3. Clearly dim F = max{dim, E | a regular in E}.

In the case of the dimension of a definable set A, we have for any k € N,

dim A = max{dimT | T" a definable €* submanifold: T ¢ A}.

Proposition 2.4. In any of the classes of sets discussed in this part the assertions of Proposition
1.27 and of Theorem 1.31 remain true.

2.1. Semi-algebraic and locally semi-algebraic sets. An important feature of semi-algebraic
functions is that their smoothness implies analycity. Even more, the smoothness of a semi-
algebraic function is equivalent to it being an analytic-algebraic or Nash function (see [L1]):

Definition 2.5. An analytic function f: U — R, where U C R"™ is open, is called a Nash
function if for any xg € U there is a neighbourhood V' 3 zy and a non-zero polynomial P(z,t)
for which there is P(z, f(z)) =0 in V (9).

Example 2.6. The analycity assumption in the definition is better understood in view of the
following example of a (semi-algebraic) function f(t) = v/#2 for t € R. The polynomial

P(z,y) =y* —a?
annihilates the graph, but f is not even differentiable at the origin.

Theorem 2.7 (see [BCR]). Given a semi-algebraic open set U C R™ and a semi-algebraic
function f: U — R the following equivalence holds:

fis of class € < fis a Nash function.

For what follows we refer the reader to [L1] where locally semi-algebraic sets were introduced
(later they were known as Nash sets).

Definition 2.8. A locally semi-algebraic set in an open set 2 C R™ is a set which in a neigh-
bourhood of any point a € §2 can be described by a finite number of polynomial equations or
inequalities.

Remark 2.9. In particular, any set E2 C €2 described by Nash functions in an open semi-algebraic
set 2 is locally semi-algebraic. This implies that a semi-Nash set, i.e., a set described locally by
Nash functions, is a locally semi-algebraic set (and vice versa).

Recall that a Nash submanifold is a submanifold admitting an atlas of Nash functions. Let us ob-
serve that a point of a locally semi-algebraic set is regular if and only if in a small neighbourhood
of this point the set is a Nash submanifold.

Proposition 2.10. For any semi-algebraic set E C R™ there exists an algebraic set V.C R"
such that V O E and dimV = dim E.

8In this text ‘variety’ and ‘manifold’ mean the same.
91f U is connected, it is easy to check that the same polynomial is good at each point, i.e., P(z, f(z)) =0 in
the whole of U.
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Proposition 2.11. FEach connected Nash submanifold N C R"™ which is closed in a semi-
algebraic set is semi-algebraic. In particular, the frontier N \ N is semi-algebraic iff N is
semi-algebraic.

The following proposition provides a link between semi-algebraic and locally semi-algebraic
sets:

Proposition 2.12. If U is an affine chart of P, and A C U, then A is semi-algebraic in U if
and only if A is locally semi-algebraic in Py,.

It can be proved that any semialgebraic function f: 2 — R, where Q C R"™ open, is Nash
ouside a nowhere-dense semialgebraic set Z C €. This implies that the category of semi-algebraic
sets admits Nash-analytic cell decomposition.

Two more facts about semi-algebraic functions, that we provide with Lojasiewicz’s proofs:

Lemma 2.13. Let f: (a,+00) — R be semi-algebraic. Then for some byN > 0, there is
|f(2)] <2, when x > b.

Proof. Write f = |J; ﬂj{Pi = 0,Q;; > 0} and observe that due to univalence of the graph,
for each ¢ there is P; # 0. Let P = [[, ;. Since P(z, f(z)) = 0, then f(x) is the root of
the polynomial P(z,-) with polynomial coefficients a;(x), i = 1,...,d. If ag(z) is the leading
coefficient, then for some b > 0 there is ap(x) # 0, if x > b. Now, f(x) being a root, one has

) 1/j
If(z)|§2m(5x<|a1(x)|> "oas,

i=1 \Jao(x)|

and the lemma follows. O

Theorem 2.14 (Lojasiewicz’s inequality). If f,g: K — R are continuous semi-algebraic func-
tions on a compact semi-algebraic set K and f~1(0) C g=*(0), then for some C,N > 0 there
18

[f(z)] = Clg(@)|Y, ze€K.

Proof. For t > 0 let Gy := {z € K | t|g(xz)] = 1}. These are compact semi-algebraic sets. If
G # O, then let m(t) := maxg, 1/|f|, otherwise put m(t) = 0. The function m: (0,400) — R
is semi-algebraic and thus by the preceding lemma, m(t) < IV for ¢ > b. This means that for all
r € K, |g(z)| € (0,1/b) implies |g(z)|N < |f(z)|. Finally let

M = max{|g(2)|"/|f(2)| |« € K |g(x)| > 1/b}
and C := max{M, 1}. The assertion follows. O

Remark 2.15. Taking g(z) := dist(z, f~1(0)) we obtain the semi-algebraic version of the general
Lojasiewicz inequality:

(#) |f(2)] > const.dist(x, f1(0)N, z¢€K.
On the other hand, by applying the theorem to the functions G and F' defined as

G: Kx K3 (z,y) = |f(z) - f(y)l
and F(x,y) = ||z — y|| we obtain the Holder continuity of f (with exponent 1/N).

Corollary 2.16 (Regular separation). If A, B are compact nonempty semi-algebraic sets, then
for some constants C, N > 0,

dist(z, A) > Cdist(z, ANB)", =z € B.
Proof. Apply the preceding theorem to f(z) = dist(z, A) and g(z) = dist(z, AN B). O



A LONG AND WINDING ROAD TO DEFINABLE SETS 67

Remark 2.17. Both inequalities exclude any kind of flatness. In particular regular separation
means that the possible tangency of two sets at a common point is not of infinite order.

Example 2.18. The above properties may not be satisfied in general o-minimal structures —
for instance, Rey, contains exp(t) and exp(—1/t?) as definable functions: the first one does
not satisfy the inequality in the lemma above, the second one does not satisfy the Lojasiewicz
inequality where ¢ is the distance to the origin (neither is its graph regularly separated from its
domain).

Let us also note the following theorem, whose direct and elegant proof is presented in [S]:

Theorem 2.19. Let A be semi-algebraic and let A®) = {x € A | ANU is a k-dimensional
analytic (Nash) manifold for some neighbourhood U > x}. Then A®) s semi-algebraic. In
particular, the set of singular (i.e., non regqular) points is semi-algebraic of dimension < dim A.

Remark 2.20. Finally, observe that for R™ the semi-algebraic homeomorphism h(z) = x/(1+]|z||)
sends any semialgebraic set onto a semi-algebraic bounded set. This remark is important in view
of the fact that subanalytic sets form an o-minimal structure only if we restrict ourselves to those
of them which are ‘bounded at infinity’. In that case we have of course an analogy between that
class of sets (considered already in [T]) and semi-algebraic sets. See Definition 2.59.

2.2. Semi-analytic sets (Lojasiewicz 1965).

Definition 2.21. A set A C R™ (or, more generally A C M, where M is an analytic variety) is
called semi-analytic, if for any = € R™, there are a neighbourhood U 3 x and analytic functions
fi»gi; in U such that

P q
i=14=1

A mapping f: F — R” with £ C R™ is said to be semi-analytic if its graph is a semi-analytic

set in R™t7,

Example 2.22. Note that the description is local but not in the sense that we are moving along
the set in question. The difference is better understood on the following example:

the graph G := {(z,sin(1/z)) | * > 0} is semi-analytic in R}, x R but not in the whole of R?
because no point (0, y) with |y| < 1 has a neighbourhood in which G can be described by a finite
number of analytic equations and inequalities.

It is easy to check that the sets semi-analytic in a given analytic manifold form a Boolean
algebra. Moreover, the union of a locally finite family of semi-analytic sets and the pre-image
of a semi-analytic set by a semi-analytic mapping are semi-analytic. Semi-analytic sets have
almost all the nice properties of semi-algebraic sets except that they need not be stable under
proper projections.

The theory of semi-analytic and subsequently subanalytic sets originates in Lojasiewicz’s
solution to Laurent Schwartz’s famous Division Problem (1957), see [L2] for an account.
S. Lojasiewicz was the first person who meticulously built the fully systematized theory of semi-
analytic sets (as in his preprint [L1]), using normal partitions which are a very clever tool, being
a particular instance of a stratification:

Definition 2.23. A family of submanifolds of a manifold M is called a stratification of M if

e M is the union of the sets of the family
e the family is locally finite,
e the sets of the family are pairwise disjoint,
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e for any leaf (or stratum) I" belonging to this family, its frontier I'\ I is the union of some
members of the family with dimensions strictly smaller than dimT".

Definition 2.24. Let f be a function of nonvanishing germ at a, a point of a real analytic
manifold M. A stratification of a neighbourhood of a is said to be compatible with f if on any
leaf of the stratification either f =0, or f # 0.

Let E C M. A stratification N is compatible with the set E if, for any stratum I' € N, either
FCcE, oo TNE =g (1.

In 1965, Lojasiewicz presented a construction of the so called normal partitions which are
special stratifications of normal neighbourhoods. The normal neighbourhoods form a topological
basis of neighbourhoods. The normal partition of a neighbourhood starts with choosing the
direction that is good for the Weierstrass Preparation Theorem and replacing the zeroes of an
analytic germ by the zeroes of a distinguished polynomial. Then the construction goes down.
At each step a good direction must be chosen (this makes the construction non-explicit), the
distinguished polynomials are complexified and their determinants are studied in order to control
multiple zeroes. All this ends up as a very detailed stratification called normal partition. For a
thorough construction, consult [E1] and [DS1].

Theorem 2.25 (Lojasiewicz). Let f1,..., f. be analytic functions defined in a neighbourhood of
the origin of a finite dimensional real vector space. Then there exists a normal partition N at 0
compatible with f1,..., fr. (The same is true on any real analytic manifold.)

Normal partitions play a crucial role in the theory of semi-analytic sets. The striking fact
about the normal partitions is that the existence of such a partition compatible with a given set
is a necessary and sufficient condition for the set to be semi-analytic:

Theorem 2.26 ([L1]). A set E C M is semi-analytic if and only if at any point a € M there is
a normal partition compatible with E.

Remark 2.27. Of course, given a finite family of semi-analytic sets in a real analytic manifold
we can always find a normal partition compatible with them, which is just a restatement of
Theorem 2.25.

Normal partitions are also used to prove the semi-analytic version of the Bruhat-Cartan-
Wallace Curve Selecting Lemma:

Lemma 2.28 (Semi-analytic curve selecting lemma). Let E be a semi-analytic set and suppose
that a € E\ {a}. Then there exist an analytic function v: (0,1) — E yielding a semi-analytic
curve and such that lim;_,o4 v(t) = a.

As the construction of normal partitions is somehow tiring, this strong (but elementary) tool
was used almost uniquely by Polish mathematicians, with one important exception: Pfaffian
varieties, the theory of which started in Dijon (see section 3).

Although the distance to a semi-analytic set need not be semi-analytic (it is subanalytic —
see last section Theorem 4.3) we have the following:

Theorem 2.29. The statement of Corollary 1.12 is true in the semi-analytic category. More-
over, the Lojasiewicz inequalities 2.14 and (#) as well as the reqular separation 2.16 and Hélder
continuity hold for semi-analytic sets.

To finish this part let us quote two important theorems:

101y other words, I' N E # @ =T C E, just as in Definition 1.18.
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Theorem 2.30 (Lojasiewicz). For any semi-analytic set A, the family cc(A) is locally finite
and each component C' € cc(A) is semi-analytic.

Theorem 2.31 (Lojasiewicz). An obvious analogon of Theorem 2.19 holds for semi-analytic
sets.

2.3. Subanalytic sets (1975). For this part we refer the reader to [DS1] for the most detailed
presentation. Otherwise, there are: [BM] (a much more concise presentation but including an
elementary approach to uniformization), and still less detailed, Lojasiewicz’s book [LZ] written
in Spanish and Lojasiewicz’s short survey [L2]. And of course there is the preprint of H. Hironaka
presenting his approach via desingularization [H2].

After completing the theory of semi-analytic sets in 1965 S. Lojasiewicz tried to study the
projections of relatively compact semi-analytic sets but was stopped by the difficulty of the
theorem of the complement.

The theorem of the complement was finally proved, independently, by H. Hironaka and
A. Gabrielov. For H. Hironaka the theory of subanalytic sets was a kind of by-product of his
famous desingularization theorem (compare [H1]). Gabrielov in [G] proved the theorem in an el-
ementary way, reducing it to the study of complements of the graphs of functions. S. Lojasiewicz
decided to build the theory of subanalytic sets from a scratch, using normal partitions and an
idea of René Thom, which was later given the name of Fibre-Cutting Lemma.

Many mathematicians proved very interesting subanalytic results using Hironaka’s approach.
Let us quote M. Tamm or R. Hardt and his very interesting stratification theorems [Ht1]. All
theorems about subanalytic sets can be obtained by Lojasiewicz’s methods, too. They are
gathered in [DS1].

Definition 2.32. A set F in a real analytic variety M is called subanalytic if for any x € M
there is a neighbourhood U > z such that ENU = m(A), where w: M x N — M is the natural
projection, N is a real variety and A is semi-analytic and relatively compact in M x N.

Remark 2.33. Projections of semi-analytic sets need not be subanalytic even if the sets are
relatively compact and the projections are proper(!!) — see Example 4.1. That is a major
difference with the definable case that should be borne in mind.

Remark 2.34. The union of a locally finite family of subanalytic sets and the intersection of a

finite family of subanalytic sets are subanalytic.

Let us speak now about a very useful concept of S. Lojasiewicz, namely N -relatively compact
sets and their projections.

Definition 2.35 ([L1]). Let M, N be two analytic varieties and let w: M x N — M the natural
projection. A subset E C M x N is called N-relatively compact if for any A C M relatively
compact the set (A x N) N E is relatively compact, too.

Remark 2.36. If the set E in the definition above is subanalytic in M x N, then 7 (FE) is suban-
alytic, too.

Definition 2.37. A map f: E — N, where E C M is a nonempty subanalytic set, is subanalytic
iff its graph f is subanalytic in M x N.

Note that the domain of a subanalytic map need not be subanalytic, especially if its graph is
not N-relatively compact.

HThe pre-image of any compact set is compact
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Definition 2.38. A map f C M X N is said to be h-relatively compact if the pre-image of any
relatively compact subset of N is relatively compact. The map f is called v-relatively compact
if the image of any relatively compact subset of M is relatively compact (2).

Remark 2.39. f is h-relatively compact iff its graph est M-relatively compact and f is v-relatively
compact iff its graph is N-relatively compact. If f is proper, then it is h-relatively compact and
each continuous f: M — N with closed domain is v-relatively compact.

Proposition 2.40. Let f C M x N be a map and E a subanalytic subset of N. Any of the
following conditions guarantees that f~1(E) is subanalytic:

(a) f is subanalytic v-relatively compact (*3),

(b) E is relatively compact and f is subanalytic.

Proof. Observe that f~1(E) = w(fN(M x E)), where m: M x N — M is the natural projection,
and apply 2.36. (I

Remark 2.41. Note that in o-minimal structures the assertion holds without any extra assump-
tions on the definable function f.

Proposition 2.42. Let f C M x N be a map and H a subanalytic subset of M. Then any of
the following conditions implies that f(H) is subanalytic in N :
(a) f is subanalytic h-relatively compact (1*);
(b) H is relatively compact and f is subanalytic;
(c) H is relatively compact and f is analytic in a neighbourhood of H;
(d) f is analytic in a neighbourhood of H and f|g is proper.

Proof. 1t suffices to apply Remark 2.36 and observe that, if 7: M x N — N is the natural
projection, then f(H) =n(f N (H x N)). O

We give below three other definitions of subanalytic sets (they all are equivalent):

Definition 2.43. A subset E of a real analytic variety M is called subanalytic if for each x € M
there is a neighbourhood V such that £ NV is the image of a semi-analytic set by a proper
analytic mapping.

Proposition 2.42 implies that this definition is equivalent to the previous one.
Theorem 2.44 (Gabrielov). If E C M is subanalytic, then so is M \ E.

Proposition 2.45. Basic properties of a subanalytic set E C M :

e The closure and thus the interior (cf. Gabrielov’s Theorem) of a subanalytic set are
subanalytic.

The connected components C € cc(E) are all subanalytic.

The family cc(E) is locally finite in M.

If E is relatively compact, then #cc(E) < co.

FE is locally connected.

If F C F is open-closed in E, then it is subanalytic.

The Curve Selecting Lemma holds for subanalytic sets: if a € E \ {a}, then there is an
analytic function v: (—1,1) — M such that v(0) = a and v((0,1)) C E. Moreover, v is
a homeomorphism on its image I’ which is a semi-analytic arc of class €.

’Y|[0,1)

12p comes from ‘horizontally’, while v stands for ‘vertically’, cf. one looks ‘through’ the graph.
13This is the case if e.g. f is analytic in M.
MThis is the case if e.g. f is analytic in M and proper.
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The proofs are based on the analoguous properties of semi-analytic sets and the Fibre-cutting
Lemma (Lemmata A and B below).

Proposition 2.46. Basic properties of subanalytic functions:

o The composition g o f of subanalytic functions is subanalytic provided that either f is
v-relatively compact, or g is h-relatively compact.
o If fi....fr: A— N;,i=1,...,k are subanalytic, then the mapping

(fiyooosfe): A= Nix ... x Ny

s subanalytic, too.
o The sum, the product and the quotient of real subanalytic functions defined on M is
subanalytic, provided they are all locally bounded.

Remark 2.47. Similar properties are satisfied by definable functions without extra assumptions.
Note in particular that the composition of two subanalytic functions need not be subanalytic.
The apparent analogy to semi-algebraic geometry or o-minimal structures is responsible for the
fact that authors that use the subanalytic theory are often oblivious to that subtlety.

Definition 2.48. A semi- or subanalytic leaf in M is any analytic submanifold of M which is
at the same time a semi- or, respectively, subanalytic set.

Example 2.49. The graph of y = sin 1/z is not subanalytic in the plane (note that the dimension
of its frontier is again 1 which would be impossible for a subanalytic set, as Theorem 1.31 holds
in the subanalytic category) although it is an analytic submanifold of it.

The following theorem of Lojasiewicz plays an important role in his theory of subanalytic sets
without desingularization:

Theorem 2.50 (Lojasiewicz). Let T’ be a semi-analytic leaf in an affine space X. Denote by
Gr(X) the kth Grassmannian of X. Let 7: T' 3 o — T,I' € Gx(X), where k = dimT', be the
tangent mapping (T, T is the tangent space at x). Then for any semi-algebraic set E C Gr(X),
the pre-image 71 (E) is semi-analytic in X .

For the subanalytic generalization see Theorem 4.23.
The key role in the subanalytic theory is played by the following lemmata suggested by René
Thom (see [DLS]):

Lemma (A) (Decomposition). Let A be a semi-analytic, relatively compact subset of real, finite-
dimensional vector space X. Assume that X = U @V is the direct sum of two vector spaces
and let m: X — U be the projection parallel to V. Assume that Gi(X) is decomposed into a
finite number of open semi-algebraic sets: G(X) = UGl(-k). Then there exists a finite family of
semi-analytic leaves {T';} such that A =T, and

(1) the rank rk 7r; is constant on each T';,

(2) the I'; are members of some normal partitions,

3) for any j there is an i such that 7(T';) C G where k = dimT ;.
J 7 J

Lemma (B) (Replacement). Let A, X, U, V, 7 and ng) be as in Lemma A. Then there is a finite
family of semi-analytic leaves {I';} such thatT'; C A,w(A) == (UT;) and

(1) for any j, mr; is an immersion,

(2) the I'; are members of normal partitions,

(3) for any j there is an i such that 7(T';) C ng), k=dimT;.
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Remark 2.51. If E is semi-analytic, then 7= (E) is only subanalytic (see 4.23), but in case where
I" is semi-algebraic, 7 is semi-algebraic as well.

Hironaka started his theory with a different definition of subanalytic sets:

Definition 2.52. A set FE is called subanalytic if for any point of M there is a neighbourhood
V such that

p
EnV = U fir(Ain) \ fiz(Ai2)
i=1
where f;; are analytic and proper and A;; are analytic sets.

The fourth definition of subanalytic sets is:

Definition 2.53. A subset E C M is called subanalytic in M if for any point of M there is a
neighbourhood V such that

ENV = U fir (M) \ fio(M;2),

i=1

with f;;: M;; — M analytic and proper, and this time M;; analytic varieties.

Theorem 2.54 (see [DS1] for a proof). All four definitions of subanalytic sets are equivalent.
Finally let us recall other important theorems:

Theorem 2.55 (Lojasiewicz). The Lojasiewicz inequality 2.14 and (#) as well as the regular
separation 2.16 and Hélder continuity of functions hold for subanalytic sets.

Theorem 2.56 (Gabrielov). Let E C M x N be a relatively compact subanalytic set, where
M, N are analytic varieties. Then there is a constant N such that #cc(E,) < N for all z € M.

A deep result of W. Pawlucki below is a subanalytic version with parameter of the well-known
complex Puiseux Theorem:

Theorem 2.57 ([P1]). Let X,Y be two real, finite-dimensional vector spaces, I' a subanalytic
leaf relatively compact in X, ©: T'x(0,1) = Y an analytic map which is subanalytic in X xRxY
and bounded.

Then there exists a closed subanalytic set E CT', dim E < dimT' and k € N such that:
for alla € T\ E the map (x,t) = O(z,t*) has an analytic extension to a neighbourhood of (a,0)
n ' x R.

Using this K. Wachta obtained an important version of the Curve Selecting Lemma 2.28 for
open subanalytic sets:

Theorem 2.58 (Wachta). Let E C R"™ be an open subanalytic set and a € E. Then the arc
from the Curve Selecting Lemma can be chosen semi-algebraic (i.e., Nash).

Of course, the openness assumption is unavoidable due to the existence of transcendental
curves.

At this point we stress again the fact that subanalytic sets do not form an o-minimal structure
(*%). They will, if we restrict ourselves to the so-called globally (or totally) subanalytic sets:

I5The difference in behaviour of subanalytic and definable sets may be illustrated by the main result of [Di],
see the last section.
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Definition 2.59. A subanalytic set £ C R"™ is called globally subanalytic if its image by the
semialgebraic homeomorphism h(xz) = z/(1 + ||z||) sending it to the unit Euclidean ball is
subanalytic.

Theorem 2.60. Globally subanalytic sets form an o-minimal structure which coincides with
Ran-

Remark 2.61. The same class of sets is obtained starting from functions subanalytic at infinity
(see [T], see also [DS1]), i.e., such subanalytic functions f: M — R which are subanalytic in
M x St.

We end with a very useful lemma of K. Kurdyka, generalizing a result of M. Tamm (for €%),
and its application:

Lemma 2.62 (Kurdyka). Let f: U — R be a function subanalytic at infinity, U C R™ an
open set. Then there is k € N such that for any x € U, if f is of Gateauz class 9% (*°) in a
neighbourhood of x, then f is analytic at x.

Remark 2.63. In connection with Remark 1.20 we may observe that this lemma readily implies
that the structure R,, admits analytic cell decomposition (compare Theorem 1.19).

This was used by Kurdyka to obtain a desingularization-free proof of the following:

Theorem 2.64 (Tamm [T]). For any subanalytic set E the set of singular points E \ RegE is
subanalytic of dimension strictly smaller than dim E.

Remark 2.65. There is no direct counterpart of the subanalytic Puiseux Theorem or the lemma
above in general o-minimal structures (a necessary condition would be their polynomial bound-
edness, cf. Definition 4.5). Tamm’s Lemma can be extended to the structure R,y f, rer defined
by the restricted analytic functions together with f,.(t) = ¢" for ¢ > 0 and f,.(¢) = 0 for ¢t < 0.
This implies analytic cell decomposition in the structure. See [vdDM] for details.

3. PFAFFIAN VARIETIES AND SUBPFAFFIAN SETS

This case is treated separately because it is much more recent than those dealt with in sections
1 and 2 and has an interesting history, often forgotten when Pfaffian sets are considered only on
the ground of the model theory.

Subanalytic sets are insufficient for studying, for instance, the problems that arise in differ-
ential equations. Let us quote the following example from [MR]:

T =y,
7 = 22

The solutions of such a simple polynomial system are flat functions const.exp(—1/z) which are
not subanalytic, but still quite regular, not to mention the fact that they arose from a simple
polynomial dynamical system.

Outside France the history of Pfaffian varieties and the context in which they were born are
totally unknown. And this despite the fact that [Ho2] contains a good historical introduction
about how Pfaffian, semi-Pfaffian and sub-Pfaffian sets came into being. It all started with

16Recall that a function f: U — R with U C R™ open is of class % in U if at any point « € U f possesses its
kth Gateaux derivative: for any h € R™, the function ¢ — f(z + th) is k times differentiable at zero and the kth
derivative is a homogeneous polynomial of degree k in h.



74 ZOFIA DENKOWSKA AND MACIEJ P. DENKOWSKI

Hilbert XVIth problem and the works of Khovanskii (see [Kh], [MR], [W2]). Hilbert XVIth
problem deals with polynomial dynamical systems in the plane:

U-a

and the question whether their limit cycles (closed trajectories that are isolated in the set of all
closed trajectories of the system) can accumulate.

Extensive work was done on the subject in France and in Russia in the late 80’s. Let us
recall the names of Ilyashenko and Trifonov as well as those of Roussarie, Moussu, Ecalle and
Ramis. Hilbert’s question went further (Hilbert wanted to obtain a formula relating the maximal
number of limit cycles to the degrees of P and @ above) but just their non-accumulation was
a very difficult problem. As limit cycles can only accumulate on limit sets (cf. e.g. [DR]), it is
possible to write a generalization of the classical Poincaré map, called the map of first return
as it associates to the starting point (time ¢) the point of the first return to the curve we chose
as transversal to the limit set, v(¢). Back in 1988 R. Moussu started studying the properties of
such mappings in order to show that v(t) — ¢, even when it is not analytic, has no accumulation
of zeroes. The map ~(t) is seldom subanalytic — it often comes out infinitely flat. The idea was
then to show it cannot oscillate.

Since solving (PD.S) is equivalent to studying w = 0, where w is the differential form (i.e.,
Pfaffian form) w = —Q(x, y)dz + P(z,y)dy, the notion of Pfaffian varieties was introduced by
R. Moussu and C. Roche and studied, initially by Moussu, Roche and J.-M. Lion. There is a
very good survey about that written by Moussu [M], based on [MR].

Definition 3.1. A Pfaffian hypersurface in R™ is a triplet (V,w, M), where M C R" is open and
semi-analytic, w is an analytic one-form defined on a neighbourhood of M and V is a maximal
integral variety of w = 0 in M, smooth and of codimension 1 (7).

In other words we are given a codimension one foliation of a neighbourhood of M having V'
as one of its leaves and no singularities on M.

Definition 3.2. Let X C R™. (V,w, M) is of Rolle in X (or just of Rolle, ift X = M), if for any
analytic y: [0,1] — X N M there is a t € [0, 1] such that v'(t) € Kerw(vy(t)) (*%).

In other words, any analytic path in X N M connecting two points of V is tangent at some
point to the field of hyperplanes defined by w = 0. In particular this excludes spiralling.

Definition 3.3. A Pfaffian hypersurface (V,w, M) is separating, if the complement M \ V has
exactly two connected components whose common border in M is V.

By a theorem of Khovanskii, a separating Pfaffian hypersurface is always of Rolle. The
converse is not true as can be seen by considering M = R?\ {0} and w = 2?dy — ydz. Any
integral curve of w = 0 is a Pfaffian hypersurface of Rolle and thus in particular the graphs of
const.exp(—1/x), x > 0. But their complement in M is connected. Besides, that example shows
that in general V is just an analytic immersed submanifold which is not semi-analytic in R™.

Theorem 3.4 ([MR]). Let S(w) = {z | w(z) = 0} be the singular locus of w. If M\ S(w) is
simply connected, then any Pfaffian hypersurface (V,w, M) is of Rolle. If w is integrable (19),
then for any Pfaffian hypersurface (V,w, M), V is a leaf of the foliation defined by w.

7That is to say: w(z) #0if z € V, Kerw = T,V and V is the maximal variety with this property among all
the connected immersed subvarieties of M.

1811 some sense that is an inverse approach to the classical Rolle Theorem: think of w = dy in R? and any
differentiable function y = v(z) such that e.g. v(0) = v(1) = 1 — at some point ¢ there is v/(t) = 0.

191 the sense that w A dw = 0 cf. the Frobenius Theorem.
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Theorem 3.5 ([MR]). Let X C R™ be semi-analytic and bounded and let w1, ... ,wy be analytic
one-forms in a neighbourhood of M, where M C R™ is an open semi-analytic set. Then there
exists a natural number b = b(M, X, w1, ...,wg) such that #cc(X NViN...N V) < b, where
(Vi,wi, M) are Pfaffian hypersurface of Rolle.

Remark 3.6. The last theorem implies Lojasiewicz’s Theorem bounding the number of connected
components of the sections of a semi-analytic set.

The interesting point here is that this is the only case of applications of Lojasiewicz’s normal
partitions outside Poland. Despite the fact that Lojasiewicz did this work in France (his preprint
was published in 1965 by IHES), the normal partitions were almost exclusively used in Poland.
Applying them to study the sets that appear as solutions of differential equations was, indeed,
a very original, ingenuous and unexpected way to use them.

This happened before the o-minimal structures were introduced.

Lion and Rolin [LR] proved that relatively compact Rolle (i.e., non-spiralling) leaves of a real
analytic foliations belong to a class of stratifiable subsets of R™ which is stable under intersection,
union, set difference, linear projections and closure. That means that Rolle leaves belong to an
o-minimal structure.

The basic properties of Pfaffian hypersurfaces are all gathered (with proofs) in the article of
R. Moussu and C. Roche. Later, numerous other extremely useful properties of Pfaffian sets
were proved. For instance Lion [L] showed, (with the use of Lojasiewicz’s normal partitions) that
there is a semi-analytic stratification of a neighbourhood of each point a € R™, compatible with
an analytic differential one-form w and a semi-analytic open set M. This stratification allows a
local decomposition of every integral hypersurface V of w = 0 into ‘plaques’ . Every leaf is the
graph of an analytic function and if a is in the closure of a leaf, then a Pfaffian curve ending in a
with a tangent lies in V. Lion and Roche obtained a Pfaffian Curve Selecting Lemma and then
Lion proved a Pfaffian version of the Lojasiewicz inequality.

A natural thing is to construct subpfaffian sets starting from semipfaffian sets defined using
intersections of leaves of Pfaffian foliations with the strata of Lojasiewicz’s normal partitions
(just like it was done for subanalytic sets). This way of proceeding originates in a question asked
by R. Moussu and M. Shiota — what do we obtain by adding to the class of subanalytic sets the
solutions of Pfaffian equations? And this is how the whole theory is presented in the interesting
paper [Hol]. (In what follows we can replace R™ by an analytic manifold N.) Semipfaffian
geometry was suggested already by [L] or [MR]. In [Hol] Z. Hajto proved a kind of analog of
Gabrielov theorem on the complement 2.44. We present it hereafter.

Definition 3.7. A normal partition A is said to be strongly adapted to a finite family of Pfaffian
hypersurfaces V := {(V;,w;, M;), }ier if it is adapted to {M;}; and any subfamily of {w;} in the
sense that for any leaf ' € A there are w,,...,w;, forming a base at each point z € T" for the
linear span (in (R™)*) of {w;(x)}.

Then by [L], for any leaf I' € A such that all the hypersurfaces from V is of Rolle for paths in
I, the collection Vr := {(,c; Vi NI} jc; is a finite family of analytic submanifolds with normal
crossings in I'; we call them Pfaffian leaves. These induce a stratification of I' when we consider
the connected components of Ny \ Ny_; (with N_; = @) where N, = | J{L € Vr | dim L < k},
k=0,...,dimI". These connected components are called semi-pfaffian leaves.

Definition 3.8. A subset E C R" is semi-pfaffian (respectively: basic semi-pfaffian) if at every
point a € R"™ there is a finite family of Pfaffian hypersurfaces V' defined for neighbourhoods
M; > a and a normal partition AV, defined in a normal neighbourhood U > a, strongly adapted
to V and such that ENU is a finite union of semipfaffian leaves. (respectively: of Pfaffian leaves
defined by some strata of N).
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Locally finite unions and intersections and the Cartesian product of semipfaffian sets are
semipfaffian. The family of connected components of a semipfaffian set is locally finite and
the components are semipfaffian as well. However, there lacks the theorem on the closure of a
semipfaffian set (and this is exactly a theorem one needs in the subanalytic category in order to
prove the Gabrielov Theorem on the complement of a subanalytic set).

Definition 3.9. A subset £ C R™ is subpfaffian if each point a € R™ has a neighbourhood U
such that ENU = 7(A) where A C R"™ x R* is a relatively compact basic semipfaffian set and
7: R™ x R¥ — R™ is the natural projection.

Again locally finite unions and intersections remain in the category as well as the connected
components which again form a locally finite family. Moreover, the projection on R” of a R*-
relatively compact subpfaffian set £ C R x R¥ is subpfaffian. In [Ho2] lemmata A and B are
proved for subpfaffian sets. We remark that by a result of Cano, Lion and Moussu, the frontier
of a Pfaffian hypersurface of Rolle is a subpfaffian set.

Definition 3.10. A semipfaffian set E C R" is subregular if E'\ E is contained in a closed
subpfaffian set of dimension < dim E (the dimension being computed in the sense of Lojasiewicz
2.1).

Theorem 3.11 (Hajto). Any basic semipfaffian set is subregular.
Remark 3.12. This theorem implies that the closure of any subpfaffian set is subpfaffian.
Theorem 3.13 (Hajto). The complement of a subpfaffian set is a subpfaffian set.

All this is a good starting point for further study of the solutions of Pfaffian equations.
There is also another approach to Pfaffian geometry and we really do mean another, since

until now nobody has compared Rps,g with the following construction.

Definition 3.14. A ¢! function f: R® — R is called Pfaffian if there exist €' functions
fi,-- s fr: R® = R with fi = f, such that

Afi
8xj

() = Pij(z, fr(x),..., filzx)), i=1,...,k,j=1,...,n,

for some polynomials P;;.
The exponential function is clearly a Pfaffian function. Actually, any exponential polynomial
flxy,. .. xn) = P(x1,..., 2y, €%, ... €77),

where P is a polynomial in 2n variables, is a Pfaffian function. By a theorem of Khovanskii
[Kh], any set of the form f~1(0) where f is Pfaffian, has only finitely many connected com-
ponents. Using these functions one constructs the structure Rpg,g. It has remained for long
an open question whether this structure is o-minimal. In 1991, A. J. Wilkie [W1] proved the
theorem of the complement (an analogous to the Gabrielov theorem for subanalytic sets) for
geometric cathegories that include functions of the form P(zy,...,2,,log 1, ....,logz,) or again
P(x1,...,Tn,exp(z1), ..., exp(xy)).

Finally, in 1999 it was proved by Wilkie that:

Theorem 3.15 ([W2]). The structure Rpg.g is o-minimal.
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4. RELATIONS AND DIFFERENCES BETWEEN THE CLASSES OF SETS INTRODUCED SO FAR

We start with observing that the following inclusions of the Boolean algebras we were talking
about hold:

semi-algebraic sets C locally semi-algebraic sets C semi-analytic sets C subanalytic sets.

In other words we have an increasing chain of classes used as a model for introducing o-minimal
structures.

The simplest example of a semi-analytic set whose projection is no longer semi-analytic was
given by Lojasiewicz using the Osgood transcendental function f(z,y) = (xy, ze?).

Example 4.1. Let A := {(z,y,2y,2ze¥) | z,y € (0,1)} and consider 7(z,y,u,v) = (x,u,v).
Then 7(A) = {((z,y,2e¥/*) | 0 < y < & < 1} and this set is not semi-analytic at 0 € 7(A). If
this were the case, there would be a description

P g
7T(A) nU = U n{fl(xayvz) = Oagij(zvyaz) > O}
i=1j=1

with f;, g;; analytic in the neighbourhood U of zero. The set m(A) is the graph of an analytic
function and so it is not open. This implies that for some i there is f; % 0 and f; vanishes on some
open subset of 7(A). By the identity principle, f; = 0 on 7(A) NV with some neighbourhood
V C U of zero, i.e., f(z,zy,ze¥) =0 for x € (0,¢), y € (0,1).

Expanding f; = > -, P, into a series of homogeneous forms P, of degree v, with P, # 0,
yields then P,(1,y,e¥) = 0 for all v and all y € (0,1), and thus for all y € R. Then

Q(y7 Z) = Pk(layv Z)

is a non-zero polynomial vanishing on the graph of the exponential function which is a contra-
diction.

There are however two instances when the projection respects semi-analycity:

Theorem 4.2 ([L1]). Let M, N be analytic varieties and A C M x N a semi-analytic set M-
relatively compact. Let w: M x N — N be the natural projection. If either dim A < 1, or there
is a semi-analytic set in N of dimension < 2 containing w(A), then w(A) is semi-analytic. In
particular, this is the case, if dim N < 2.

e Among the well-known and widely used results concerning subanalytic sets there is the fact
that the Euclidean distance to a semi- or subanalytic set is subanalytic. As we have seen, this
result is valid also in o-minimal structures: the distance to a definable set is definable. However,
with subanalytic sets one has to be somewhat more cautious — the assertion stated above is not
quite right (though one comes across it even in textbooks!).

Theorem 4.3 (Raby). Let E be subanalytic in an open set U C R™ and let §(x) = dist(z, E)
denote the Euclidean distance. Then § is subanalytic in some neighbourhood V. C U of E.
Besides, if U =R"™, then V' can be taken to be R™, too.

However, if U # R™, then in general V C U as is shown in the following example of Raby:

Example 4.4. The set E = {(1/n,0) | n = 1,2,...} is semi-analytic in R? \ {0}. If § were
subanalytic in the whole of R?\ {0}, one would have

{z e R2\ {0} | 6(z) =1} N (R x {1}) = {(0,1),(1/n,1),n=1,2,...}

which clearly is not subanalytic, being discrete and accumulating in R? \ {0}.
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It is worth noting that for a € R the function ¢, ¢t > 0 is subanalytic if and only if & € Q.
This is a consequence of Theorem 2.57. On the other hand, in the structure Rey, any ¢ is
definable, because Int is so (as the inverse of the exponential) and t* = exp(alnt). Of course
each t* is definable in Ray ¢, rer.

On the other hand, as noted in Example 2.18, such nice properties as the Lojasiewicz inequal-
ities do not hold in general o-minimal structures. They are satisfied in polynomially bounded
o-minimal structures. These are defined by analogy to Lemma 2.13:

Definition 4.5. A structure is polynomially bounded if every function f: R — R definable in it
satisfies for some N, f = O(t") at infinity.

This property has a very nice characterization:

Theorem 4.6 (Miller [Mi]). An o-minimal structure is not polynomially bounded iff the expo-
nential function is definable in it.

Theorem 4.7 (cf. [vdDM]). In a polynomially bounded o-minimal structure, continuous defin-
able functions on compact sets are Holder continuous and they satisfy the Lojasiewicz inequality
2.1/ (therefore also the property of reqular separation 2.16 is satisfied in such structures).

Nonetheless, there is a general definable counterpart of the Lojasiewicz inequality, namely:

Theorem 4.8 ([vdDM]). If f,g: A — R are continuous definable functions such that
f710) € g71(0) and A C R™ is compact, then there exists a P definable, strictly increas-
ing bijection ¢: R — R which is p-flat at zero (*°), such that |p(g(t))] < |f(t)] on A.

In [K1] Kurdyka showed in this spirit the general definable analogon of the Lojasiewicz gradi-
ent inequality, which is important due to its applications to the study of the gradient dynamics.
We recall both versions:

Theorem 4.9. (Gradient inequality.)

(1) Lojasiewicz’s classical gradient inequality: Let f: (R™,0) — (R,0) be an analytic germ (*1).
Then there exists 0 € (0,1) such that in a neighbourhood of zero ||gradf(z)|| > |f(z)]°.

(2) Kurdyka’s definable version: Let f: 0 — (0,4+00) be a definable differentiable function on an
open and bounded Q) C R™. Then there exist positive constants ¢, > 0 and a strictly increasing
positive definable function ¢: Ry — R of class €1 such that ||grad(¢ o f)(z)|| > ¢ whenever

f(z) € (0,r).

Remark 4.10. Of course the classical version cannot be applied to flat functions. Therefore it
cannot hold e.g. in Rey,. Though it may not be apparent, Kurdyka’s version is equivalent to
the Kurdyka-Parusinski generalization of the classical Lojasiewicz’s gradient inequality.

It may seem at first glance that the definable version consists only in avoiding the problem
of possible existence of flat definable functions by composing f with a kind of ‘desingularizing’
function. However, even in this form the generalized gradient inequality has a great impact on
the gradient dynamics (see [L3], [K1]):

Theorem 4.11. (1) Lojasiewicz’s gradient theorem: If f: (0,R™) — ([0,400),0) is analytic,
then there is a neighbourhood U of zero such that each trajectory y,(t) of ' = —gradf(x) with
y.(0) = x € U satisfies:

(1) yu(t) is defined for all t > 0;

(2) the length lg(y,) = O+°O [lys(8)|] dt is finite and uniformly bounded;

206, *(0)=0,k=0,...,p.
2174 is still true for f just subanalytic €.



A LONG AND WINDING ROAD TO DEFINABLE SETS 79
(3) there is an equilibrium point z € {gradf = 0} for which there is lim;_, o y.(t) = z (*?).
Moreover, the covergence is uniform with respect to x € U.
(2) Kurdyka’s gradient theorem: If f: U — R is definable and € on a bounded open set U C R™,
then:

(1) all the trajectories of —gradf have uniformly bounded length;
(2) the w-limit set of any trajectory consists of only one point.

Remark 4.12. For further information on applications in non-smooth analysis and optimization
we refer the reader to [BDLM]. Note by the way, that the first applications in optimal control
were done for subanalytic geometry, see e.g. [T], (or works of H. Sussmann, Lojasiewicz jr,
Brunovsky in optimal control, some other applications by B. Teissier — cf. the most recent [BT]
with J.-P. Brasselet — and J.-P. Frangoise, Y. Yomdin, e.g. [FY]...).

Another kind of application of subanalytic geometry, this time in approximation theory, was
performed by Pawlucki and Plesniak who introduced in [PP] wuniformly polynomially cuspidal
sets in connection with the Markov inequality for bounded subanalytic sets (here the Wachta’s
Curve Selecting Lemma 2.58 is useful). Their result was then carried over to the definable
setting (some o-minimal structures generated by quasi-analytic functions) by R. Pierzchala [Pr]
— polynomial boundedness of the structure is needed.

Another result that found direct applications:

Theorem 4.13 (Denkowska-Wachta). Let V' and W be two finite-dimensional real vector spaces
and m: V. x W — V the natural projection. If E C'V x W is subanalytic and F = w(E), then
there exists a subanalytic function ¢: F — W such that ¢ C E.

Here E can be seen as a subanalytic multifunction:
Fsv—FE,CW

and ¢ is what is called a selection for this multifunction. The theorem above has applications
in optimization where subanalytic multifunctions appear most naturally (cf. the works of R. J.
Aumann, H. Halkin and E. C. Hendricks or, more recently M. Quincampoix) and the problem
of finding a subanalytic selection is often crucial.

Remark 4.14. There exists a natural definable counterpart of this theorem, see e.g. [vdD]. It
may be used to obtain the Curve Selecting Lemma.

e Some more metric properties:

Definition 4.15. A set E C R™ has Whitney property (in the class €) if any two points z,y € F
can be joined in E by a rectifiable arc (in the class €) v of length lg(y) < ||z — y||” for some
c,r > 0.

The above notion is important. For instance if E is a fat set (i.e., intE = E) satisfying the
Whitney property, then any > function in int ¥ whose derivatives have continuous extensions
onto E, has a € continuation to R™\ E.

Theorem 4.16 (Lojasiewicz-Stasica). The analytic Whitney property holds for semi- and sub-
analytic closed sets.

Remark 4.17. Note that many properties of subanalytic sets hold in a ‘parameter version’, for
instance regular separation (with a uniform exponent, Lojasiewicz-Wachta), Whitney property
(uniform exponent, Denkowska), there is also a uniform bound on the lengths of arcs joining

221 other words, the w-limit set of y, consists of a single point.
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points in the fibres of a bounded subanalytic set (Teissier and Denkowska-Kurdyka). See [DS1]
for details.

On the other hand, Kurdyka in [K2] showed that any subanalytic set can be stratified into
subanalytic leaves (regular in the sense of Mostowski-Parusiniski) each of which satisfies the
Whitney property with exponent 1. The same kind of result for definable sets, this time with
parameter, has been obtained recently by B. Kocel-Cynk [KC].

The Whitney property is obviously involved in comparisons of the inner metric of a subanalytic

or definable set (*3) with the outer one and bi-Lipschitz equivalence problems. Here Kurdyka’s
Pancake Lemma from [K2] is the main ingredient: see the works of L. Birbrair and others e.g.
[Bb]). We recall shortly the idea:
A definable or subanalytic set X C R"™ is said to be normally embedded, if the identity map
induces a bi-Lipschitz isomorphism between the metric spaces (X;d,) and (X;d;), d, being
the outer (Euclidean) metric, and d; the inner one (this means precisely that the Lojasiewicz
exponent of X is equal to 1).

Theorem 4.18 (Pancake Decomposition [K2]). Let X C R™ be definable or subanalytic and
bounded. Then there exists a finite collection of definable/subanalytic subsets X; C X such that
(1) UXi = X;
(2) Each X; is normally embedded in R™;
(3) Vi # j, dim(X; N X;) < min{dim X;, dim X }.
The collection {X;} is called Pancake Decomposition.

A nice decomposition of subanalytic sets, crucial from the point of view of the Whitney
property (both in the subanalytic as in the definable setting):

Definition 4.19. An (L)-analytic leaf is a semi- or subanalytic subset of R™ which can be
written in appropriate coordinates as the graph of a function f € R*¥ x R** with open domain
and which is analytic with bounded differential.

Theorem 4.20 (Stasica). Any bounded subanalytic set in R™ is a finite union of (L)-analytic
leaves.

An analoguous theorem for semi-analytic sets is due to de Rham.

Just to stress once again the difference between the definable and subanalytic settings we quote
part one of the results from [Di] where the following problem is considered. Let M C Rf x R™
be a set with closed t-sections M; (not all empty) and let

m(t,x) ={y € M | ||z — y|| = dist(x, My)}.
Proposition 4.21 ([Di]). If M is definable, then the set
E:={(t,z) | #m(t,z) > 1}
is definable, too.
Example 4.22. We have already observed that without an additional assumption (like that
of M being z-relatively compact i.e., having proper projection onto R¥) we cannot expect the
function (¢,x) — dist(x, M;) to be subanalytic for a subanalytic M. Neither is the proposition
true in the general subanalytic setting:
+oo
M ={(z,1/z) |z >0}u [ J{(1/n,—n)} CR xR

n=1

23i.e., the greatest lower bound of the lenghts of rectifiable curves joining two points in this set; triangulation

theorems warrant this is well defined.
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is subanalytic, but E = (J{(1/n,0)} is not.

Nevertheless, the proposition above is true for subanalytic sets if we get rid of the parameter
t. In this case we could be tempted to derive the proof from the definable case applied to the
globally subanalytic sets M, = M N [—v,v|" C R™. However, the thing is more subtle than it
seems and we do not have F = |J F, where E, is constructed for M, . Indeed, take for instance
M to be the union of semi-circles {z? + (y — v)? — (3/4)%,y < v}. Then (0,v) € E, \ E, 41 and
in particular (0,v) ¢ E.

e Many, though not all semi-analytic theorems have their subanalytic versions (cf. [DS1] for a
thorough survey, e.g. each semi-analytic set germ admits an analytic germ of the same dimension
as a superset which is no longer true for subanalytic germs cf. Example 4.1) and once again
many, though not all, of these can be transposed to the definable setting. Here come some
examples; first the theorem of the tangent mapping (compare Theorem 2.50):

Theorem 4.23. Let I' C R™ be a semi- or subanalytic leaf of dimension k. Then the tangent
map 7: I' 3z — T,I' € Gp(R™) is semi- or subanalytic (according to the case).

Corollary 4.24. If ' is a subanalytic leaf, then for any subanalytic subset F of the Grass-
mannian G (R™), 77Y(E) is subanalytic, and for any bounded subanalytic set E C R™, 7(E) is
subanalytic, too.

Remark 4.25. The theorem above has a definable counterpart to be found in the articles by Ta
Lé Loi.

The next result is a generalization of the Curve Selecting Lemma to higher dimensions:

Lemma 4.26 (Wings’ Lemma). Let I' C M be a subanalytic leaf and E C T\ T a subanalytic
set. Then there exists a subanalytic leaf A of dimension dim F + 1 and such that A C T and
dimANE =dimE.

A definable counterpart of the result above is given in [Loi] (*%).

e Stratifications

Stratifications are an important tool and they are often asked to satisfy some additional
properties — we shall discuss this briefly. Let V be a finite-dimensional real vector space and
denote by J the family of pairs (V', V") of subspaces of V satisfying V' C V".
Let Ny, N be two differentiable subvarieties of V' of dimension k and [ respectively, with k < [.

Definition 4.27. We say that the pair (No, N) satisfies Whitney’s condition (a) at ¢ € NgN N
if (T.Ng, T.N) tends to J in Gi(V) x G;(V) when z € N tends to c.

We say that (No, V) satisfies Whitney’s condition (b) at c if the pair (R-(z — ), T.N) tends to
J in G1(V) x G;(V) when the point (z,z) € (Ng x N) N {x # z} tends to (c,c).

Remark 4.28. The convergence above is invariant with respect to diffeomorphisms, whence it can
be formulated in the same way for a differentiable variety. Recall also that Whitney’s condition
(b) implies (a).

Theorem 4.29. Let M be an affine space. Let Eq,...,E,. be subanalytic in M. Then there
exists a stratification N of M into subanalytic leaves, compatible with E1, ..., E, and such that
for all pairs of strata I'1, Ty € N such that Ty C Ty \ T2, the varieties T'1, Ty satisfy Whitney’s
condition (b) at any point of T';.

24\We thank the referee for pointing this out.
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Definition 4.30. Let f: M — N be an analytic map, 7 a stratification of the analytic variety
M, S a stratification of another analytic variety N. The pair T, S is said to be compatible with
fif
(i) forall T € T, f(T) € S,
(i) for all T € T, rkf|r = dim f(T),
(iii) if rkf|7 = dim T, then f|r is injective.

Theorem 4.31 (Hardt). Let f: M — N be analytic. Given two locally finite families M, N of
subanalytic sets in M, N, respectively, and an open subanalytic set K such that f|z is proper,
there exists a stratification S compatible with N and a stratification T compatible with M together
with K, such that the pair (Tk,S) is compatible with fr, where T ={T € T: T C K}.

Let X be a finite-dimensional real vector space and U,V its linear subspaces. We define
after T.-C. Kuo the function §(U, V) := sup{d(z,V): x € U, |z| = 1} where d is the Euclidean
distance. There is (U, V) =0if and only if U C V.

Definition 4.32. Let M, N be two "> subvarieties of X such that MNN # @. We say that the
pair (M, N) satisfies the Verdier condition (w) at a point a € M NN if there is a neighbourhood
V of @ in X and a constant C' > 0 such that

NTeM, TyN) < C|lz —y||, foranyzeVNMyeVnNN.
We say that (M, N) satisfies the condition (w) if it satisfies this condition at all points a € MNN.

Remark 4.33. Kuo in [Kuo] showed that condition (w) implies Whitney’s condition (b) in the
semi-analytic case. Since the Curve Selecting Lemma and the Tangent Mapping Theorem hold
also in the subanalytic case, the same kind of argument as that used by Kuo works also in the

subanalytic case. Nonetheless, condition (w) in general is not stronger than condition (b) (see
[Vd]). For more informations see [DSW], [DW], [KT], [OTt], [Tx].

Theorem 4.34 (Verdier [Vd] (*°)). Let {E;} be a locally finite family of subanalytic subsets of
X. Then there is a subanalytic stratification of X compatible with that family and such that any
pair of its strata satisfies the Verdier condition (w).

It is worth adding a few words about Lojasiewicz’s approach to stratifications. Needless to
say, unlike e.g. Verdier, he made no use of Hironaka’s desingularization. Instead, his idea was
to start with the following key-lemma:

If M and N are subanalytic varieties in an affine space X and N C M \ M, then the set
{x € N | (M, N) verifies condition (#)} where (#) stands for one of the conditions introduced
so far, is subanalytic in the space X and dense in N.

To prove dense in N (subanalytic is easy), we use Whitney’s Wings’ Lemma 4.26. See [D],
[DW], [DS2].

e A natural question is whether subanalytic sets admit triangulation (cf. Theorem 1.30). The
positive answer was given by Goresky [Go| as well as Verona [V]. Independently of the general
result, H. Hironaka [H3] and R. Hardt [H2] gave both explicit methods of triangulation for
subanalytic sets. Their constructions are natural and geometric. As noted by H. Hironaka the
method is close to that used by S. Lojasiewicz for semi-algebraic sets, for both classes of sets —
semi-algebraic and subanalytic — are closed with respect to projections.

25There are other proofs by Lojasiewicz-Stasica-Wachta, Coste-Roy and historically the first one by
Denkowska-Wachta [DW] as an answer to a question of D. Trotman for a desingularization-free proof, presented
in [D].
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Theorem 4.35 (Hironaka). Let {X,}aca be a locally finite family of subanalytic subsets of R™.
Then there exists a simplicial decomposition of R™ =|J o, into open simplices and a subanalytic
homeomorphism 0: R™ — R™ such that
(i) each X4 is a locally finite union of some of the images 6(c,,),
(ii) for any p, 0(0,) is an analytic subvariety of R™ and 0|,,: 0, — 0(0,) is an analytic
isomorphism.
Theorem 4.36 (Hardt). Let {X,}aca be a locally finite family of subanalytic subsets of R™.
Then there exists a simplicial decomposition ¥ of R™ and a subanalytic map f: [0,1] x R™ — R"®
such that
(i) for each t € [0,1] the map fi(x) = f(t,x) is a homeomorphism,
(i) fo = id,
(iii) for any o € A, fi1(X,) is a subcomplex of ¥.

Remark 4.37. In the case of semi-analytic sets, a class of sets without the projection property,
the construction of a semi-analytic triangulation is much more delicate (see S. Lojasiewicz [L4]).

Remark 4.38. Semi-algebraic, semi-analytic and subanalytic sets admit triangulation.
Quite recently, a student of W. Pawlucki, M. Czapla, proved in her Ph. D. Thesis (using a
description of the Lipschitz structure of definable sets by G. Valette [Val]) that every definable
set has a definable triangulation which is locally Lipschitz and weakly bi-Lipschitz on the natural
stratification of a simplicial complex. She also proved that such a stratification may be obtained
with Whitney’s (b) condition or Verdier’s condition.

On the other hand, it is well-known that subanalytic sets admit Lipschitz stratification (see
[Pa]). A direct method of constructing a Lipschitz cell decomposition (which must involve some
coordinate changes) has been produced recently by Pawtucki in [P2].

We started with semi-algebraic sets and we will end with them. The following theorem, proved
using simple stratifications, show how ubiquous they are:

Theorem 4.39 (|[DD]). Let E C R™ be a compact subanalytic or definable set. Then there
exists a sequence {A,} of semi-algebraic sets such that

(1) E=limA,;

(2) For each a € E and any neighbourhood U of a one has for v large enough,

dmUNE=dimUNA,.

Moreover, for each such a sequence {A,} one has the following: for any S € cc(F) there is a

sequence {S,} such that each S, is the union of some connected components of A, and (1) and
(2) holds for S and the sequence {S,}.

Here the convergence is understood in the following sense (Kuratowski convergence of closed
sets):
A =lim A, iff each point a € A is the limit of a sequence of points a,, € A,,, n € N and for each
compact set K such that K N A= @ one has KN A, = @ for almost all indices n.
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ABSTRACT. Let (X,0) C (R™,0) be the germ of a closed subanalytic set and consider two
subanalytic functions f and g : (X,0) — (R,0). Under some conditions, we relate the critical
points of g on the real Milnor fibre f~=1(8) N B¢, 0 < |§] < € < 1, to the topology of this fibre
and other related subanalytic sets. As an application, when g is a generic linear function,
we obtain an “asymptotic” Gauss-Bonnet formula for the real Milnor fibre of f. From this
Gauss-Bonnet formula, we deduce “infinitesimal” linear kinematic formulas.

1. INTRODUCTION

Let F' = (f1,..., fx) : (C",0) — (C*,0), 2 < k < n, be a complete intersection with isolated
singularity. The Lé-Greuel formula [21, 22] states that

H(F) + u(F) = dime

where F” : (C",0) — (C¥~1,0) is the map with components f, ..., fx_1, I is the ideal generated

by fi,..., fx—1 and the (k x k)-minors M and p(F) (resp. u(F")) is the Milnor number
(AR .

Lg
of F (resp. F’). Hence the Lé-Greuel formula gi\,;es an algebraic characterization of a topological
data, namely the sum of two Milnor numbers. However, since the right-hand side of the above
equality is equal to the number of critical points of fj, counted with multiplicity, on the Milnor
fibre of F’, the Lé-Greuel formula can be also viewed as a topological characterization of this
number of critical points.

Many works have been devoted to the search of a real version of the Lé-Greuel formula. Let
us recall them briefly. We consider an analytic map-germ F = (f1,..., fx) : (R™,0) — (R¥,0),
2 < k < n, and we denote by F’ the map-germ (fi,..., fr_1) : (R*,0) — (R¥=1 0). Some
authors investigated the following difference:

Dso = x(F'6) N {fr =6} NBe) — x(F~1(6)n{fe <’} N B.),

where (4,8’) is a regular value of F such that 0 < |§'] < |d] < e.
In [12], we proved that

Or= 0

D575/ = dim]R mod 2,

where Ogn ¢ is the ring of analytic function-germs at the origin and I is the ideal generated by
fi,--., fr—1 and all the k x k minors 0((;‘(1;3‘1173&7)1) This is only a mod 2 relation and we may
ask if it is possible to get a more precise relation.

When k =n and fy = 23 + -+ + 22, according to Aoki et al. ([1], [3]),

Dso = x(F'71(6) N B.) = 2deg, H
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and 2deg, H is the number of semi-branches of F'~1(0), where

8(fn7 fla R .fn—l)

8(x17...,xn) a.fla"'afn—l)'
They proved a similar formula in the case fr = z,, in [2] and Szafraniec generalized all these
results to any fj in [23].

When k = 2 and fo = 21, Fukui [18] stated that

Dj,0 = —sign(—4)"deg, H,

H=(

where H = (fy, 2L ... 201) Several generalizations of Fukui’s formula are given in [19], [11],

Oxo ) * ) Oz,
[20] and [13].

In all these papers, the general idea is to count algebraically the critical points of a Morse
perturbation of f; on F'~1(§) N B. and to express this sum in two ways: as a difference of
Euler characteristics and as a topological degree. Using the Eisenbud-Levine formula [16], this
latter degree can be expressed as a signature of a quadratic form and so, we obtain an algebraic
expression for Ds .

In this paper, we give a real and stratified version of the Lé-Greuel formula. We restrict
ourselves to the topological aspect and relate a sum of indices of critical points on a real Milnor
fibre to some Euler characteristics (this is also the point of view adopted in [7]). More precisely,
we consider a germ of a closed subanalytic set (X,0) C (R™,0) and a subanalytic function
f:(X,0) = (R,0). We assume that X is contained in a open set U of R™ and that f is the
restriction to X of a C2-subanalytic function F': U — R. We denote by X/ the set f~!(0) and
we equip X with a Thom stratification adapted to X7/. If 0 < |§| < € < 1 then the real Milnor
fibre of f is defined by

M€= f71(6) N X NB..
We consider another subanalytic function ¢g : (X,0) — (R,0) and we assume that it is the
restriction to X of a C%-subanalytic function G : U — R. We denote by X9 the set g=1(0).
Under two conditions on g, we study the topological behaviour of 9iarte-

We recall that if Z C R" is a closed subanalytic set, equipped with a Whitney stratification
and p € Z is an isolated critical point of a subanalytic function ¢ : Z — R, restriction to Z of a
C?-subanalytic function ®, then the index of ¢ at p is defined as follows:

ind(¢, Z,p) =1 —x(ZNn{¢ = é(p) —n} N Be(p)),

where 0 < n < e < 1 and Bc(p) is the closed ball of radius € centered at p. Let p‘ls’e, o, P2 be
the critical points of g on f~1(8) N B,, where B, denotes the open ball of radius e. We set

1(5,e,9) =Y _ind(g, f~(8),p{),
i=1

I(d,e,—g) = Zind(—g,f‘l(é),pf’ﬁ).
i=1
Our main theorem (Theorem 3.10) is the following;:

I((Sv 679) + 1(67 6 _g) = QX(M;}e) - X(f_l((s) n Se) - X(Xg N f_l((s) N Se)

As a corollary (Corollary 3.11), when f : (X,0) — (R,0) has an isolated stratified critical point
at 0, we obtain that

16,6,9) + 1(6, €, —g) = 2x(M3<) — x(Lk(X7)) — x(Lk(X” 1 X7)),
where Lk(—) denotes the link at the origin.
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Then we apply these results when g is a generic linear form to get an asymptotic Gauss-Bonnet
formula for M ?’6 (Theorem 4.5). In the last section, we use this asymptotic Gauss-Bonnet formula
to prove infinitesimal linear kinematic formulas for closed subanalytic germs (Theorem 5.5), that
generalize the Cauchy-Crofton formula for the density due to Comte [8].

The paper is organized as follows. In Section 2, we prove several lemmas about critical points
on the link of a subanalytic set. Section 3 contains real stratified versions of the Lé-Greuel
formula. In Section 4, we establish the asymptotic Gauss-Bonnet formula and in Section 5, the
infinitesimal linear kinematic formulas.

The author is grateful to Vincent Grandjean for a very useful discussion on generic distance
functions and to the referee for the valuable suggested improvements.

The author is partially supported by the program

“Catédras Lévi-Strauss—USP /French Embassy, no. 2012.1.62.55.7”.

This paper was written while the author was visiting the Instituto de Ciéncias Matemdticas e de
Computacgao, Universidade de Sdo Paulo - Campus de Sdo Carlos. He thanks this institution,
especially Raimundo Aratjo dos Santos and Nivaldo Grulha, for the hospitality.

2. LEMMAS ON CRITICAL POINTS ON THE LINK OF A STRATUM

In this section, we study the behaviour of the critical points of a C?-subanalytic function on
the link of stratum that contains 0 in its closure, for a generic choice of a C?-distance function
to the origin.

Let Y C R™ be a C?-subanalytic manifold such that 0 belongs to its closure Y. Let 6 : R™ — R
be a C2-subanalytic function such that 6(0) = 0. We will first study the behaviour of the critical
points of 6y : Y — R in the neighborhood of 0, and then the behaviour of the critical points of
the restriction of 8 to the link of 0 in Y.

Lemma 2.1. The critical points of 0}y lie in {6 = 0} in a neighborhood of 0.

Proof. By the Curve Selection Lemma, we can assume that there is a Cl-subanalytic curve
7 : [0,v[— Y such that y(0) = 0 and ~y(t) is a critical point of 6|y for ¢ €]0,v[. Therefore, we
have

(007)'(t) = (VO (+(1),7' (1)) =0,
since v/ (t) is tangent to Y at +(¢). This implies that 6 o y(t) = 8 o y(0) = 0. O

Let p : R® — R be another C2-subanalytic function such that a is a regular value of p and
p~Y(a) intersects Y transversally. Then the set Y N {p < a} is a manifold with boundary. Let
p be a critical point of 6y ~(,<,} which lies in Y N {p = a} and which is not a critical point of
0|y . This implies that

Voy (p) = Ap)Vpyy (p),
with A(p) # 0.

Definition 2.2. We say that p € Y N {p = a} is an outwards-pointing (resp. inwards-pointing)
critical point of Oy nip<ay if A(p) >0 (resp. A(p) <0).

Now let us assume that p : R®" — R is a C?-subanalytic function such that p > 0 and
p~1(0) = {0} in a neighborhood of 0. We call p a C*-distance function to the origin. By Lemma

2.1, we know that for € > 0 small enough, the level p~1(¢) intersects Y transversally. Let p¢ be
a critical point of |yn,-1() such that 6(p°) # 0. This means that there exists A(p) such that

Vy (0°) = Ap°) Vo (0°)-
Note that A(p©) # 0 because V) (p©) # 0 for 6(p°) # 0.
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Lemma 2.3. The point p° is an outwards-pointing (resp. inwards-pointing) for 0y n¢p<ey if and
only if 6(p¢) > 0 (resp. O(p°) < 0).

Proof. Let us assume that )\Q)E) > 0. By the Curve Selection Lemma, there exists a C'-
subanalytic curve v : [0,v[— Y passing through p¢ such that v(0) = 0 and for ¢t # 0, ~(t) is a
critical point of Oy n¢p—p(y(t))y With A(y(t)) > 0. Therefore we have

(009) () = (VOy (v(1),7' () = A(v )V oy (7(£), 7' (1))
But (po)’ > 0 for otherwise (po~)’ <0 and p o~y would be decreasing. Since p(y(t)) tends to
0 as t tends to 0, this would imply that p o ~(t) < 0, which is impossible. We can conclude that
(0 o) >0 and that 6 oy is strictly increasing. Since 6 o y(¢) tends to 0 as ¢t tends to 0, we see
that 6 o y(t) > 0 for ¢ > 0. Similarly if A(p¢) < 0 then 6(p°) < 0. O

Now we will study these critical points for a generic choice of the C2-distance function to
the origin. We denote by Sym(R"™) the set of symmetric n X n-matrices with real entries, by
Sym*(R™) the open dense subset of such matrices with non-zero determinant and by Sym™*(R")
the open subset of these invertible matrices that are positive definite or negative definite. Note
that these sets are semi-algebraic. For each A € Sym™*(R"), we denote by pa the following
quadratic form:

pa(z) = (Az,z).
We denote by I‘g’ 4 the following subanalytic polar set:
Fg)A = {J: €Y | rank [V@\y(ﬂ?),vp,qu(x)} < 2},
and by 2§ the set of critical points of 6jy. Note that ¥} C {# = 0} by Lemma 2.1.

Lemma 2.4. For almost all A in Sym™*(R"), F;jA \ (Z¥ u{0}) is a C'-subanalytic curve
(possible empty) in a neighborhood of 0.

Proof. We can assume that dim Y > 1. Let
Z = {(’JI,A) ER™ x Sym™*(R") | z € Y\ (X} U{0}) and rank [V0|y(w),VpA|Y(x)} < 2}.

Let (y, B) be a point in Z. We can suppose that around y, Y is defined by the vanishing of &
subanalytic functions fi, ..., fi of class C2. Hence in a neighborhood of (y, B), Z is defined be
the vanishing of fi,..., fr and the minors

3(f17"'7fk797pA)

8($i1, . 7$ik+2)

Furthermore, since y does not belong to X}, we can assume that

0 0
(f17 7f1<37 ) # O7
01, . Thy Thg1)
in a neighborhood of y. Therefore Z is locally defined by f; =--- = fr =0 and
a(f17"'7fk797pA) :._.:8(f1a~~'7fka9apz4):0
O(x1, ... X1, Tht) X1,y T, Tn)

: O(f1,--fx,0 : O(f1,e-fk,0,
L}ft us write M = 8(3651"173% and for i € {k+2,...,n}, m; = ﬁim If A= la;]
then

n
pa(r) = Z airs + 2 Z AT,
i=1

i#]
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and so %pT‘;(x) = 22};1 a;jzrj. Forie {k+1,...,n} and j € {1,...,n}, we have

8m7;

= 2z; M.

8aij i
Since y # 0, one of the z;’s does not vanish in the neighborhood of y and we can conclude that
the rank of

[Vfi(z),...,Vfi(x), Vma(x, A),...,Vm,(xz, A)]

is n — 1 and that Z is a C''-subanalytic manifold of dimension % + 1. Now let us consider
the projection my : Z — Sym™*(R"), (z, A) — A. Bertini-Sard’s theorem implies that the set
D, of critical values of 7y is a subanalytic set of dimension strictly less than %

for all A ¢ D,,, 7 '(A) is a C'-subanalytic curve (possibly empty). But this set is exactly
Dy a\ (35 U{o}). O

. Hence,

Let R C Y be a subanalytic set of dimension strictly less than dim Y. We will need the
following lemma.

Lemma 2.5. For almost all A in Sym™*(R"), Ty 4\ (Zy U{0}) N R is a subanalytic set of
dimension at most 0 in a neighborhood of 0.

Proof. Let us put [ = dim Y. Since R admits a locally finite subanalytic stratification, we can
assume that R is a C2-subanalytic manifold of dimension d with d < I. Let W be the following
subanalytic set:

W = {(;v,A) €R™ x Sym™*(R") | z € R\ (X} U{0}) and rank V9|y(x),VpA|Y(x)} < 2}.

Using the same method as in the previous lemma, we can prove that W is a Cl-subanalytic
n

manifold of dimension w + 14 d — 1 and conclude, remarking that d — [ < —1. (I

Now we introduce a new C2-subanalytic function 3 : R™ — R such that 3(0) = 0. We denote
by I‘;/”& 4 the following subanalytic polar set:

F;/,BA = {x €Y | rank [V0|y(x),Vﬁ‘y(x), VpA‘y(x)] < 3},
and by F({ 5 the following subanalytic polar set:
F;/ﬁ = {x €Y | rank [V9|y(a:),V6|y(x)] < 2}.

Lemma 2.6. For almost all A in Sym™*(R"), F}gfyﬁ_’A \ (F({ﬁ U {0}) is a C*-subanalytic set of
dimension at most 2 (possibly empty) in a neighborhood of 0.

Proof. We can assume that dim Y > 2. Let
Z = {(x,A) € R" x Sym™*(R") | z € Y, rank [Vy (), VBy (z)] =2

and rank {V9|y(x), VBy (x), VpA|Y(x)} < 3}.

Let (y, B) be a point in Z. We can suppose that around y, Y is defined by the vanishing of k
subanalytic functions fi, ..., fx of class C2. Hence in a neighborhood of (y, B), Z is defined by
the vanishing of f1,..., fr and the minors

8(f17"'7fk79757p14).

8(%1,...,%“3)
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Since y does not belong to sz’ 5, we can assume that

8(f1""7fk797/6)
# 0,
X1y Ty Thot 1, Thot2)
in a neighborhood of y. Therefore Z is locally defined by f1,..., fr =0 and
8(f17"'7fk707B7pA) — = a(fla'”vfkagaﬂapA) -0
a(xl,...,xk+2,f£k+3) a(x17"~7xk+27'rn)
It is clear that we can apply the same method as Lemma 2.4 to get the result. ([

3. LE-GREUEL TYPE FORMULA

In this section, we prove the Lé-Greuel type formula announced in the introduction.

Let (X,0) C (R™,0) be the germ of a closed subanalytic set and let f : (X,0) — (R,0) be a
subanalytic function. We assume that X is contained in a open set U of R™ and that f is the
restriction to X of a C?-subanalytic function F': U — R. We denote by X/ the set f~!(0) and
by [4], we can equip X with a subanalytic Thom stratification V = {V,}aeca adapted to X/.
This means that {V, € V | V, € X/} is a Whitney stratification of X \ X/ and that for any
pair of strata (Va, Vs) with V,, € X7/ and V3 C X/, the Thom condition is satisfied.

Let us denote by ¥y f the critical locus of f. It is the union of the critical loci of f restricted
to each stratum, i.e. Xy f = Us%(f}y,), where X(f)y,) is the critical set of fly, : Vo — R.
Since ¥y f C f71(0) (see Lemma 2.1), the fibre f~1(§) intersects the strata V,’s, Vo ¢ X7,
transversally if ¢ is sufficiently small. Hence f~!(§) is Whitney stratified with the induced
stratification {f~1(0) NV, | Vo € X7/}

By Lemma 2.1, we know that if € > 0 is sufficiently small then the sphere S, intersects X/
transversally. By the Thom condition, this implies that there exists §(e) > 0 such that for each
§ with 0 < |§] < §(e), the sphere S, intersects the fibre f~1(§) transversally as well. Hence the
set f~1(0) N B, is a Whitney stratified set equipped with the following stratification:

(71O NVan B, f7HO)NVa NS | Vo € XY
Definition 3.1. We call the set f~1(5) N B, where 0 < |§| < € < 1, a real Milnor fibre of f.

We will use the following notation: M;E’e = f~1(6) N B..

Now we consider another subanalytic function ¢ : (X,0) — (R,0) and we assume that it is
the restriction to X of a C?-subanalytic function G : U — R. We denote by X9 the set g=1(0).
Under some restrictions on g, we will study the topological behaviour of 9jarde-

f
First we assume that g satisfies the following Condition (A):
e Condition (A): g : (X,0) — (R,0) has an isolated stratified critical point at 0.
This means that for each strata V,, of V, g : V,, \ {0} — R is a submersion in a neighborhood of
the origin.

In order to give the second assumption on g, we need to introduce some polar sets. Let V,

be a stratum of V not contained in X/. Let F}/j; be the following set:

T = {x € Vo | rank[V fjy, (z), Vgv,, (z)] < 2},

and let I'y , be the union UFK‘*Q where V,, € X7. We call 'y, the relative polar set of f and g
with respect to the stratification V. We will assume that ¢ satifies the following Condition (B):

e Condition (B): the relative polar set 'y, is a 1-dimensional C''-subanalytic set (possibly
empty) in a neighborhood of the origin.
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Note that Condition (B) implies that I'y, N X/ C {0} in a neighborhood of the origin because
the frontiers of the FV"g’s are O-dimensional.
From Condition (A) and Condition (B), we can deduce the following result.

Lemma 3.2. We have I'y ; N X9 C {0} in a neighborhood of the origin.

Proof. If it is not the case then there is a C'-subanalytic curve v : [0,v[— s, N X9 such that
7(0) = 0 and ¥(]J0,v[) C X9\ {0}. We can also assume that v(]0, v[) is contained in a stratum
V. For t €]0,v], we have
0=(g07)(t) = (Vg (v(1),7'(1))-

Since 7(t) belongs to I'y ; and Vg ((t)) does not vanish for g : (X,0) — (R, 0) has an isolated
stratified critical point at 0, we can conclude that (V fiy/(v(t)),7/(t)) = 0 and that (fo~)'(t) =0
for all t €]0,v[. Therefore f oy = 0 because f(0) = 0 and ([0, 7[) is included in X/. This is
impossible by the above remark. (I

Let Bi,...,B; be the connected components of I'y g, i.e. I'yy = Lt_,B;. Bach B; is a C1-
subanalytic curve along which f is strictly increasing or decreasing and the intersection points
of the B;’s with the fibre M}S-’6 are exactly the critical points (in the stratified sense) of g on
f71(6) N B.. Let us write

3, J,
My AL B = {p)S, ..., p2<).
Note that r <.
Let us recall now the definition of the index of an isolated stratified critical point.

Definition 3.3. Let Z C R"™ be a closed subanalytic set, equipped with a Whitney stratification.
Let p € Z be an isolated critical point of a subanalytic function ¢ : Z — R, which is the restriction
to Z of a C?-subanalytic function ®. We define the index of ¢ at p as follows:

ind(¢, Z,p) =1 = x(Z N {¢ = é(p) — n} N Be(p)),
where 0 < n < € < 1 and Be(p) is the closed ball of radius € centered at p.

Our aim is to give a topological interpretation to the following sum:

Zmd (g, )+1nd( g,f,1(5)7p?,5).

For this, we will apply Stratlﬁed Morse theory to g, e Note that the points p;’s are not the

only critical points of Vs and other critical points can occur on the “boundary” M’ 3N S,
The next step is to study the behaviour of these “boundary” critical points for a generic choice
of the C*-distance function to the origin. Let p : R” — R be a subanalytic C*-distance function
to the origin. We denote by S, the level p~!(¢) and by B. the set {p < e}. We will focus on the
critical points of gy ;5. and g, ;-1 (5)n5,., With 0 <[] < e < 1.
For each stratum V of X7, let
I‘Vp = {z eV | rank[Vgy (), Vpjv(z)] < 2},

and let FXf = UycxsIy ,. By Lemma 2.4 and the fact that g : (Xf, 0) — (R, 0) has an isolated

stratified critical point at 0, we can assume that I‘X is a C'l-subanalytic curve in a neighborhood
of the origin.

Lemma 3.4. We have F;f; N X9 C {0} in a neighborhood of the origin.

Proof. Same proof as Lemma 3.2. O
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Therefore if € > 0 is small enough, 9)8.nx+ has a finite number of critical points. They do
not lie in the level {g = 0} so by Lemma 2.3, they are outwards-pointing for 9)xnB. if they lie
in {g > 0} and inwards-pointing if they lie in {g < 0}.

Let us study now the critical points of 9)1-1(5)n8. - We will need the following lemma.

Lemma 3.5. For every e > 0 sufficiently small, there exists d(€) > 0 such that for 0 < || < d(e),
the points pg’e lie in Bey.

Proof. Let
W= {(z,r,y) €U xR xR |p(x)=r,y=f(z)andz €Ty 4}.
Then W is a subanalytic set of R” x R x R and since it is a graph over I'y 4, its dimension is
less or equal to 1. Let
m : RPXRxR — RxR
(@,ry) = (1Y),
be the projection on the last two factors. Then 7y : W — m(W) is proper and 7(W) is a closed
subanalytic set in a neighborhood of the origin.
Let us write Y1 = R x {0} and let Y5 be the closure of (W) \ Y;. Since Y5 is a curve for W
is a curve, 0 is isolated in Y; NYs. By Lojasiewicz’s inequality, there exists a constant C' > 0
and an integer N > 0 such that |y| > Cr" for (r,y) in Y sufficiently close to the origin. So if
z €Ty, then |f(x)| > Cp(z)™ if p(x) is small enough.

Let us fix € > 0 small. If 0 < [§] < £(£)Y and @ € f~(6) NTy, then p(z) < O

€
Za
For each stratum V ¢ X7, let

F}/,g,p = {z € V | rank[V fjv (z), Vv (z), Vpv (2)] < 3},
andlet Ty g p = Uyg xs FXg)p. By Lemma 2.6, we can assume that I'y ; ,\I's ; is a C'-subanalytic

manifold of dimension 2. Let us choose ¢ > 0 small enough so that S, intersects ', , \ Ty,
transversally. Therefore (I'y 4, \ T's4) N Se is a subanalytic curve. By Lemma 3.4, we can find
6(e) > 0 such that f~1([=d(e),d(e)]) N Se N Ty, is empty and so

FH([=8(6),8(]) N (Tygp \Tpg) N Se = £ ([=6(€),8(6)]) NT 1,0 N S

Let Cy,...,C; be the connected components of f~!([—d(e),d(e)]) N T4, N Se whose closure
intersects X/ N S.. Note that by Thom’s (ay)-condition, for each i € {1,...,t}, C; N X/ is a
subset of Fgf;. Let z; be a point in C; N X7. Since C; N X/ = (), there exists 0 < d/(¢) < 6(e)
such that the fibre f=1(8), 0 < |6] < 8(e), intersects C; transversally in a neighborhood of z;.

Let us choose § such that 0 < |§| < Min{d(¢) | i = 1,...,t}. Then the fibre f~1(§) intersects
the C;’s transversally and f~1(6) N (U;C;) is exactly the set of critical points of 9)p-1(5)ns. - We
have proved:

Lemma 3.6. For 0 < |§] < e < 1, 915-1(5)nS. has a finite number of critical points, which are
exactly the points in L'y 4 , N S.N F710).
d
Let {s7,..., 55} be the set of critical points of 9 5-1(5)nS. -

Lemma 3.7. For i € {1,...,u}, g(s>%) # 0 and s> is outwards-pointing (resp. inwards-
pointing) if and only if g(s>°) > 0 (resp. g(s>) < 0).
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Proof. Note that s?’s is necessarily outwards-pointing or inwards-pointing because sf’e ¢l
Assume that for each § > 0 small enough, there exists a point 5?’5 such that g(sf’e) = 0. Then

we can construct a sequence of points (o, )nen such that g(o,) = 0 and o, is a critical point of

915-1(1)nxN3. " We can also assume that the points 0,,’s belong to the same stratum S and that

they tend to o € V where V C X/ and V C 9S. Therefore we have a decomposition:
Vg\S(Un) vf\S(an) VplS(Jn)

IVgis(on)l IV fis(on)ll Vs (an)ll
Now by Whitney’s condition (a), Tt,, S tends to a linear space T such that T,V C T'. So Vgs(on)
tends to a vector u in T' whose orthogonal projection on T,V is exactly Vg (o). Since gy oy

V!J\S(Un)
TVais(ony tends

to ﬁ Similarly Vp|s(o,) tends to a vector u’ # 0 in T', not orthogonal to 75V and whose

is a submersion, Vg (o) # 0 and so u # 0 and u is not orthogonal to 7, V. So

orthogonal projection on T,V is exactly Vpy (c). So ngﬁliigzin tends to m
vf\S(Un)

s IV ol tends to a vector w in T which is orthogonal to T, V. Since

’(w, ”Z—:w’ < 1, there exist C, 0 < C < 1, and ng such that for n > ng, we have

VflS(Un) VPIS(U”) <C
IV fis(@) [l IVps(on)] "] =
Vgis(on) Vgs(on)

NMEC NG )”> = 1, this implies that for n > ng, A2 + p2 + 20\, < 1 or

A2+ u2 — 20\, iy, < 1. Then it is not difficult to see that (AM)n>ne and (tn)n>n, are bounded.
Taking a subsequence if necessary, we can assume that A, tends to a real A and p,, tends to a
real p. Taking the limit in the above equality, we obtain

By Thom’s condition

Since (

!

U N+ u
T T AW T e
[lull [[w/]
and so lul
u

Projecting this equality on T, V', we see that Vgi/(0) and Vpjy (o) are colinear which means
that o is a critical point of g x5 . But since g(on) = 0, we find that g(o) = 0, which is
impossible by Lemma 3.4. This proves the first assertion.

To prove the second one, we use the same method. Assume that for each § > 0 small enough,
there exists a point s> such that g(s>) > 0 and s> is an inwards-pointing critical point for
91 5-1(5)n3. - Then we can construct a sequence of points (7,,)nen such that g(7,) > 0 and 7,
is an inwards-pointing critical point for 9if-1(1ynxN3. - We can also assume that the points
7n’s belong to the same stratum S and that they tend to 7 € V where V C X/ and V C 98S.
Therefore, we have a decomposition:

Vgs(Tn) Vis(Ta) Vs(ma)

= An Hn )
Vs (7)) IV fis(ma)ll Vs ()l
with p, < 0. Using the same arguments as above, we find that Vg (1) = uVpjs(7) with © <0
and g(7) > 0. This contradicts the remark after Lemma 3.4. Of course, this proof works for
6 <0. O

Let I'y , be the following polar set:
Iy, ={z €U |rank[Vg(z), Vp(z)] < 2}.
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By Lemma 2.5 and Lemma 2.1, we can assume that I'y , \ {g = 0} does not intersect X/ \ {0}
in a neighborhood of 0 and so I'y, \ {g = 0} does not intersect X/ N S, for ¢ > 0 sufficiently
small. Since the critical points of 9)xsn3. lie outside {g = 0}, they do not belong to I'; , N S,
and so the critical points of 9)f-1(5)nXNS. do not neither if § is sufficiently small. Hence at each
critical point of 9if-1(5)nxns.> 9|s. is a submersion. We are in position to apply Theorem 3.1
and Lemma 2.1 in [15]. For 0 < |§| < € < 1, we set

s

I(6,e,9) =Y _ind(g, f~1(8),p)"),

i=1

T

I<6’ 6 _g) = Zind(_ga f_1(6)7pf’6)'

i=1
Theorem 3.8. We have
1(8,¢,9) + (6,6, —9) = 2x(f’1(6) NB:) = x(f71(0)NS) —x(Xnf1(8) N Se).

Proof. Let us denote by {a ", (resp. {a; }$_,) the outwards-pointing (resp. inwards-pointing)
critical points of g : f~1(5) N S — R. Applying Morse theory type theorem ([15], Theorem 3.1)
and using Lemma 2.1 in [15], we can write

1(0,€,9) —I—Zlnd g, [t ﬂSe,aJ) x(f1(6) N By,) (1),
j=1
O(+
1(6,6,—g) + > _ind(—g, f 7' (6) N Se,af) = x(f () N Be) (2).
=1
Let us evaluate J
Zmd (g, f OSQa] Zmd —qg,f )OSE,CL] ).

Since the outwards-pointing critical points of 9)f-1(6)n8. lie in {g > 0} and the inwards-pointing
critical points of g ;-1 55, lie in {g < 0}, we have

at

XN SN {g =0 —x(fH ()N S.n{g=0}) = ind(g. /' (6) NSeaf)  (3),

j=1

and

M0 N8 g < 0D = x(F 1) NS g =0} = 3 ind(—g, /71(6) N Sevay) (4).
Therefore making (3) + (4) and using the Mayer-Vietoris sequence, we find

X(FHO) N Se) = x(FH @) NSen{g =0}) =

> ind(g, £71(8) N Se, af) +Zmd —g, 71 (6) N Se,a;)  (5).
=1
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Moreover we have

X(FH0) NS = ind(g, f71(0) N Se,af) + > ind(g, f1(6) N Seya;)  (6),
X(f7H) NS = ind(=g, f1(6) N Se,af )+ D ind(—g, fH(6) N Se,a;) (T)

The combination —(5) + (6) + (7) leads to
XU NS +x(fH(0) N Sen{g =0}) =

at

Zind(—g,f‘l( n S’maj + Zlnd g, f71o) N SE,aJ ).
j=1
O
Let us assume now that (X, 0) is equipped with a Whitney stratification W = U,e 4 W, and

f:(X,0) = (R,0) has an isolated critical point at 0. In this situation, our results apply taking
for V the following stratification:

{Wa\ f7H0),Wan f7H(0) \ {0}, {0} | Wo € W}
Corollary 3.9. If f: (X,0) — (R,0) has an isolated stratified critical point at 0, then
I(8,6,9) +1(6,6,—g) = 2x(f71(0) N Be) — x (X' nS) —x (X' nXx9n8S.).
Proof. For each stratum W of X, let
IV, = {z e W | rank[V fiw (z), Vow (z)] < 2},
and let I'y , = UWF?;. By Lemma 3.4 applied to X and f instead of X/ and g,
Ly {f=0}c{0}

in a neighborhood of the origin and so 0 is a regular value of f: X N S. — R for ¢ sufficiently
small. By Thom-Mather’s second isotopy lemma, f~1(0) N S is homeomorphic to f~1(5) NS,
for § sufficiently small.

Now let p be a stratified critical point of f : X9 — R. By Lemma 2.1, we know that p belongs

to f~1(0) N X9 and so p is also a critical point of g : X/ — R. Hence p = 0 by Condition
(A) and f: X9 — R has an isolated stratified critical point at 0. As above, we conclude that

X/ N X9n S, is homeomorphic to X9 N f~1(5) N S.. O
Let w(z) = y/a? + -+ + 22 be the euclidian distance to the origin. As explained by Durfee

n [10], Lemma 1.8 and Lemma 3.6, there is a neighborhood 2 of 0 in R"™ such that for every
stratum V of X/, Vwyy and Vp)y are non-zero and do not point in opposite direction in 2\ {0}.
Applying Durfee’s argument ([10], Proposition 1.7 and Proposition 3.5), we see that X/ N S, is
homeomorphic to X/ NS, for e, ¢’ > 0 sufficiently small. Similarly X/ NX9NS, and X/ NX9NSe
are homemorphic. Now let us compare f~1(6) N B. and f~'(§) N Ber. Let us choose ¢ and e
such that

fY0)NBo Cc f7YS NB. C .
If 6 is sufficiently small then, for every stratum V ¢ X7, Vwynr-1(5) and Vpyynp-1(5) are non-
zero and do not point in opposite direction in B, \BDE/. Otherwise, by Thom’s (ay)-condition, we
would find a point p in X/ N (B, \ Be) such that either Vws(p) or Vp s(p) vanish or Vwg(p)
and Vp s(p) point in opposite direction, where S is the stratum of X7 that contains p. This
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is impossible if we are sufficiently close to the origin. Now, applying the same arguments as
Durfee [10], Proposition 1.7 and Proposition 3.5, we see that f~1(d) N B, is homeomorphic to
f71(0) N B and that f=1(8) NS, is homeomorphic to f=*(§) N Ser.

Theorem 3.10. We have
I(0,6,9) + I(8,6,—g) = 2x(M}) = x(f~1(8) N Se) — x(X7 N f~1(8) N So).

Corollary 3.11. If f: (X,0) — (R,0) has an isolated stratified critical point at 0, then
1(6,6,9) + 1(5, ¢, —g) = 2¢(M?*) — \(LK(X/)) — x(Lk(X/ 1 X)),

O

Let us remark if dim X = 2 then in Theorem 3.10 and in Corollary 3.11, the last term of the

right-hand side of the equality vanishes. If dim X = 1 then in Theorem 3.10 and in Corollary
3.11, the last two terms of the right-hand side of the equality vanish.

4. AN INFINITESIMAL GAUSS-BONNET FORMULA

In this section, we apply the results of the previous section to the case of linear forms and we
establish a Gauss-Bonnet type formula for the real Milnor fibre.

We will first show that generic linear forms satisfy Condition (A) and Condition (B). For
v € S"71, let us denote by v* the function v*(z) = (v, z).

Lemma 4.1. There exists a subanalytic set ©; C S™ ' of positive codimension such that if
v ¢ Xy, {v* = 0} intersects X \ {0} transversally (in the stratified sense) in a neighborhood of
the origin.

Proof. Tt is a particular case of Lemma 3.8 in [14]. O

Corollary 4.2. Ifv ¢ X then vfy : (X,0) — (R,0) has an isolated stratified critical point at 0.

Proof. By Lemma 2.1, we know that the stratified critical points of vl*X lie in {v* = 0}. But since
{v* = 0} intersects X \ {0} transversally, the only possible critical point of vfy : (X,0) — (R, 0)
is the origin. O

Lemma 4.3. There ewists a subanalytic set o C S™ 1 of positive codimension such that if
v ¢ B, then Ty - is a Cl-subanalytic curve (possibly empty) in a neighborhood of 0.

Proof. Let V' be stratum of dimension e such that V ¢ X f. We can assume that e > 2. Let
My = {(2,y) € V x R" | rank[V fiv-(2), Vyiy, (2)] < 2} .

It is a subanalytic manifold of class C' and of dimension n 4 1. To see this, let us pick a point
(x,y) in My. In a neighborhood of x, V is defined by the vanishing of k = n — e C?-subanalytic

functions fi,..., fx. Since V is not included in X/, f:V — R is a submersion and we can
assume that in a neighborhood of z, the following (k 4+ 1) x (k + 1)-minor:
fr,- s S )
(1, Ty Thoa1)

does not vanish. Therefore, in a neighborhood of (z,y), My is defined by the vanishing of the
following (k + 2) x (k + 2)-minors:

8(f17"'7fk7f7y*) 8(f17'~'7fk37f7y*)

8(3)17.-.,mk,xk;.l,.l,l'k_i,_g)’.”’ a(xlyn-axkvxk-‘rl)xn).
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A simple computation of determinants shows that the gradient vectors of these minors are
linearly independent. As in previous lemmas, we show that ¥y, is one-dimensional considering
the projection

m™ o MV = R»
(z,y) = v

V ., we get the result. O

Since 'y o« = Uvg_X‘fFf’v*,

Let ¥ = 1 U, it is a subanalytic subset of S™~! of positive codimension and if v ¢ 3 then

v* satisfies Conditions (A) and (B). In particular, Urf—l(a)mxmég has a finite number of critical

points p‘ls’e, ..., p%¢. We recall that

I(S.ev7) =Y ind(v", f7(8),p2),
=1

I(0,6,—v*) =Y _ind(—v", f71(6), p)).
i=1
In this situation, Theorem 3.10 and Corollary 3.11 become
Corollary 4.4. Ifv ¢ ¥ then
1(0,6,v") + I(3,6,—v") = 2x(M}) = x(f 1 (6) N Se) — x(X* N FH(8) N S.).
Furthermore, if f:(X,0) = (R,0) has an isolated stratified critical point at 0, then

I(5,e,0") + I(0, €, —v") = 2x(M7) — x(Lk(X7)) — x (Lk(X' N X*")).

As an application, we give a Gauss-Bonnet formula for the Milnor fibre M}s’e.
Let Ao(f~1(8),—) be the Gauss-Bonnet measure on f~1(4) defined by
1
Ao(F1(0),U") = / S ind(v*, £71(6), 2)d,
Snfl

Sn-1 zeU’

where U’ is a Borel set of f=1(8) (see [6], page 299) and s,,_1 is the volume of the unit sphere
S"~1. Note that if z is not a critical point of Uff-1(5) then ind(v*, f~1(6),z) = 0. We are going
to evaluate

lim lim Ag(f~1(8), M%),
lim lim Ao (f7(6), M)

Theorem 4.5. We have

- - ¢ N N
lim im Ao (f74(8), M7) = x(My<) = ox(f71(8) N 5)
1

2851

/Snil x(FH() N {v* =0} N S, )dv.

Furthermore, if f : (X,0) — (R,0) has an isolated stratified critical point at 0, then

1
2871—1

tim lim Ao( £~ (5), MP) = x(M2*) ~ L x(LK(X7)) -

e—=06—0

/ x(Lk(X! N XY7))do.
Sn—l
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Proof. By definition, we have
1

Sn—1

Ao(f_l(é),M}S-’e) = /Snil Z ind(v*, f71(8), z)dv.

5,e
zEI\/If

It is not difficult to see that

_ e 1
Bo(f71(0). M) = 5——

/S [ > ind(v, f71(0),2) + ind(—v", £ (8), ) | dv.

zGM};’6
Note that if v ¢ 3 then
> ind(v*, f71(0),2) + ind(—v*, f71(0), 2)
weM};'e

is equal to I(d,¢€,v*)+1(0, €, —v*) and is uniformly bounded by Hardt’s theorem. By Lebesgue’s
theorem, we obtain

1
. . —1 e\ . . * ok
lim lim Ao (f77(0), M) = ST /SM lim lim[1(3, €, v") + 1(d, €, —v")]dv.

We just have to apply the previous corollary to conclude. [l

5. INFINITESIMAL LINEAR KINEMATIC FORMULAS

In this section, we apply the results of the previous section to the case of a linear function in
order to obtain “infinitesimal” linear kinematic formulas for closed subanalytic germs.
We start recalling known facts on the geometry of subanalytic sets. We need some notations:

e for k € {0,...,n}, G¥ is the Grassmann manifold of k-dimensional linear subspaces in
R"™ and gF is its volume,

e for k € N, by is the volume of the k-dimensional unit ball and s is the volume of the
k-dimensional unit sphere.

In [17], Fu developed integral geometry for compact subanalytic sets. Using the technology of the
normal cycle, he associated with every compact subanalytic set X C R™ a sequence of curvature
measures

Ao(X,—), ..., An (X, —),

called the Lipschitz-Killing measures. He proved several integral geometry formulas, among them
a Gauss-Bonnet formula and a kinematic formula. Later another description of the measures
using stratified Morse theory was given by Broecker and Kuppe [6] (see also [5]). The reader
can refer to [14], Section 2, for a rather complete presentation of these two approaches and for
the definition of the Lipschitz-Killing measures.

Let us give some comments on these Lipschitz-Killing curvatures. If dim X = d then

Ad-‘rl(Xa U/) == An(X7 U/) =0,

for any Borel set U’ of X and Ay(X,U’") = L4(U’), where L4 is the d-dimensional Lebesgue
measure in R”. Furthemore if X is smooth then for any Borel set U’ of X and for k € {0,...,d},
Ak (X, U’) is related to the classical Lipschitz-Killing-Weil curvature Ky_j through the following
equality:
1
Sn—k—1 Ju’

In [14], Section 5, we studied the asymptotic behaviour of the Lipschitz-Killing measures in the
neighborhood of a point of X. Namely we proved the following theorem ([14], Theorem 5.1).

Ak(X, U/) = Kd,k(x)dm
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Theorem 5.1. Let X C R"™ be a closed subanalytic set such that 0 € X. We have:

. 1 1
Furthermore for k € {1,...,n — 2}, we have:
A(X, X N B, 1
lim (X ) __ — / Y(Lk(X N H))dH
e—0 bkﬁk 292 k-1 qn—rk-1
1
_— Lk(X NL))dL
+2ggfk+1 /C;Zk+1 X( ( N ))d )
and: A1 (X,XNB) 1
_ N
lim —— <= Lk(X N H))dH
Jimy = 202 Joo X (Lk( ))dH,
A (X, X N B, 1
lim AKX B) L[ x A ).
e—0 bne" 29711 G},

In the sequel, we will use these equalities and Theorem 4.5 to establish linear kinematic types

formulas for the quantities lim,_,q %, k=1,...,n. Let us start with some lemmas. We

work with a closed subanalytic set X such that 0 € X, equipped with a Whitney stratification
{Wa}a€A~

Lemma 5.2. Let f be a C?-subanalytic function such that fix + X — R has an isolated stratified
critical point at 0. Then for 0 < § € € < 1, we have

X(MP€) + X (M%) = x(Lk(X) + x(Lk(X7)).

Proof. With the same technics and arguments as the ones we used in order to establish Corollary
3.11, we can prove that

ind(f, X,0) +ind(—f, X,0) = 2x(X N B.) — x(Lk(X)) — x(Lk(X7)).
We conclude thanks to the following equalities
ind(f7 X, 0) =1- X(MJ‘_576)7 ind(_f7 X, O) =1- X(M?GL and X(X N Be) =1
O

Corollary 5.3. There exist a subanalytic set X1 C S"~! of positive codimension such that if
v Y then for0 < dKe<k 1,

X(M) + (M) = x(LK(X)) + x(LK(X N {o* = 0})).
Proof. Apply Corollary 4.2 and Lemma 5.2. (]

Lemma 5.4. Let S C R be a C?-subanalytic manifold. Let H € G*%, k € {1,...,n}, such
that H intersects S\ {0} transversally and let G}, be the Grassmann manifold of lines in
the orthogonal complement H of H. There exists a subanalytic set Yy C G}{l of positive
codimension such that if v ¢ X'y then H @ v intersects S\ {0} transversally.

Proof. Assume that S has dimension e and that H is given by the equations 1 = ... =23 =0
so that H+ = R¥ with coordinate system (w1, ..., ;). Since H intersects S\ {0} transversally,
we just have to consider points outside H. Let W be defined by

W = {(x,vl,...,vk_l) ER x (R |z €S\ H and (z,v1) =--- = (z,v_1) = 0},

where v; € R¥ x {0} € R™. Let us show that W is a C2-subanalytic manifold of dimension
e+ (k—1)2. Let (y,w) be a point in W. We can assume that around y, S is defined by the
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vanishing of n — e C?-subanalytic functions fi, ..., fn_.. Hence in a neighborhood of (y,w), W
is defined by the equations:
filx)=...= fa_e(z) =0and (z,v1) = = (z,v5_1) = 0.

The gradient vectors of this n — e + k — 1 functions are linearly independent in a neighborhood
of (y,w). To see this, we observe that there exists j € {1,...,k} such that z; # 0 because y
does not belong to H. Therefore, writing v; = (vi17 .. ,vf, 0,...,0) fori e {1,...,k— 1}, we see
that

oz, v;)
——(x) #£0,
o )7
fori=1,...,k—1. This enables us to conclude that W is a C?-subanalytic manifold of dimension
e+ (k —1)2. Let ma be the following projection:
w9 W — (R”)”_k, (01, Vi) = (V1,00 oy V).
Bertini-Sard’s theorem implies that the set of critical values of w9 is a subanalytic set of positive
codimension. If (vy,...,vk_1) lies outside this subanalytic set then the (n — k + 1)-plane
{z e R" | (z,v1) =+ = (x,v5_1) = 0}

contains H and intersects S \ {0} transversally. O

Now we can present our infinitesimal linear kinematic formulas.

Let H € G" % ke {l,...,n}, and let Szzl be the unit sphere of the orthogonal complement
of H. Let v be an element in S’;Iil. For 6 > 0, we denote by H, s the (n — k)-dimensional affine
space H + dv and we set

Bo(H,v) = lim lim Ag(Hs, N X, Hs, N X N Be).

e—=05—0

Then we set 1
Bo(H) = Bo(H,v)dv.
Sk—1 Jsk 7

Theorem 5.5. For k € {1,...,n}, we have

A(X,XNB 1
TECSR AL . n,k/ _Bo(H)dH.
G-

e—0 bkEk B gn
Proof. We treat first the case k € {1,...,n —2}. By Theorem 5.1 , we know that
A(X, X N B, 1
lim 26X OB — Y(Lk(X N H))dH
e—0 b€k 29n k=1 Grk-1
1
+7292_k+1 /sz+1 X(Lk(X N L))dL.

By Lemma 3.8 in [14], we know that generically H intersects X \ {0} transversally in a neighbor-

hood of the origin. Let us fix H that satisfies this generic property. For any v € S’;I_f, let v be

the line generated by v and let L, be the (n — k 4+ 1)-plane defined by L, = H ® v. By Lemma
5.4, we know that for v generic in Sllflll, L, intersects X \ {0} transversally in a neighborhood
of the origin. Therefore, Ul*Xm 1, has an isolated singular point at 0 and we can apply Theorem
4.5. We have
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lime_m lim5_>0 Ao(X N LU N {1}* = 5},X N LU N {U* = 5} n BE) =
X(X N L, N {v* =6} N B.) — sx(Lk(X N L, N {v* =0}))
~ T fsﬁ;’“ X(Lk(X N Ly N {v* =0} N {w” = 0}))dw

where Sf;k is the unit sphere of L,. Let us remark that L, N {v* = 0} is exactly H, s and that
L,N{v* =0} is H. We can also apply Lemma 5.2 to U\*xva to obtain the following relation:

B0(H. ) + fo(H. =) = X(LK(X N L) = —— [ (LK(X 0 H O {w” = 0}

Sn—k

Since fo(H) is equal to

1
5 / [Bo(H,v) 4+ Bo(H, —v)] dv,

Sk—1 Jgk-1

H-L

we find that
1
Bo(H) = 5 / x(Lk(X N Ly))dv
Sk—1 5211

1
—_— Lk(X N HN{w" =0}))dwdwv.
. . / LK {w* = 0})

Replacing spheres with Grassman manifolds in this equality, we obtain

Bo(H) = i/1 X(Lk(X NH ®v))dv

291
/ / X(Lk(X N H N K))dKdv.
2gkgn k+1 G}

HG})
Therefore, we have

1

- k/ Bo(H)dH = 7/ / x(Lk(X N H @ v))dvdH—
gn " JapTk 29590 " Japr Jar |
1

. — / / / Y(Lk(X N H N K))dKdvdH.
290~ gkgn k+1 aitJal | Jayd,

Let us compute
1= 29k1/G /G X(LK(X N H @ v))dvdH.

Let H be the flag variety of pairs (L, H), L € G;; k1l and H € G}~ k¥ This variety is a bundle
over GI~* each fibre being a G}. Hence we have

/ / x(Lk(X NH @ v))dvdH = / / x(Lk(X NL))dHdL =
[elinty Gl Gnpktt JapTk

sk [ YOO

Finally, we get that

n—k

- M/ V(LK(X N L))dL = —
GTL k+1

W/ankﬂ X(Lk(X N L))dL.

n—k 1 29

29" " g5,
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Let us compute now

1

= ﬁ/ / / X(Lk(X NHNK))dKdvdH.
29 " Ikn—k1 JGu" Gl Jareh

First, as we have just done above, we can write

1
j:—/ / / X(Lk(XNHNK))dKdHdL.
29 gkgn ka1 Gn—k+1 el k el k
Then we remark (see [14], Corollary 3.11 for a similar argument) that
1 1
W/ X(Lk(X NHNK))dK = ﬁ/ X(Lk(X N J))dJ,
In—k+1 E In—k Gzikil

and so
1

= — x(Lk(X N J))dJdHAL.
29 gkgrz l]: 1 Azk+1 /sz /C;n;{kl ( ( ))

Considering the flag variety of pairs (H,J), H € G7™* and J € G ", and proceeding as
above, we find

/ / x(Lk(X N J))dJdH = g3 / x(Lk(X N J))dJ,
Gn—k ank‘fl Gvgfkfl

Y(Lk(X N .J))d.J.
29 gng I]z 1 Ln k41 /Gn k—1

To finish the computation, we consider the flag variety of pairs (L,J), L € G %+ and J €
G711t is a bundle over G271, each fibre being a G?_,. Hence we have

1
g
I N // N(LK(X 1.J))dJdM,
G a2,

SO

290 " gran_i
e / KX N )] = —— / (KX 1 T))d.
200 "grgn it Jank 2gn Gpkt

This ends the proof for the case k € {1,...,n — 2}. For k = n — 1 or n, the proof is the same.
We just have to remark that in these cases

/BO(Ha U) + BO(Hv _U) = X(Lk(X N LU))v
andif k=n—-1,dim L, =2 and if k = n, dim L, = 1. O

Let us end with some remarks on the limits lim._.q Ae(XX0B)

Tk . We already know that if
dim X = d then lim._,q % =0 for £k > d + 1. This is also the case if | < dg, where

do is the dimension of the stratum that contains 0. To see this let us first relate the limits

% to the polar invariants defined by Comte and Merle in [9]. They can be

defined as follows. Let H € G" % k € {1,...,n}, and let v be an element in SIk{Zl. For § > 0,
we set

lime—>0

Xo(H,v) = lim lim x(Hs, N X N Be),

e—=06—0

No(H) = — /SH No(H, v)do,

Sk—1

and then )
oh(X,0) = —— / No(H)dH.
gn Gnk
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Moreover, we put oo(X,0) = 1.
Theorem 5.6. For k € {0,...,n— 1}, we have

. A (X, X NB,
iy 5T = 0(X,0) — 00 (X,0)
Furthermore, we have
A (X, X N B,
lim ¥ =0,(X,0).
e—0 b,em

Proof. Tt is the same proof as Theorem 5.5. For example if k € {0,...,n — 1}, we just have to
remark that

>\0(va) + )‘O(Ha 7”) - X(Lk(X N Lv)) + X(Lk(X n H))v

by Lemma 5.2, which implies that

1 1
O
It is explained in [9] that 0% (X, 0) = 1if 0 < k < do, so if k < do then lim,_,o 25208 — 0,

(1]

2]

=
=
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ABSTRACT. We study the topology of the inertia space of a smooth G-manifold M where
G is a compact Lie group. We construct an explicit Whitney stratification of the inertia
space, demonstrating that the inertia space is a triangulable differentiable stratified space.
In addition, we demonstrate a de Rham theorem for differential forms defined on the inertia
space with respect to this stratification.

1. INTRODUCTION

Let G be a compact Lie group acting (from the left) on a smooth manifold M. In the
case where G acts locally freely on M, the orbit space X := G\M is an orbifold. Moreover,
in this situation, the inertia space AX of the orbifold X can be defined as the quotient of
the disjoint union | | ., M9 of the fixed point manifolds M9 by the natural action of the Lie
group G. It turns out that AX is an orbifold as well which in general has several connected
components of varying dimension. The inertia space of an orbifold has originally been introduced
by Kawasaki in [Kaw78, p. 77] and subsequently used in [Kaw79, Kaw84|. In these papers,
the inertia orbifold served as a bookkeeping device for the formulation of the topological index
in an orbifold signature theorem resp. an orbifold index formula. Since Kawasaki’s work, the
inertia orbifold has played a major role for all formulations of index theorems on orbifolds;
see e.g. [FAR92, FARQ7, PFPOTAQ7, VERG]. In addition, the inertia orbifold has been widely
studied in connection with the Chern character for orbifolds, which provides an isomorphism
between the (rationalized) orbifold K-theory and the cohomology of the inertia orbifold, as well
as with Chen—Ruan orbifold cohomology, which is additively isomorphic to the cohomology of
the inertia orbifold; see e.g. [ADLERU, BACO, BABRMPH].

In the general case, where the action of G is no longer assumed to be locally free, the space
G\M is not necessarily an orbifold but rather a differentiable stratified space; see [PFL, Chap. 4].
In this case, however, an analog of the inertia orbifold has appeared in connection with the study
of the convolution algebra C*° (M) x G from the point of view of noncommutative geometry. More
precisely, in connection with his study of the Hochschild cohomology of the convolution algebra
C>®(M) x G in [BRY], Brylinsky considered the space of relative basic differential forms on
an appropriately defined space which in this paper we will identify with the inertia space of
the groupoid G x M. Similarly, Block and Getzler proved in [BLGE] that the periodic cyclic
cohomology of the convolution algebra G is isomorphic to a sheaf of equivariant differential
forms defined as a sheaf on G. When G is connected, this sheaf can also be understood as
a sheaf of equivariant relative differential forms on the inertia space. In their paper [LUUR],
Lupercio—Uribe defined for every topological groupoid G an inertia groupoid AG. More precisely,
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the inertia groupoid AG is the transformation groupoid G x By, where By is the space of loops
of the groupoid G, i.e. the set of all arrows g such that the source s(g) coincides with the target
t(g). The inertia space of G then is orbit space of the inertia groupoid AG or in other words the
quotient space G\By. If G is a proper étale Lie groupoid representing an orbifold X, the thus
defined inertia space coincides with the inertia orbifold of X as defined originally by Kawasaki
and subsequent authors. See also [ADGO] for recent results on the K-theory of inertia spaces of
compact Lie group actions where the fundamental group of the Lie group is torsion-free and all
isotropy groups have maximal rank.

With this paper, we aim at defining a general notion of the inertia space of a proper Lie
groupoid and studying its fundamental properties in the basic situation where the Lie groupoid
is a transformation groupoid G x M with G a compact Lie group. Under this hypothesis, we give
an explicit stratification of the inertia space in Theorem 4.1. Additionally, we demonstrate a de
Rham theorem for differential forms on the inertia space in Theorem 5.1. Note that (locally), the
inertia space is a subanalytic set, hence is known to admit a stratification by [MASH]. However,
the stratification constructed here is given explicitly in terms of local data on M and G, similar
to the well-known stratification of G\ M by orbit types.

In the case that G is a torus and M is stably almost complex, an inertia space is implicitly
realized as a differentiable stratified space in [GOHOKN], where the Chen—Ruan orbifold coho-
mology is extended to this case. This construction differs from ours in that their inertia space
is implicitly defined as a subquotient of the space M x G where G denotes the group G with
the discrete topology; the inertia space then appears as the disjoint union of an infinite family
of quotients of G-invariant submanifolds of M. Our construction considers the inertia space as
a subquotient of the manifold M x G where G is given its usual topology as a Lie group. Hence,
while these inertia spaces are the same as sets, the topology of our inertia space does not coincide
with that of [GOHOKN].

This paper is organized as follows. In Section 2, we review the notions of differentiable spaces
and differentiable stratified spaces. In Section 3, we define the inertia space as well as the
structure sheaf with which it is a differentiable space. In the same section, we also study the
local properties of the inertia space and in particular demonstrate that it is locally contractible
and triangulable. In Section 4, we explicitly describe the stratification of the inertia space; we
give several examples of the main construction before proving the corresponding main result,
Theorem 4.1. In Section 5, we prove Theorem 5.1, a de Rham Theorem for the inertia space.
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2. PRELIMINARIES

In this section, we recall the definitions of differentiable spaces and differentiable stratified
spaces. Hereby, we use the notion of a differentiable space as originally introduced by SPALLEK
[SPAGY, SPATO, SPAT1, Spa72], and follow the exposition and notation of [GOSAJ; see also
[BIE75, BIESO, BRE, PFL] for more details on stratified spaces.

Recall that a locally R-ringed space (X, O) consists of a topological space X equipped with a
sheaf O of R-algebras such that at each point x € X the stalk O, is a local ring. Note that by
definition there then exists for each point x € X and open neighborhood U of x an evaluation
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map e, : O(U) = R, f — f(x). A morphism of locally R-ringed spaces (X,0) — (V,Q) is a
pair (f, F'), where f : X — Y is a continuous map and F' : @ — f,O a morphism of sheaves
over Y such that for each x € X the induced map on the stalks F, : Q¢(,) — O, is a local ring
homomorphism. Obviously, locally R-ringed spaces with their morphisms form a category.

We consider C*°(R™) with the unique topology with respect to which it is a Frechét algebra,
see [GOSA, Section 2.3]. A locally R-ringed space is called an affine differentiable space, if for
some n € N* there is a closed ideal a C C*°(R") such that (X, Q) is isomorphic as a locally R-
ringed space to (Spec,(A), A). Here, A denotes the differentiable algebra C*°(R"™)/a, Spec,(A)
is the real spectrum of A, i.e. the collection of all continuous R-algebra homomorphisms A — R
equipped with the Gelfand topology, and A is the structure sheaf on Spec,(A), i.e. the sheaf
associated to the presheaf U — Ay, where U runs through the open sets of Spec,(A4) and Ay is
the localization of A over U. A locally ringed space (X, Q) is a differentiable space, if for each
point 2 € X there is an open neighborhood U such that the restriction (U,Oy) is an affine
differentiable space. If in addition the map

OU) —CU), fr f:=(U>aw f(x) €R)

is injective for each open U C X, one calls (X, 0) a reduced differentiable space. A reduced
differentiable space is called a smooth differentiable space, if for each point x € X there is an
open neighborhood U such that the restriction (U, O|y) is isomorphic as a locally R-ringed space
to some (R™,Cg%.), where Cg5. denotes the sheaf of smooth functions on R”. Examples of reduced
differentiable spaces include smooth manifolds, the orbit space of a proper smooth action of a
Lie group on a manifold or more generally of a proper Lie groupoid [PFPOTA11], algebraic
varieties, and symplectically reduced spaces.

Let now Y C X be a locally closed subspace of a differentiable space (X, O). Then, Y carries
a natural structure sheaf O}y such that (Y, O)y) becomes a reduced differentiable space. More
precisely, if V' C Y is relatively open and U C X open with V = U NY, we define Oy (U NY)
to be the quotient of Ojx (U) by the closed ideal of functions that vanish on UNY, see [GOSA,
Example 3.21 and Section 5.1]. Note that in general, the restricted sheaf Oy coincides with the
pullback sheaf i*O for the embedding i : Y < X only if Y is open in X.

We now recall the definitions of a decomposition and stratification of a (paracompact, second-
countable Hausdorff) topological space X in the sense of Mather [MAT73], see also [PFL, Chap. 1]
for further details. A decomposition of X is a locally finite partition of X into locally closed
subspaces, the pieces of the decomposition, such that each piece is a smooth manifold in the
induced topology and the pieces satisfy the condition of frontier: If R and S are pieces such
that RN S # (), then R C S. A stratification S of X is an assignment to each z € X the germ
S, of a closed subset of X such that there is a neighborhood U of x and a decomposition Z of
U such that for each y € U, S, coincides with the germ of the piece of Z containing y.

Suppose now that (X, Q) is a reduced differentiable space which in addition carries a strat-
ification. Then every stratum S of X is locally closed, hence one obtains for every stratum S
the restricted sheaf O|g. Denote by C5° the sheaf of smooth functions on the smooth manifold
S. We say that (X, O) is a differentiable stratified space, if for each stratum S of X, the sheaves
Os and CZ° coincide. Note that this notion of a differentiable stratified space is equivalent to
the notion of a stratified space with C*°-structure as defined in [PFL, Sec. 1.3]. In particular,
given an affine set U (i.e. an open subset U C X such that (U, O|y) is an affine differentiable
space), an isomorphism of (U, Ojyy) with Spec, (C*°(R™)/a) defines a singular chart for U in the
sense of [PFL, Sec. 1.3]. Often, we denote the structure sheaf of a reduced differentiable space
X or a differentiable stratified space X by C§¥.

To give an example of a differentiable stratified space, consider a Lie group G acting properly
on a smooth manifold M. Let o : M — G\ M be the quotient map. It is well known (cf. e.g. [PFL,
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Sec. 4.3] or [DUKO, Sec. 2.7]) that the orbit space G\ M is stratified by orbit types. Specifically,
let G, < G denote the isotropy group of a point x € M, let (G;) denote the G-conjugacy class
of G, and let Mg, ) denote the collection of y € M such that G, is conjugate to G,. Then
the stratification of G\M by orbit types is given by assigning to each x € M the germ of the
set G\M(g,). Moreover, by [PFL, Thm. 4.4.6], the orbit space carries a canonical differentiable
structure which is compatible with the stratification by orbit types. In other words, G\ M thus
becomes a differentiable stratified space. The structure sheaf Cg?\ 18 given by assigning to an
open subset U of G\M the R-algebra of continuous functions on U which pull back to smooth
G-invariant functions on o~1(U), i.e.

CRMU) i={feCU) | foo1w €C( ' (U))}.
3. THE INERTIA SPACE OF A PROPER LIE GROUPOID

Recall that by a groupoid one understands a small category G such that all arrows are invert-
ible, cf. [MOMR]. Denote by Go the set of objects and by G; the set of arrows of a groupoid
G. The source (resp. target) map will then be denoted by s : G; — Gg (resp. t : G — Gyp), the
unit map by u : Gg — Gj, the inversion by 7 : Gy — Gj, and finally the composition map by
m: Gxg, G1 — G;. If G; and Gy are both topological spaces, and all structure maps continuous,
the groupoid is called a topological groupoid. If in addition, G; and Gy are smooth differentiable
spaces, all structure maps are smooth maps, and s and ¢ are both submersions, G is called a
Lie groupoid. Note that the arrow set of a Lie groupoid in general need not be a Hausdorff
topological space.

If G is a topological groupoid, and both s and t are local homeomorphisms, G is called an
étale groupoid, in case the pair (s,t) : G; — |sfGo x Gg is a proper map, one says that G is a
proper groupoid.

Fundamental examples of proper Lie groupoids are given by transformation groupoids G x M,
where G is a Lie group which acts properly on a smooth manifold M. The object space of such
a transformation groupoid is given by (G x M)g := M, the arrow space by (Gx M), := G x M,
and the structure maps are defined as follows:

(G X M)y — (G x M)o, (9,p) — p,

t:(Gx M)y — (G x Mo, (9,p) — gp,

(Gx M) — (Gx M)y, p— (e,p),

i:(Gx M) = (Gx M), (9,p) = (97}, gp), and

m: (G x M)y X(guary, (G X M)y — (G x M)y, ((g,hp),(h,p)) — (gh,p).

Let now G be an arbitrary proper Lie groupoid. One then defines the loop space of G as the
subspace

(3.1) Bo:={keGy|s(k)=t(k)}.

Sometimes, we denote the loop space also by A(Gp). The groupoid G acts on the loop space in
the following way:

»

IS

Gy X6, Bo = Bo, (9,k) — gkg™".

We can now define:

Definition 3.1 (cf. [LUUR]). Let G be a proper Lie groupoid, and By its loop space. The action
groupoid G x Bg then is called the inertia groupoid of G. It will be denoted by AG. The quotient
space G\AG will be called the inertia space of the groupoid G. If X denotes the orbit space
G\ Gy, we sometimes write (by slight abuse of notation) AX for the inertia space of G.
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Remark 3.2. The loop space By is a closed subset of the smooth manifold G, hence inherits
the structure of a differentiable space. Moreover, By is locally semialgebraic, hence possesses a
minimal Whitney B stratification, and a triangulation subordinate to it. The inertia space AX
inherits these properties from the loop space as well. We will elaborate on this in a forthcoming
publication.

Remark 3.3. The inertia space AX as a topological space depends in fact only on the Morita
equivalence class of the proper Lie groupoid G. So if one thinks of X as a topological space
together with a Morita equivalence class of Lie groupoids having X as orbit space, the notation
AX is fully justified. The stratification defined by Theorem 4.1 and the corresponding de Rham
complex are not in general Morita invariant. For example, in the case of SO(3) acting on R3~. {0}
with the restriction of the standard action, the resulting translation groupoid is easily seen to be
Morita equivalent to that associated to the trivial action of SO(2) on R (for a compact example,
one may restrict the action to the unit sphere in R3). The stratifications of the inertia space
associated to these two presentations do not coincide; see 4.2.6. Other relationships between the
inertia spaces of Morita equivalent groupoids will be explored elsewhere.

Let us now describe the inertia space in the particular situation, where the underlying proper
Lie groupoid is a transformation groupoid G x M with G a compact Lie group and M a smooth
G-manifold. The loop space By then is given as the closed subspace

AM :=Bg:={(k,z) € G x M | kx =z}
of G x M. Moreover, G acts on G x M by
G x (G x M) = (G x M), (g,(k,2)) = g(k,x) == (gkg ™", ).

This action leaves AM invariant. The inertia space of G X M now coincides with the quotient
space AX := G\AM, where X := G\M. Sometimes, we call AX the inertia space of the
G-manifold M.

Proposition 3.4. Let G be a compact Lie group. The inertia space AX of a G-manifold M
carries a natural and uniquely determined structure of a differentiable space such that the em-
bedding ¢ : AX — G\(G x M) becomes a smooth map, where G\(G x M) carries the unique
differentiable structure such that the canonical projection o : G x M — G\(G x M) is smooth.

Remark 3.5. In the following, we denote the canonical projection M — G\ M of a G-manifold
M to its orbit space by ™. Instead of p“*M we often write o, if no confusion can arise. The
restriction of o to AM will be denoted by o, that means ¢ : AM — AX is the orbit map from
the loop space to the inertia space.

Proof. Recall that by [GOSA, Thm. 11.17], the quotient G\(G x M) is a differentiable space,
and that the structure sheaf on G\ (G x M) is uniquely determined by the requirement that the
quotient map g is smooth. Since AM is a closed G-invariant subspace of G x M, it follows from
[GoSA, Lem. 11.15] that AX is a differentiable space. Again, the structure sheaf is uniquely
determined by the requirement that the ¢ : AX — G\(G x M) is smooth which according to
[GOSA, Lem. 11.15] is the case indeed. O

Let us briefly give a more explicit description of the structure sheaf on the inertia space. Let
U C AX be open. Then C3% (U) is the space of all f € C(U) such that there exists an open
W C G x M and a function F' € C°°(W) which have the property that W N AM = o~ *(U) and
that Flyynam = f o ojwnanm- In other words,

Cx (U) = (C=(0 (1)) “.
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Hence, the structure sheaf of AX is given by the restriction of the smooth G-invariant functions
on G x M to AM.

The inertia space AX of a G-manifold M carries even more structure. In the following
considerations we will explain this in more detail.

3.1. Reduction to Slices in M. Fix a point x € M, and let Y,, be a slice at x for the G-action

on M. By a slice at x we hereby mean a submanifold Y, C M transverse to the orbit Gz such

that the following conditions are satisfied (cf. [BRE, II. Theorem 4.4]):

(SL1) Y, is closed in GYy,

(SL2) GY, is an open neighborhood of Gz,

(SL3) G,Y, =Y, and

(SL4) ¢gY, NY, # 0 implies g € G, .

After possibly shrinking Y., we can even assume that Y, is a linear slice, which means that

(SL5) there exists a G -equivariant diffeomorphism Y, — N, of the slice Y, onto the normal
space N, := T, M/T,Gz.

Note that we implicitly have used here the fact that G, acts linearly on the normal space N,.

After choosing a G-invariant riemannian metric on M, the image exp(B,) of every sufficiently

small open ball B, around the origin of N, under the exponential map is a linear slice at x. We

will assume from now on that all slices are linear. By (SL5) this implies in particular that there

is a G -equivariant contraction [0,1] x Y, — Y, to the point x. Let us also recall at this point

the slice theorem [Ko0s] which tells that the map

(3.2) 0:G xq, Yo — GYy, [hoy] = hy

is a G-equivariant diffeomorphism between G X, Y; and the tube GY, C M about Gz.
Let us now examine the loop and the inertia space of the G-manifold G' x ¢, Y. By definition,
the loop space is given by

MG xg, Ya) = {(g.[h,y]) € G x (G xq, Vo) | glh.y] = [h,y]}-
In addition, the map
idgx0: Gx(Gxg, Ys) >Gx M
is a G x G-equivariant diffeomorphism onto a G x G-invariant open neighborhood of (e, z) in
G x M. Hence the restriction

becomes a G-equivariant homeomorphism onto the G-invariant neighborhood (G x GY,) N AM
of (e,z) in AM. Moreover, it follows that A is an isomorphism between the differentiable spaces
AG xq, Y,) and (G x GY,) N AM by [GOSA, Lem. 11.15].

Next let us consider the loop space AY, := {(h,y) € G, x Y, | hy = y} of the G,-manifold
Y,. Then we have the following result, which provides a local picture of the inertia space of a
G-manifold M.

Proposition 3.6. Let Y, be a slice at the point x of a G-manifold M for G a compact Lie group.

Then the inertia space A(G\Yy) of the Gy-manifold Y, is isomorphic as a differentiable space

to the open neighborhood A(G\GY,) of the point G(e, x) in the inertia space A(G\M).

Proof. Consider the map ¢ : AY, — A(G x¢, Y,) defined as the restriction of the smooth map
Gr X Ym — G x (G X@G, YCE)v (hvy) = (hv [evyD

to AY,. Obviously, by elementary considerations, ¢ is continuous and injective. Moreover, ¢ is a
morphism of differentiable spaces since it is the restriction of a smooth map between manifolds.
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Since ¢ is equivariant with respect to the canonical embedding G, — G, it also induces a
continuous map between the quotients

D A(Ge\Ya) = MG\ (G xg, Ya)) = MG\GYz), Ga(h,y) = G(h, [e,y]).

Let us show that ® is bijective. This will prove the claim.

To show that @ is injective, suppose that (h,y) and (h,7) are elements of AY, such that
®(Gy(h,y)) = ®(Gx(h,7)). Then G(h,[e,y]) = G(h,e,7]) so that there is a g € G such that
(h,[e,y]) = g(h,[e,7]). Therefore, [e,y] = [¢,7] and h = ghg™, so that there is an h € G, such
that (71’1,7134) = (g,7). But this implies that h~!=g e G, and y = g7, so that g(h,7) = (h,y)
with g € G,. It follows that ® is injective.

To show that ® is surjective, let (k, [g, y]) be an arbitrary element of the loop space A(Gx ¢, Yz)
which means that k[g,y] = [g,9]. Then g~ 'kgle,y] = [e,y], so that by (SL4) g~ 1kg € G,. Since
g (K, [g9,y]) = (g7 kg, [e, y]), it follows that ®(G. (g7 kg,y)) = G(k,[g,y]), and ® is surjective.

Finally, we claim that ® is even an isomorphism between differentiable spaces. To this end
note first that for all f € C>(A(G\ (G x¢, Yz))) the pullback ®*(f) is a smooth function on
AG\Y;, since

P (f)OQ‘Ay *fogﬁ\xgcic Yy) o ¢,
where we have used the notation as explained in Remark 3.5. By surjectivity of ®, the pullback
*: C(A(G\ (G %@, Yz))) = C(A(G,\Y;)) is injective.

To show that ®* is surjective, let h € C*® (A(Gm\Yx)). Since AY, is a closed differentiable
subspace of G X Y,, there exists a smooth H on G X Y,, such that Hj,y, = ho Q‘)ky By
possibly averaging over G, one can even assume that H is G, -invariant. With this, we define
f: Gx(Gxa,Y,) =R by setting f(k,1g,y]) = H(g 'kg,y). By Gy-invariance, f is well-defined
and smooth. Moreover, f is G-invariant, hence on has

_ f ° ‘QGXGJYI

f\AGxGmYT A(GXq, Ya)

for some smooth f : A(G x¢, Yz) — R. By construction it is clear that then ®*(f) = h, hence
®* is surjective. This proves that @ is even an isomorphism of differentiable spaces. O

In the preceding proposition, one can choose for each = € M the slice Y, to be equivariantly
isomorphic to a ball B, in some finite dimensional orthogonal G ,-representation space V,,. More-
over, since every compact Lie group has a linear faithful representation, we can assume that G,
is (represented as) a compact real algebraic group. The loop space

AB, = {(k,x) € Gu X By | kz =z}

then is a semi-algebraic set in G x V. Since by the Proposition the inertia space A(G\M) has
a locally finite cover by open subsets such that each of the elements of the cover is isomorphic
as a differentiable space to some inertia space A(G,\B,) the inertia space of the G-manifold M
is locally semi-algebraic in the sense of Delfs—Knebusch [DEKN, Chap. I].

Corollary 3.7. The inertia space A(G\M) of a G-manifold M with G compact is locally semi-
algebraic in a way that is compatible with its structure as a differentiable space.

A semi-algebraic set X has a minimal C*°-Whitney stratification according to [MATT73,
Thm. 4.9 & p. 210]. As the definition of a Whitney stratification as in [MAT73, Sec. 1.2] is
local, and because the C* structure is compatible with the global differential structure of the
inertia space, by the Corollary, the inertia space of a G-manifold M therefore possesses a min-
imal C*°-Whitney stratification and becomes a differentiable stratified space. We will call this
stratification the canonical stratification or the minimal Whitney stratification of the inertia
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space. Since the canonical stratification satisfies Whitney’s condition B, there even exists a sys-
tem of smooth control data for the canonical stratification (cf. [MAT70] and [PFL, Thm. 3.6.9]).
According to [GOR, Sec. 5] [VERO, Cor. 3.7] there exists a triangulation of the inertia space sub-
ordinate to the canonical stratification. Hence, the inertia space is triangulable and in particular
locally contractible. We thus obtain the following result.

Theorem 3.8. Let G be a compact Lie group. The inertia space AX of a G-manifold M is in
a canonical way a locally compact locally contractible differentiable stratified space. Its canonical
stratification satisfies Whitney’s condition B and is minimal among the stratifications of AX
with this property. Moreover, there exists a triangulation of the inertia space subordinate to the
canonical stratification.

That the inertia space is locally contractible can be shown directly as well. The main point
hereby lies in the following result which also will be needed later to prove a de Rham Theorem
for inertia spaces.

Proposition 3.9. Let M and G be as above, and consider a point (h,x) in the loop space AM.
Then there is a linear slice Vi, 5 at (h, ) such that the action of scalarst € [0,1] on Vih,z) leaves
the set Vij oy NAM invariant. The linearization Vip »y = Bnz) © Nipzy from Vi, o) to an open
convex neighborhood of the origin in the normal space Np, oy := T,y (G x M) /T (1, 2) (G(h, ;v))
can hereby be chosen as the inverse of the restriction eXP|B, . of the exponential map corre-
sponding to an appropriate G-invariant riemannian metric on G X M.

Proof. Choose a G-invariant riemannian metric on M, a bi-invariant riemannian metric on G
(cf. [DUKO, Prop. 2.5.2 and Sec. 3.1]), and let G x M carry the product metric. Recall that
under these assumptions, the exponential map T, (h,m)(G x M) — G x M decomposes into a
product exp$’ x exp?. Moreover, the riemannian exponential map exp® on TG then coincides
with the map
TG =G xg—G, (9,6 — ge®.

Hereby, e¢ denotes the exponential map on the Lie algebra, and the isomorphism between G x g
and TG is given by (g,&) — (Lg),§, where L, : G — G denotes the left action by g. Now let
B(p,) denote a sufficiently small open ball around the origin of the normal space N, ) so that
the exponential map is injective on By, ,), and let V{3, ;) 1= exp (B(h’z)).

Note that every element g of the isotropy group H := G, ;) commutes with H. Hence, for
(k,y) € Vip,z) one has h = ghg™! € gH(kvy)gfl if and only if h € H ), and the same holds

for each connected component of Hy ). Therefore, if (Hy),...,(H,) denotes the collection of
isotropy types for the linear H-action on V{;, ,y, which is finite by [PFL, Lem. 4.3.6], we can
assume they are ordered in such a way that h € gH;g~! for each g € H and i = 1,...,r, and

h & gH;g~! for each g € H and i = r +1,...,s. Moreover, for i = 1,...,r, let H denote the
connected component of H; containing h, which implies that h € gHihg_1 for each g € H.
With this, we define

T S
c=\U UgHig ' ~galg Ul U U gHig™
i=1 geH i=r+1 g€H

That is, C is the union of all conjugates of isotropy groups not containing h as well as, for
each isotropy group containing h, all conjugates of the connected components not containing
h. Since the quotient map H — Adg\H is closed by [TDIE, Prop. 3.6] it follows immediately
that C' is closed in H. By construction, C is also H-invariant. This implies that G \ C is an
Adp-invariant open neighborhood of h in H. Hence there exists a connected open and Adpy-
invariant neighborhood Oy, of h in G . C' small enough to be contained in a logarithmic chart
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around h in the Lie algebra b of H, see [DUKO, Thm. 1.6.3]. Therefore, Op x M is an H-
invariant open neighborhood of (h, ) in G x M. With this, we may shrink V(;, ;) to assume that
Vina) © On x M.

Now, suppose (k,y) € Vo) N AM so that ky = y and then clearly k(k,y) = (k,y). By
property (SL4) of the slice V{;, 5, it follows that k € H. Since k € O we have that k is not
contained in any H-conjugate of H; for i = r +1,...,s so that H(; ) is conjugate to H; for
some i < r. Moreover, Oy, is connected and does not intersect C' so that k is contained in the
same connected component of H .y as h. Hence, by using logarithmic coordinates near h, we
may express k = het for some ¢ € B(k,y), the Lie algebra of H; ). Additionally, heté € H .
for t € [0,1], so that he®(k,y) = (k,y). Next, let w € T, M such that exp} (w) = y. Then we
have expj, (€, w) = (k,y), and (§,w) € N, »). Moreover, we get

expp oy (H(&,w)) = expyy 4 (€, tw)) = (he', y(1)),

where y(t) = expd (tw). However, since the action of H on the normal space N, ;) is linear,
and since he®(k,y) = (k,y), it follows that he's (he'®,y(t)) = (he',y(t)) for ¢ € [0,1]. This of
course implies that he®y(t) = y(t) so that (he'®,y(t)) € AM, proving the claim. O

Corollary 3.10. The inertia space A(G\M) of a compact Lie group action is locally contractible.

Proof. Let (h,x) € AM, H = G, 1), and choose a linear slice V{3 ;) as in the preceding Propo-
sition. Then GV(;, 5 is an open G-invariant neighborhood of (h,z) in G x M. Define the map
H: G xg Vi x[0,1] = G xg Ve by H(lg, (k,y)],t) = [g, (1 — t)(k,y)]. Then H is a G-
equivariant deformation retraction of G x g V{3, 2y onto G x g {(h, x)} which induces a retraction
in the quotient onto the single orbit G(h,z). Moreover, by the preceding Proposition, the map
H restricts to a G-invariant retraction of (G'x g V(3 2)) N AM onto a single orbit. O

4. THE ORBIT CARTAN TYPE STRATIFICATION

In this section, we present the explicit stratification of the inertia space AX. We give the
definition of this stratification in Subsection 4.1 and state our first main result, Theorem 4.1.
Before turning to the proof of Theorem 4.1 in Subsection 4.4, we first give several examples
of the stratifications in Subsection 4.2 and establish some useful results for actions of abelian
groups in Subsection 4.3.

Let G° denote the connected component of the identity of G. Recall that a Cartan subgroup
T of G is a closed topologically cyclic subgroup that has finite index in its normalizer Ng(T)
(cf. [BRD1, IV. Def. 4.1], see also [SEG]). If g € G, then by [BRDI, IV. Prop. 4.2], there is a
Cartan subgroup T of G such that g € T and T/T? is generated by gT°. We will say that such
a T is a Cartan subgroup associated to g. If g € G°, then T is a maximal torus of G° containing
g; in general, T is isomorphic to the product of a torus and a finite cyclic group. We will make
frequent use of [BRDI, IV. Prop. 4.6], which states that the homomorphism

T/T° — G/G°

(4.1) tT° — tG°

defines a correspondence between Cartan subgroups of G and cyclic subgroups of G/G° that
induces a bijection on conjugacy classes. That is, given g, h € G and Cartan subgroups T, and
T}, associated to g and h, respectively, T, and Ty, are conjugate in G if and only if (¢G°) < G/G°
and (hG°) < G/G° are conjugate in G/G°. For g,h € G°, this corresponds to the well-known
fact that all maximal tori in a compact connected Lie group are conjugate; see e.g. [DUKO,
Thm. 3.7.1].
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4.1. Definition of the Stratification. Let (h,2) € AM and let H denote the isotropy group
of (h,z) with respect to the G-action on G x M. Then H = G, N Zg(h) = Zg, (h) where
Za(h) denotes the centralizer of h in G and G, denotes the isotropy group of z with respect
to the G-action on M. Let T, ,) be a Cartan subgroup of H associated to h; note that if G,
is connected, we have by [DUKoO, Thm. 3.3.1 (i)] that h € (Zg, (h))° = H®, so that T, is a
maximal torus of H° containing h. Choose a slice V(;, ;) at (h,z) for the G-action on G x M,
and define an equivalence relation ~ on Ty 5) by s ~ t if (GV(j, 4))° = (GV(hyz))t. Let TZ‘h,z)
denote the connected component of the ~ class [h] containing h.
We define a stratification of AM by assigning to the point (h,z) € AM the germ

(4.2) Sha) = [G (Wfix) n (Tikh»w) % M))}

After applying the quotient map ¢ : AM — AX, we can similarly define a stratification of AX
by assigning to the orbit G(h, z) the germ

(4.3) Rernary = (G (VLo N (Tl G)))}G(h,x) '

We will see below that the germs defined by Equations (4.2) and (4.3) do not depend on the
choice of slice V(;, ;) and Cartan subgroup T ), see Lemmas 4.14 and 4.15.

The following result shows that S and R are stratifications of the loop space and inertia space,
indeed. We call these the stratifications by orbit Cartan type.

(ha)

Theorem 4.1. Let G be a compact Lie group and let M be a smooth G-manifold. Then Equation
(4.2) defines a Whitney stratification of AM with respect to which AM is a differentiable stratified
space. Moreover, this stratification induces a stratification on AX by Equation (4.3) with respect
to which AX is a differentiable stratified space fulfilling Whitney’s condition B.

An immediate consequence of this result and Theorem 3.8 is the following.

Corollary 4.2. The orbit Cartan type stratification is in general finer than the canonical strat-
ification of the inertia space AX. Moreover, there exists a triangulation of the inertia space
subordinate to the orbit Cartan type stratification.

Remark 4.3. Assume in addition that M itself is partitioned into a finite number of G- and
T-isotropy types for any Cartan subgroup T of G. The definition of Tzh,r) above can be modified
by saying that s ~ t if (G x M)* = (G x M)". The modified definitions of S(; ) and Rg(p,e) also
result in Whitney stratifications of AM and AX, respectively. The proof of this fact is identical
to the proof of Theorem 4.1 below with minor simplifications. The modified stratifications are
generally finer and depend on global data in G x M, though they can be easier to compute in
examples.

Before we prove Theorem 4.1, we provide several examples which illustrate our definition.
4.2. Examples of the Stratification.

4.2.1. Cases Where AM is Smooth. Suppose G acts freely on M. Then
AM ={e} xMCGxM

is diffeomorphic to M. Each point (e, z) has trivial isotropy group, and it is easy to see that the
stratifications of AM and AX given by Equations (4.2) and (4.3) are trivial. The result in both
cases is a smooth manifold with a single stratum, and hence trivially a stratified differentiable
space.
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Similarly, suppose L is a (necessarily normal) subgroup of G that acts trivially on M, and
suppose G/L acts freely on M. Then

AM=LxMCGxM

is a smooth manifold. The isotropy types of elements of AM correspond to the isotropy types
of L with respect to the G-action by conjugation; that is, elements (h,z) and (k,y) of AM have
the same isotropy type if and only if the centralizers Z¢(h) and Zg (k) are conjugate. We claim
that in this case, the stratifications of AM and AX given by Equations (4.2) and (4.3) coincide
with the stratifications by G-isotropy types.

Choose a slice V{3, ) at (h,x) € AM for the G-action on G’ x M. By construction, it is clear
that S(j, ) is a subgerm of the germ of the isotropy type of (h,z) at (h,x). Let

(k,§) € GVinay N (L x M)

be a point in the orbit of this slice with the same G-isotropy type as (h,z). Then there is
a g € G such that (k,y) := g(/%,g) € Vina), and hence G,y < H = G(p,,). However,
as Gy = gG(,;g)g—l is conjugate to H, we have by [PrL, Lem. 4.2.9] that G ,) = H.
Therefore, (k,y) € V(ZI ) which is connected, so that k is in the same connected component of
H as h. Tt follows that kH° and hH° generate the same subgroup of H/H®, so that by [BRDI,
IV. Prop. 4.6], Cartan subgroups T(h,z) and T,y of H associated to h and k, respectively, are
conjugate in H. Hence there is a ¢ € H such that gkg~! € T(h,e); however, as g € H = G (1),
it follows that k = gkg™! € T(h,2)- Moreover, as Zp(k) = Gx,y) = Ghz) = Zr(h), we have
that (G x M)*F = (G x M)" so that (GV(j,1))" = (GV(p,))" and k € Tih2)- We conclude that
(/%,g]) eG (V(gz) N (T?h,z) X M)), and hence that S, ;) is the germ of the G-isotropy type of
(h,z)in M x G.

More generally, we have the following. The proof is an elementary argument applied to slices
for the G-action on M using a local section of the fiber bundle G — G/J.

Proposition 4.4. Suppose the stratification of M by G-orbit types has depth zero which means
that there is a K < G such that every point has orbit type (K). Then AM is a smooth submanifold
of G x M that is locally diffeomorphic to K x M.

Proof. To show that AM is a differentiable manifold, let (h,z) € AM, and let Y, be a slice at «
for the G-action on M. Without loss of generality, we can assume that G, = K. Then for each
y €Y, as G, < K and G, is conjugate to K, it must be that G, = K. Therefore, YE =Y,
and a neighborhood of G, in M is diffeomorphic to

GxgY,=G/K XY,
via the map
7: G/IK XY, — M, (¢K,y) — gy.

To prove that AM is a differentiable submanifold of G x M, choose a neighborhood U of eK
in G/K small enough so that the fiber bundle G — G/K admits a differentiable section on U.
Let 0 : U — G for G — G/K be a choice of such a section, and consider the map

T:GxUxY, —Gx71(UxY,)CGxM,
(9.9K.y) — (0(9K) go(gK) ™", a(9K)y) -

Since U is an open neighborhood of eK in G/K, we have that U x Y, is an open neighborhood
of (eK,z) in G/K x Y,. Therefore, 7(U x Y,) is an open neighborhood of z in M. Simple
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computations demonstrate that 7 is a diffeomorphism from the neighborhood G x U x Y, of
(h,eK,x) in G x G/K x Y, onto the neighborhood G x 7(U x Y,,) of (h,x) in G x M. Moreover,

TKxUxYy)=(Gx7(UxYy))NAM,

so that 7 restricts to a diffeomorphism between a neighborhood of (h,x) in K x M to a neigh-
borhood of (h,z) in AM. O

In this case, however, it may happen that the stratifications of AM and AX given by Equations
(4.2) and (4.3) are strictly finer than the respective stratifications by isotropy types. This is the
case, for instance, when AX is the inertia space of R® \ {0} with its usual SO(3)-action; see
4.2.6 below.

4.2.2. Locally Free Actions. If the action of G on M is locally free, i.e. the isotropy group of
each x € M is finite, then the quotient X = G\M is an orbifold. The corresponding inertia
space AX then is an orbifold as well and is called the inertia orbifold of X, see e.g. [ADLERU]
or [PFPOTAO7]. Let us briefly sketch this within our framework and let us show that the above
defined stratification of the inertia space AX coincides with the orbit type stratification, if the
action of G is locally free.

To this end consider first the case, where G is a finite group. The loop space AM then is
the disjoint union | |, {h} x M" of smooth manifolds of possibly different dimensions. Choose
a G-invariant riemannian metric on M. Since G is finite, the linear slice V{j, ;) at some point
(h,x) € AM can be chosen to be of the form {h} x V., where V, C M" is an open ball around z
in M"; note that M" is totally geodesic in M. Denote by H the isotropy group of (h, z), i.e. let
H := Zg,(h). Because under the assumptions made the Cartan subgroups are discrete, the set
germ S, oy at (h,x) € AM from Eq. (4.2) coincides with

[G (Vi) NV ({B} X M) hwy = [GHRY X VD) (2) = B} X Vi ) (ya) -

The second equality hereby follows from the fact that for every g € Zg(h) and y € V. with
gy € V,, one has gy € V. since g € H by (SL4). Observe that the orbit map

0:GxM— G\(Gx M)

is injective on {h} x VI by the slice theorem, hence the set germ Ra(he) at G(h,x) € AM is
given by

RG’(h,m) = [Q({h} X VwH)]G(hax) .
In other words this means that the stratification by orbit Cartan type of the inertia space AX
of a finite group action on M is given by the orbit type stratification.

Let us now consider the case where GG is a compact Lie group acting locally freely on M.
According to Theorem 3.8, the inertia space AX is a differentiable stratified space with strati-
fication given by the canonical stratification. Recall that the canonical stratification is minimal
among all Whitney stratifications of AX. Now observe that by Proposition 3.6 the neighborhood
A(G\GY,) of (e,z) in AX is isomorphic as a differentiable space to the inertia space A(G,\Yz),
where Y, is a slice of M at xz. Since G, is finite, it follows by the above considerations that
the stratification R of A(G,\Y;) coincides with the stratification by orbit types. But the latter
is known to be the minimal Whitney stratification, hence A(G,\Y,) with the orbit type strat-
ification is even isomorphic as a differentiable stratification to A(G\GY,) with the canonical
stratification. Since AX is covered by the open sets A(G\GY;), z € X, it follows that both
the canonical stratification of AX and the stratification by orbit Cartan type coincide with the
stratification by orbit type, and that AX is an orbifold, indeed.
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4.2.3. Semifree Actions. Suppose G acts semifreely on M so that there is a collection N = M
of submanifolds of M fixed by G, and G acts freely on M ~ N. Then

AM = [{e} x (M ~ N)] U (G x N).

The isotropy group of (h,z) is trivial if ¢ N and is equal to the centralizer Zg(h) if © € N.
With respect to the adjoint action Adg of G on itself, let (K3),...,(K,,) denote the isotropy
types of elements of G so that the centralizer of every element of G is conjugate to some Kj.
We assume that K, = G is the isotropy group of the center of G. For j =1,...,m — 1, we let
Adé denote the set of elements of G with centralizer exactly K; and let Adg) denote the set of
elements of G with centralizer conjugate to K;. For j = m, we let AdZ = Adgn) denote the set

of nontrivial central elements of G, which may be empty. The sets Adg and Adg) are disjoint
unions of smooth submanifolds of G by [PFL, Cor. 4.2.8]. Moreover, we have for h € G that
(G x M)" = Zg(h) x N, so that if (h,z) and (k, y) have the same isotropy group, then h and k
have the same fixed point sets in neighborhoods of the orbits G(h, z) and G(k, y).
Let
So:i={e} x (M~ N),

and for each j € {1,...,m}, let

S; = AdY x N
(which is empty for j = m if G has trivial center), and

Sm+1 = {6} x N.
Projection under the quotient map 0 : AM — AX provides manifolds

R; = o(S;).

The decompositions of AM and AX given by the connected components of the S; and R;,
respectively, coincide with the stratifications defined in Equations (4.2) and (4.3).

In particular, note that this stratification is strictly finer than the stratification by orbit types
in the case where G has nontrivial center. In fact, the piece Z(G) x N, which consists of points
of the same isotropy type, must be split into {e} x N and (Z(G) \ {e}) x N in order for the
pieces to satisfy the condition of frontier. The reason for this is the occurrence of {e} as the
isotropy group for points of the form (e, z) with x € M ~ N. Indeed, the closure of the stratum
So = {e} x (M ~ N) is {e} x M, and hence cannot contain the entire isotropy type of points
(e,n) withn € N.

As a simple, concrete example, consider the action of the circle SO(2) on the sphere S? by
rotations about the z-axis; this action is semifree with N = (S?)S°() given by the north and
south poles. It is easy to see that the isotropy types

A={(e,z) |z € S* N}

and
B=/{(t,x)|te S",z € N}
do not yield a decomposition of AS?, as AN B = {e} x N.

Remark 4.5. As illustrated by this example, the inertia space of a G-manifold need not have
a top (i.e. open, dense, connected) stratum. In particular, it is clear that any decomposition of
the loop space AS? must have both 1- and 2-dimensional strata that are not contained in the
closures of other strata. Moreover, it follows from Proposition 3.9 that the inertia space of a
G-manifold is locally homeomorphic to a cone on a stratified topological space, called the link
(see [PFL, 1.4.1]). However, the link of some points in the inertia space cannot be chosen to
be connected. In particular, the link of the north pole in the above example is the union of a
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circle and two points in the loop space AS? and link of the corresponding orbit is the union of
three points in the inertia space. Hence, the inertia space does not share the nice topological
properties of some other singular spaces, see e.g. [SILE, Section 5].

4.2.4. Actions of Abelian Groups. Suppose G is abelian, and let {H; | ¢ € I} be the (possibly
infinite) collection of isotropy groups for the G-action on M. Note that the isotropy group of
(h,z) € AM is equal to G,. For each x € M, let I, C I be the finite subset consisting of all i
such that every neighborhood of x contains points with isotropy group H;.

Choose (h,z) € AM, and note that the Cartan subgroup T . is in this case unique. For
k € T(n), we have k ~ h if and only if h and k fix the same points in a neighborhood of x
in M, or equivalently if and only if h and k are in exactly the same isotropy groups H; for
i € I,. Therefore,the equivalence class Tfh,m) is determined by the set I\, 5) = {i € I, | h € H;}.
Specifically,

c

o= U )l U #
i€l(n,a) JEI ()

where ¢ denote the complement (cf. Subsection 4.3 below). The stratification of AM given by
Equation (4.2), then, is given by sets of the form T>(kh,3:) X My, where h € H; and ¢ € My,.
Intuitively, AM is partitioned by isotropy types, and then further decomposed to separate the
closures of nearby strata with lower-dimensional fibers in the G—direction.

As a particularly elucidating example, consider G = T? = {(s,t) | s,t € T'} and M = CP?
with action given by

(s,t)[z0, 21, 22] = [s20,t21, St22].
Note that the points [1,0,0], [0,1,0], and [0,0,1] are fixed by T?. Near these three points,
respectively, using coordinates
(u1,ug) := <Zl, Z2> , (vo,v2) 1= (ZO7 22> , and (wp,w;) := (ZO, 21) ,
Z0 R0 Z1 21 zZ9 29

the action is given by

(s,t)(ur,u2) = (s 1tuy,tug),
(s,t)(vo,v2) = (st™lwg,svz), and
(S?t)<w0,w1) = (t_1w075_1w1>-

Note in particular that the action near each fixed point is different, and hence the torus T2 is
partitioned into ~ classes in different ways at each. However, the strata in ACP? whose closures
contain two fixed points have torus fiber given by a subtorus of T? whose partition into ~ classes
is compatible with both.

For instance, the torus fiber over R = {[20, 21,0] | 20,21 # 0} in ACP? is the 1-dimensional
subtorus T' of T? consisting of points of the form (s,s). Any open neighborhood of the orbit of
a point in R contains points with trivial isotropy and points with isotropy T', so that T' x R is
partitioned into {e} x R and (T~ {e}) x R. It is easy to see that this partition is the restriction
to T of the partitions of T2 at [1,0,0] and [0, 1,0]. Though it is not compatible with the partition
at [0, 0, 1], this causes no difficulty as [0, 0, 1] is separated from the closure of R.

Remark 4.6. In the above example, the link in the loop space ACP? of the point
(e,[1,0,0]) € T? x CP?

can be described as follows. Let (z,y,u1,us) denote coordinates for t x C? where t denotes the
Lie algebra of T2, and let S = {(z,y,u1,ua) : 2% + 4%+ |u1|> + |uz|* = 1} denote the unit sphere.
Then the link is the set of points in S of the form (x,y,0,0) (corresponding to the isotropy group
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of the origin), (x,z,u1,0) (corresponding to the points fixed by the circle (s,s)), (x,0,0,us)
(corresponding to the points fixed by the circle (s,e)), and (0,0, u;,u2) (corresponding to the
identity element of T?). In general, the link at a point in the abelian case can be described
similarly.

4.2.5. The Adjoint Action. Let G act on itself by conjugation. Then
AG = {(h,k) € G* | kh = hk}

is the set of commuting ordered pairs of elements of G with diagonal G-action by conjugation.

The isotropy group of (h,k) is given by Zg(h) N Zg(k), and the set of points fixed by
Zg(h) N Zg(k) is given by points of the form (I,j) where | and j are elements of the center
of Zg(h) N Zg(k). Similarly, T{yx) consists of elements j of Ty ) such that Zg(h) and Zg(5)
coincide on a neighborhood of the G-orbit G(h, k).

4.2.6. The Standard Action of SO(3) on R3. Let G = SO(3) act on M = R3 in the usual way.
For each point z € R? with = # 0, we let R, with 6 € [0,27) denote rotation through the
angle # about the line spanned by x where we assume 6 is a positive rotation with respect to
an oriented basis for R* whose third element is z. In particular, R, o =1 and Ry 9 = R_; 270
for each x € R3 \ {0}. See [DUKO, Sec. 1.2 and 3.4] for a careful description of this action, and
note that our notation differs slightly to adapt to our situation.

There are three isotropy types that occur in AR?: the point (e, 0) has isotropy group SO(3),
points of the form (R, ,,0) have conjugate isotropy groups isomorphic to O(2), and all other
points have conjugate isotropy groups isomorphic to SO(2). If (h,z) € AR?® such that z # 0
and T, ) = G(n,) = SO(2), then any neighborhood of the orbit G(h,z) small enough to not
intersect {0} x SO(3) contains only points with T, ,y-isotropy type T, ) and {e}. Hence there
are only two ~ classes, the identity and the nontrivial elements. Similarly, if (h,z) = (Rq.9,0)
with 6 # m, it can be seen in a neighborhood of the orbit G(h,z) small enough to contain no
points of the form (R, r,0) that T, . is as well partitioned into the same two ~ classes. If
(h,x) = (Ry,x,0), then as G(h,x) contains (R, ,0) for each y € R? and as R, . fixes (Ry x,0)
when z and y are orthogonal, the torus T(j 5 is partitioned into the ~ classes {e}, {R; «}, and
{Ry9 |0 € (0,7)U (m 2m)}. Tt follows that the maximal decomposition of AR? induced by the
stratification S, ) consists of four sets:

Sio= {(e,0)},

Sy = {(Ruex,0) |z R\ {0}},

Ss = {(e,z) |z €R3{0}}, and

Sy = {(Rup,x)]0€ (0,m)U(m2r),2 € R} U{(Ryr,2) |z €R3~{0}}.

Note in particular that the map SO(3)\AR? — SO(3)\R? given by SO(3)(h, z) — SO(3)z is not
a stratified mapping; for 6 € (0,7) U (m, 27), the points SO(3)(Ry,e,x) and SO(3)(Ry,9,0) are
mapped to points with different isotropy types.

Similarly, consider the restriction of the SO(3)-action to M = R3® ~\ {0}. The maximal
decomposition of AM given by Equation (4.2) has two pieces,

{(e;2) |z € R®*{0}} and {(Rse,2) |0 € (0,27),z € R®~ {0}}.

Note in particular that in this case, AM is a smooth manifold with a single isotropy type, and
hence that this stratification is strictly finer than the stratification by isotropy types.

To understand this phenomenon, let H be the subgroup of SO(3) isomorphic to SO(2) given
by rotations about the z-axis. Then considering the H-space R? given by the restricted action,
there are two isotropy types; points on the z-axis are fixed by all of H, while points off the z-axis
are fixed only by the identity. It is easy to see, then, that the partition of AR? given by the
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restriction of the isotropy type stratification of R x H does not yield a stratification of AR3.
Hence, while the stratifications given by Equations (4.2) and (4.3) are in general not the coarsest
stratifications of AM and AX, they have the benefit of giving a uniform, explicit stratification
of the loop space AM and the inertia space for all smooth G-manifolds under consideration.

4.3. A Partition of Cartan Subgroups in Isotropy Groups. In this subsection, we prove
a number of auxiliary results on topological properties of the equivalence classes of the relation
~ which has been defined in Subsection 4.1. Throughout this section, let @) be a smooth, not
necessarily connected G-manifold and fix a closed abelian subgroup T < G which need not be
connected. Assume that @ is partitioned into a finite number of T-isotropy types. We have
in mind the case Q = GV where V is a slice for the G-action on G x M and T is a Cartan
subgroup of the isotropy group of the origin in V', but we state the results of this subsection
more generally.

As above, for s,t € T, we say that s ~ ¢t when Q° = Q. Let Hy, Hi,...H, be the finite
collection of isotropy groups for the action of T on @. Then the ~ class [t] of t € T is given by

=) Hn| | H

teH; t¢H;
That is, each ~ class is determined by a subset of {1,2,...,r}; note that a nonempty subset
I1C{1,2,...,r}

need not correspond to a nonempty ~ class. Using this together with a dimension counting
argument the following result is derived immediately.

Lemma 4.7. The group T is partitioned into a finite number of ~ classes. Each ~ class [t] is
an open subset of the closed subgroup t* of T defined by

t.lz ﬂ sz ﬂ Tq,
teH; qeQ?

and [t] consists of a union of connected components of t*. Moreover, each ~ class has a finite
number of connected components.

Also note the following.

Lemma 4.8. Suppose s,t € T such that [s] N [t] # 0. Then for each connected component [s]°
of [s] and [t]° of [t] such that [s]° N [t]° # O the relation [s]° C [t|° holds true.

Proof. Let u € [s]° N[t]°. Then Q* = Q*, and by continuity of the action, Q* C Q“. Tt follows
that Q' C Q*, and hence that s* = (| T, < () T,=t".
qeQ?® qeQ?
Note that [s]° is contained in a connected component (s*)° of s* which is contained in a

connected component (¢*)° of ¢*. Similarly, [t] consists of entire connected components of ¢*, so
u € [t]° = (¢*)°. Then [s]° C (¢*)° = [t]°, completing the proof. O

For each g € G, we let ~, denote the equivalence relation defined on gTg™! in terms of its

action on Q. In particular, if g € Ng(T), then ~, coincides with ~. It is easy to verify the
following.

Lemma 4.9. Let s,t € T. Then s ~t if and only if gsg=' ~, gtg™?, i.e.

lgtg~ ']y = gltlg ™",

where [—]4 denotes the equivalence class with respect to ~g.
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Similarly, the following will be important when showing that certain ~ classes are sufficiently
separated.

Lemma 4.10. Suppose s,t € T such that s o t, and [s] is diffeomorphic to [t]. Then [s|N[t] = 0.

Proof. 1f Q° C @', then (,co: Tg < Nyeqs Ta» S0 that ¢* < s°. By Lemma 4.7, [s] and [¢]
are open subsets of s* and t°, respectively, so that as [s] and [¢] are diffeomorphic, s® and ¢*
have the same dimension. Additionally, [s] is open and dense in each connected component of
s® it intersects, and similarly [t] in ¢*, so that [s] and [¢] do not intersect the same connected
components of the closed group t*. The claim follows, and the argument is identical if Q* C Q*.

So suppose Q° Z Q' and Q' Z Q*. If | € [s] N [t], then by continuity of the action, [ fixes

Q* UQ'. Since Q! is a proper subset of Q% U @, it follows that [ # s. Therefore, | € [s] \ [s]

and [s] N [t] = 0. O
For each n € Ng(T), conjugation by n induces a diffeomorphism from T to itself which by
Lemma 4.9 acts on the set of ~ classes. More precisely:

Lemma 4.11. The normalizer Ng(T) acts on the finite set of ~ classes in T in such a way
that for each n € Ng(T) and t € T, the submanifold n[tjn=" is diffeomorphic to [t]. Moreover,
either ntjn=! = [t] or n[tln=t N [t] = 0.

4.4. Proof of Theorem 4.1. In this subsection, we prove Theorem 4.1, establishing that for a
G-manifold M the germs S(j, -y and R¢n,.) given by Equations (4.2) and (4.3) define a smooth
Whitney stratification of the loop space AM and a smooth stratification of the inertia space
A X, respectively.

The general strategy is to first decompose AM into its G-isotropy types. Roughly speaking,
isotropy types consisting of smaller manifolds have larger G-fibers, so the fibers must further
be decomposed as illustrated in the examples in Subsection 4.2.4. This is accomplished by first
decomposing a Cartan subgroup in the G-fiber into ~ classes using the results of Subsection 4.3
and then partitioning nearby by taking the G-orbits of these pieces. A brief outline of the proof
follows.

We begin with Lemma 4.12 which essentially guarantees that we can apply the results of the
preceding section on the G-saturation of a (linear) slice. Then, in Lemma 4.13 we confirm that
the germ Sj, ) is that of a subset of AM consisting of points with the same G-isotropy type.
Afterwards, we prove Lemmas 4.14 and 4.15, demonstrating that the germs S, ;) and hence the
R (h,x) do not depend on the choices of the slice, the Cartan subgroup associated to h, and the
representative (h,z) of the orbit G(h,z). With this, we prove Proposition 4.16, showing that
S(h,z) and Rg(n ) are germs of smooth submanifolds of G x M.

With this, we are required to define a decomposition Z of a neighborhood of U of each
point (h,z) € AM; indicating this decomposition and verifying its properties involve the main
technical details of the proof. The definition of Z is given in Equation (4.7) in a manner similar
to the stratification; the piece containing (k,y) is defined in terms of the isotropy type of (k,y)
and the ~ class T, ) of k with respect to the action near G(k,y). However, this definition is
given in terms of a slice at (h,x) rather than (k,y), so that we must take into consideration
the orbit of the ~ class TZ‘,W) under the action of the normalizer Ng, (T(h,z)). In particular,
the pieces of Z are defined to be connected components so that, though they are G°-invariant,
they need not be G-invariant. However, the G-action simply permutes the pieces of Z that are
connected components of the same G-invariant set.

As the definition of each piece of Z involves choosing a particular point in each orbit near that
of (h,z) as well as a Cartan subgroup, Lemmas 4.18 and 4.19 demonstrate that the definition
is independent of these choices and the resulting partition is well-defined. We then show in
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Proposition 4.20 that the germs of the pieces of the decomposition Z coincide with the stratifi-
cation. This in particular requires a careful description of a G-invariant neighborhood W of a
(k,y) small enough not to intersect certain ~ classes in the Cartan subgroup T ,y. Roughly
speaking, W is formed by removing the closures of the finite collection of conjugates of Tfk’ Y by
Nec, . (T?k’y)) from the G-factor; it is on this neighborhood that the connected component of the
stratum containing (k,y) coincides with the piece containing (k,y). As the stratum containing
(k,y) has finitely many connected components in this neighborhood, it follows that the germs
coincide. With this, we demonstrate that the partition of a neighborhood of (h,x) is finite in
Lemma 4.21, that it satisfies the condition of frontier in Proposition 4.22, and that it satisfies
Whitney’s condition B in Proposition 4.23. This completes the outline, and we now proceed
with the proof.

First we assume to have fixed a G-invariant riemannian metric on M, a bi-invariant metric on
G, and that G x M carries the product metric. By (h, ) we will always denote a point of the loop
space AM, and by V(j, . a linear slice in G x M at (h,z). The isotropy group G4 ) = Za, (h)
of (h,z) will be denoted by H, and the normal space T(}, ,)(G x M) /T3, 2)(G(h,x)) by N z)-

Lemma 4.12. Let K be a closed subgroup of G, and Vi, zy a (linear) slice for the G-action on
G x M as above. Then the K-manifold Q :== GV(}, ») has a finite number of K-isotropy types.

Proof. Let W : V(j, oy — N 2) denote an H-invariant embedding of the slice V{;, ;) into the
normal space N(j, . such that its image is an open convex neighborhood of the origin. Choose
an H-invariant open convex neighborhood B of the origin of N, ;) which is relatively compact
in \Il(V(h,x)). For each point (k,y) € GV(3, ) choose a slice Y{; . for the K-action on GV(j, 4.
Then the family {KY(lc,y)}(k,y)er(h,x) is an open cover of GU~!(B) which has to admit a finite
subcover by compactness of GU~1(B). Since each K Y(k,y) has a finite number of K-isotropy
types by [PFL, Lem. 4.3.6], it follows that G¥~!(B), hence G¥~1(B) has a finite number of
K-isotropy types. However, GV(;, ;) contains the same isotropy types as GU~1(B), since the
action by t € (0,1] on Vin,») is G-equivariant, and for each v € V{3 ) there is a t € (0, 1] with
tv € V=1(B). Hence GV(n,) itself has a finite number of K-isotropy types. O

The Lemma implies in particular that the results of Subsection 4.3 apply to Q@ = GV, ;) for
each abelian subgroup T = K of G.

Lemma 4.13. The set germ Sy, 5 is contained in the set germ at (h,x) of points of AM having
the same isotropy type as (h,x) with respect to the G-action on G x M.

Proof. Suppose

(kv y) € ‘/(Ii;l,w) N (Tz{h,m) X M)
Since H fixes (k,y) and k € T(j, ;) < H, one obtains ky = y and (k,y) € AM. By G-invariance
of AM we get G(k,y) € AM, hence S ) is the germ of a subset of AM. Now observe that
V(I}f)l) = (Vin2))a € (G x M)y, where (V(}, 2))m and (G x M)y denote the subsets of points
having isotropy group H. Hence the isotropy group of every point in the G-orbits defining S, 4,
is conjugate to H, and S, ;) is a subgerm of (G x M) g). O

The following two lemmas demonstrate that the stratification S ;) does not depend on the
choice of a Cartan subgroup T(; ;) nor on the particular choice of a slice Vy, 4.

Lemma 4.14. Let (h,x) € AM with isotropy group H = Zg,(h). The germ S, 5y does not
depend on the choice of the Cartan subgroup T, ) of H.
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Proof. Suppose T(; ) and T'(h ) are two Cartan subgroups of H associated to h. Then
T(h,a:)/T?h,g;) is generated by hTg,  and T'(h@)/T’(Z)I) is generated by hTI(Z,:p)’ where here and
in the rest of this section K° denotes the connected component of the neutral element in a Lie
group K. Under the correspondence given in (4.1) both T, 4)/Tg, ) and T’(h m)/T’(Z ») then
correspond to (hH®) < H/H®. It follows by [BRDI, IV. Prop. 4.6] that T(;,) and T}, ) are
conjugate, so that there is a ¢ € H such that gT(h’m)g_l = T’(h ) Then, as g € H, the space
V(ﬁx) is left invariant by ¢, hence ghg~' = h. Therefore, if k € T(h,z) with k ~ h as elements of
1o h —1
gng
on GV, ). It follows that conjugation by g induces a diffeomorphism of Tzkh z) onto TZ; 2) SO

that
9 (V@{x) a ( (ha) M)) = (Vﬁw) a ( () M)) :

G (Vi oy 0 (Tihy x M) ) = G (Vi oy 01 (Tl x M) ).

T(h,2) acting on GV{;, ,,), Lemma 4.9 implies that gkg™ = h as elements of T’(h o) acting

and

O

Lemma 4.15. The germ S, ) is independent of the particular choice of the slice Vi, ) at
(h,x).

Proof. Suppose V(j, ;) and Wy, ;) are two choices of linear slices at (h,z) for the G-action on
G x M. Let T(j, ) be Cartan subgroup of H associated to h. By Lemma 4.14, we may assume
that the stratum containing (h,x) is defined with respect to each of the two slices using this
Cartan subgroup. Note that by the slice theorem and the assumptions on V(;, ;) and W(;, ) the
open sets GV(j o) & G Xy Vi oy and GWy, o) = G xg W, ) are G-diffeomorphic and hence
T (h,z)-diffeomorphic. Therefore, the ~ classes in T, ;) do not depend on the choice of the slice.
Letting N' = {n € Ng(T(h.)) : nTZ‘h’ﬂE)n_1 # T{},.}> we have by Lemma 4.11 that the set
C =~V 0 (Th )0
neN
is a closed subset of G disjoint from T, . Hence V{p z) N (C x M)° is an open neighborhood
of (h,x) in Vij, z). We may therefore assume after possibly shrinking V(3 ;) and W, ) that
Vi) N(Cx M) = Wi, yN(C'x M) = (). Clearly, shrinking the slice does not affect the germ of the

stratum. With this, we let O denote the G-invariant open neighborhood O := GV, ,) NGW(y, 4)
of (h,z) and claim that

onaG (%{x) N (Tf,m x M)) —0naG (W(I,fm N ( o) X M)) .
Any element of ONG (V(ZII) N (T?h’m) X M)) is in the G-orbit of some

(k) € 0NV 0 (Thhy x M ).
As (k,y) € O, there is a g € G such that g(k,y) € W, ). Since G ) = H and
Gyy) = 9G 9 < H,
[PFL, Lem. 4.2.9] implies that Gy, = H. In particular, g € Ng(H), and g(k,y) € W(I,f’z).
Now, k € T?fu C T(n,z) by definition, so that gkg~! € gT(h)x)g’l. As g € Ng(H), it follows
that gT(;w)g_1 < H. Noting that k is an element of the connected set Tfh,z) 3 h, we have that

k is in the same connected component of T ;) as h and so T, ;) is a Cartan subgroup of H
associated to k as well as h. It is then easy to see that gT(hﬂ;)g*1 is a Cartan subgroup of H

)
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associated to gkg~'. Moreover, because Win,z) is disjoint from (H ~ hH®) x M C C x M, it
must be that gkg~! € hH®. By [BRDI, IV. Prop. 4.6], there is a h € H such that

hgT (g h =T,
and hence hg € N (T(h,2)). That h e H = Gy(k,y) implies hgkg='h=' = gkg™!, so that

gkg™! € fng(h’I)g_lh_l = T(hz)- Moreover, as k € T(;, , we have in addition that
gkg™! = hgkg™*h ™' e iNLgT?h,m)gfliNfl.
Therefore,
gk,y) € ONWE 0 (hgTim0™ B x M).

However, as W, oy N (C' x M) = (), as C contains all of the nontrivial conjugates of elements of
TZh,a:) by elements of Ng(T(1.2)), and as hg € Na(T(h,2)), it must be that

?LgTZ‘h@)g*lifl =Tlh)
Hence,
gk,y) € ONWE 1 (Thwy x M).
Switching the roles of Wy, ;) and V{y, ;) completes the proof. (I

Note that if (h,z) € AM and g € G, then gV{;, ;) is aslice at g(h, x), g(V(IZw)) = (gV(hJ))gHgfl,
and gT(hJC)g_1 is a Cartan subgroup of gH ¢! associated to ghg~!. Therefore, as the ~ classes
depend only on the action on GV}, ), Lemmas 4.14 and 4.15 imply that ¢S4 ) = Sg(n,z), S0

that in particular Rg(p,.) is well-defined.
Now we have the means to verify the following crucial result.

Proposition 4.16. Each S, ) is the germ of a smooth G-submanifold of G x M, and each
R(he) is the germ of a smooth submanifold of G\(G x M).

Of course, G\(G x M) is not itself a smooth manifold but rather a differentiable space. By
a smooth submanifold of G\(G x M), we mean a differentiable subspace of G\(G x M) that is
itself a smooth manifold.

Proof. Since the germ S;, ;) does not depend on the choice of a particular slice by Lemma 4.15,
we choose the slice Vj, ) at (h,z) to be the image under the exponential map of an open ball
B(p,) around the origin of the normal space N(j, ). Note that N, ,) naturally carries an H-
invariant inner product since we have initially fixed an invariant riemannian metric on M and a
bi-invariant riemannian metric on G.

Since (G xg V(h,x))H is a totally geodesic submanifold of G' xg V(5 by [Mic, 6.1], the
exponential map at (h,z) maps Bgz,r) = N(I}{m) N B(h,) onto V(I,fz) Similarly, as T?h,m) is an
open subset of the closed subgroup h® of H by Lemma 4.7, the relation ThT?h,w) = Ty h*® holds
true. It follows that the exponential map associated to the product metric on G x M maps the
subspace

N(IZJ) N (Tph® & T, M) N B, 2

onto V(ng) N (T?h,x) X M), which is then diffeomorphic to an open neighborhood of the origin

in a linear space.
Noting that G x g V(I}fm) ~G/H x V(I}ix), the G-diffeomorphism

U G xg Vi —)GV(;I@.)QGXM
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induced by the exponential map restricts to a G-diffeomorphism
G/H x (Vi oy 0 (Tinay x M) ) — G (Vi) 01 (i x M)
Moreover, ¥ induces a map on quotient spaces which is a homeomorphism

H * H *
G\ (G/H x (Vi oy 01 (i x M) ) ) — G\ (G (Vi) 0 (Tihy x M)) ).
Hence,
H * ~ H *
Viha) N (T(h,z) X M) =G\ (G (V(h,x) N (Tlh,z) X M)))
is a topological submanifold of G\(G x M). On the differentiable space G\(G x M), the struc-
ture sheaf OF gy 18 locally that of G-invariant functions on G' x M (see Section 3). Sim-

ilarly, the G-invariant C*° functions on G/H X (V(Ihim) N (T’(*,W) X M)) are exactly the C*>

functions on Vi N (T’(*m) x M) by [TDIE, Prop. 5.2] and [GOSA, Thm. 1.2 (5)]. Therefore,

G\ (G (V(I}fz) N (T’("h,x) X M))), whose set germ at (h,z) coincides with R ), is a smooth
submanifold of the differentiable space G\(G x M). O

In order for the germs S ;) to define a stratification, one must verify that for each
(h,z) € AM there is a neighborhood U in AM and a decomposition Z of U such that for
all (k,y) € AM, the germ S, ) coincides with the germ of the piece of Z containing (k,y). Set
U = GV(j,)NAM. We now define the decomposition Z of U. Given (if, g) € U thereisa g e G
such that §(k,§) € Vin,z)- Put (k,y) = G(k,7) and K = Gry) < H, and let T,y be a Cartan
subgroup in K associated to k. We define the piece of Z containing (l;:, 7) to be the connected
component containing (k, §) of the set L[;—(k’y’ (k, ) which is defined as the G-saturation of the set
of points (I, 2) € (Vin,2))x N (T (k,y) x M) such that T ) is a Cartan subgroup of K associated
to [ and such that the ~ class T’(kl’z) is conjugate to T’(k,w) via an element of Ny (T(,)). Note
that as above T>(Fl,z) is the ~ class of [ in T,y = T,) with respect to its action on GV(; ),
where V{; . is a slice for the G-action of on G x M at (I, z). Observe that by [SCH, Proposition
1.3(2)]. as the action of K on V{3 ;) is linear, the slice representation of each point in V(;, ) with

isotropy group K is isomorphic. It follows that the set legT @) (k) can be written as

T 5 ~ . _
(4.4) U k) =G U (Vw0 (0Tjyn ™ x M))
’ILGNH(T(kyy))
Observe that (V) is closed under the action of scalars € (0,1] and open in V([h(z) as a
consequence of Lemma 4.12. Moreover,

Vina))k = Vinay \ U Vin,z)) ()5
{(Hv)lve‘/(h,a;)&K<Hv}

where the union is over the (finitely many) isotropy classes that (properly) contain K. An
analogous relation holds true for (N .))x. Since all fixed point sets N(I}ffm) are algebraic,
the set (N(p,0))x N S(n,2) is a semialgebraic subset of N, ), where S(;, ;) is a sphere in N 4.
Hence, (N(p,)) k NV S(h,z) and (N, o)) k have finitely many connected components by [BoCORO,
Sec. 2.4]. Therefore, (V{3 4))x has finitely many components, too.

Next, we want to show that (V(; .))x N (nTZ‘k y)n*I X M) for n € Ng(T(k,y)) has finitely
many components as well. To this end note first that for each (l;:, ) € V(n,z) the group element
k lies in the same connected component hH® of H as h, since V{j, ;) is connected. Therefore, for
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any Cartan subgroup T(;C@ of the isotropy group K of (/;;, ) associated to k, T(;C@) is conjugate
to a subgroup of T, ,y in H. To see this, note that by [BRDI, IV. Prop. 4.2] and its proof, a
Cartan subgroup of K associated to k is generated by a maximal torus in Zx (I;;) and k, while
a Cartan subgroup of H associated to k is generated by a maximal torus in Zg (l~c) and k. Say
fLT(,;g)ifl < T(p,z) for some h € H. Then (k,y) := B(l;,gj) € Vingy) and k € T, 4. It follows
that we can always choose a representative (k,y) € V(j, o) from an orbit such that T,y < T4 a)-

Since (V(p,2)) i is closed under multiplication by scalars ¢ € (0, 1] using the linear structure it
inherits from N, ,), each point ¢(k,y) has isotropy group K, hence its G-coordinate lies in K.
As K and hence K x M is closed, it then must be that lim; o ¢(k,y) = (h,x) € K x M, which
means h € K. In particular, h and k are in the same connected component of K and hence
that the Cartan subgroup T ,) of K associated to k is conjugate in K to a Cartan subgroup
of K associated to h. It follows in particular that there is a k € K such that h € l%T(kﬁy)fc_l.
However, this implies that k—'hk € T(k,y), so that as k € K < H fixes h, we have from the
beginning that h € T 4.

Now, recall that the equivalence class T?h,x) is an open subset of the closed subgroup h® of
T(h,z)- With respect to the action of T(j, ) on GV{j, ), there are a finite number of ~ classes in
T(h,z)- Hence, there is a neighborhood O of h in G which only intersects ~ classes in T, ) whose
closures contain h. Assume V/y, ;) is a slice chosen small enough so that V(;, ,) € O x M, and pick
(k,y) € Vih,z)- Then, one can chose the Cartan subgroup T,y < G(r,y) With k € T4, such
that T(x,,) < T(ne). Since the slice V. at (k,y) may be shrunk such that GV, ,) € GV{3 4,
it follows from the definition of ~ that T?k, v) is the intersection of a union of ~ classes in T}, »

with Ty ). In particular, as the closure of each such ~ classes contains A, T’(kk v and T,y both
contain . By the proof of Proposition 4.16, the relation T (nT(, y)n_l) = Ty(nk®*n=1) holds

true for all n € Ny (T(1,)), where k® is the intersection of all isotropy groups of the T, ,)-action
on GV ) which contain k. It follows that the exponential map associated to the product metric
on G x M maps the subspace

(4.5) (Nin.o)) i 0 (Ti(nk*n ™) & To M) 0 B )

onto (Vip,ey)x N (nTzﬁkyy)nfl X M) By construction, (4.5) is a semialgebraic subset of N, .,

and invariant under the action of ¢ € (0, 1].

Let us now describe the preimage of (nT“("k y)rf1 x M) under the exponential map. Since there
are only finitely many ~ classes in T ), one can find finitely many elements I1,...,lo € T(xy)
such that each group [, ¢t =1,...,a has dimension less than dim £°, and such that

Thow = Tey VUL
=1
This implies that exp maps the set
(4.6) (Nho)) N ((Th(nk'n’l) \ U Tu(nitn ™)) @ TzM) N Biha)
=1

onto (Vip,z))x N (TLT’(*,W)H_1 x M). But (4.6) is semialgebraic by construction, and invariant
under the action of ¢ € (0,1]. Hence, (4.6) and thus (V{3 z))x N (nT’(“k7y)n_1 x M) have both
finitely many connected components, and are invariant under the action of ¢ € (0, 1], too. Since
G is compact, and since there are only finitely many different sets nT”(",w)rf1
through the elements of Ny (T(4,,)), Eq. (4.4) entails the following.

, when n runs



STRATIFICATIONS OF INERTIA SPACES OF COMPACT LIE GROUP ACTIONS 129

Lemma 4.17. Suppose V(, ) is given by the image under the exponential map of a sufficiently
small ball By, z) in the normal space Ny, 2y, and (k,y) € Vi z). Then the set

expily, U “ (G(k,9))) N By

is invariant under multiplication by scalars in (0,1]. Moreover, each set L{;(k’y) (G(k,y)) has a
finite number of connected components.

At the moment, the set u;“*y)(l%,g) appears to depend both on the choice of (k,y) € Vi 1)
in the G-orbit of (l;;, ) and the Cartan subgroup T ,). With the following two lemmas, we will
demonstrate that this is not the case, allowing us to simplify the notation.

Lemma 4.18. The set Z/{;('“’y)(ic,g]) does not depend on the particular representative
(k,y) € Vn,z) of the G-orbit of (l::,gj), hence does not depend on §.

Proof. Suppose g € G also satisfies
g(k,5) =1 (K,y) € Vin.-
It follows that (k',y") = g~ (k,y), so that we have gg—* € H by (SL4), since
95 Vine) N Vi) # 0.

Let h = gg~!. Then the isotropy group of (k',y/) is K’ := hKh™' < H. Let T(w ) be a choice
of a Cartan subgroup in K’ associated to k’. Note that since hT y)h_ is clearly a Cartan
subgroup of K’ associated to k' as well, there exists by [BRDI, IV. Prop. 4.6] a k € K’ such that
Tty = khT(k y)h 11 . Moreover, by Lemma 4.9, T(k, y) = khTE‘ )h 1E-1,

Let (1,%) € L{;(k ¥ (k, 7). Then there exists a § € G such that (I, 2) := §'(I,2) € Vihe)) K
and an n € Ng(T,)) such that Tfl 5 = ”T?k,y) n~t. As (I, z) has isotropy group K, one has

h(l, z) € (Vih,e)) K- Since k e K', we get kh(l,z) = h(l, z). Again by Lemma 4.9, we therefore
obtain
R(lz) Tz%ﬁ(z 2) X
= FAT) Ak
— p—11.—1
— kh (nT(k ) et
e G ) R T
")
Using the fact that n € Ny (T (), a routine computation verifies that
m = khnh 'k~ € Nu (T )
But then h(l, 2) € (Vo)) K, and Tz(z,z) =m

h(l, z) € Z/{;(k/”’/)(k’, y'). Since Z/lgT(k‘“ (k,7) is G-invariant,

T?k,)y,)m_l with m € NH(T(k/7y/)). It follows that

U (k) C Uy (K ).
Switching the roles of (k,y) and (¥',3’) completes the proof. O
Note that we may now denote Z/{;(k‘y) (k,7) simply as UTxw (k. §).
Lemma 4.19. If (I,2) € UT¢w (k,y), (I,2) € Vin,z) s in the same orbit as (I,2), and T

a Cartan subgroup of G(; ) associated to I, then Z/{T<k=y>(l~<,g) = UTEl»ﬂ(lN, Z). In particular,
UTxw (k, 7)) does not depend on the choice of a Cartan subgroup Tr,y) of K associated to k.
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Proof. Let K = Zg, (k) as above. By Eq. (4.4), we may assume that
(l,Z) € (‘/(h,z))K N (T(k,y) X M)a

and that T, = nTy, y)n_l for some n € Ny (T(y,)). Let T'(l .y be a choice of a Cartan
subgroup in K associated to I. Then, by [BRDI, IV. Prop. 4.6], there is an ¢ € K such that
iT{, Z)i*I = T(k,y)- Recall that by Lemma 4.9, iT’(l*Z)ifl =Tl

Given (j,w) € (Vin,a)) kN(T{; .y X M) such that T(; ) = mT(; ym~" for some m € Ny (T(, ),
it is now easy to see that

(o w) = (i, w) € i ((Vina)ie 0 (Tl X M)) = (Vi ie 01 (T % M):

In particular, j € T4, so that by Lemma 4.9, Tz‘j w) = ZT/(; w)i_l. Then

*
Jw)

Ty = Tyt =imi~nT( yn im =l
A routine computation verifies that imi~'n € Ny (T ). Therefore, (j,w) € Ut (k,§), so
that U2 (I,2) CUTxw (k,§). Switching the roles of (k,§) and (I, Z) completes the proof that
U (1, 2) = UTww (k, 5).

If T’(k,y) is another choice of a Cartan subgroup of K associated to k, repeating the above
argument with (,2) = (k,y) yields UT¢v (k,y) = UTE (k). O

Because of the preceding considerations, the set 2Tt (I%7 7) depends only on the orbit G(k, y),
hence we will denote it simply as L{(G(k, y)) For (l~c, ¥) in the same orbit as (k,y), we denote by
Z/{(G(k,y))z]—c’g) or even shorter by Uy -, the connected component of (k,7) in U(G(k,y)). The
partition Z of U then can be written as

(4.7) Z={Ujz €PW)|(k§) €U},

Having established that the sets U (G(k,y)) are well-defined, we now confirm that the set
germs of the U (G(k,y)) coincide with the stratification given by Equation (4.2).

Proposition 4.20. For each (k,j) € U, the germs [Z/{(G(k,y))](,;g), Ui g and S g
coincide.

Proof. As S(/E,g) and L{(G(k,y)) depend only on the orbit of (l::,@), it is clearly sufficient to
consider the case of (k,§) = (k,y) € Vina)- Set K = Zg, (k) and fix a linear slice V{y ,) at (k,y)
for the G-action on G x M. By [BRE, II. Corollary 4.6], we may assume that Vi ) C V(s 4),
though it need not be the case that V; , is the image under the exponential map of a subset
of the normal space V(; ,y. As in the proof of Lemma 4.15, we define a closed subset C' of G
consisting of the (finitely many) connected components of K not containing k as well as the
(finitely many) nontrivial Ng (T ,))-conjugates of Tlk,y)- Let O = C° be the complement of C
in G. Then O x M is an open subset of G x M containing T, . Hence Vii 4 N (O x M) is an
open neighborhood of (k,y) in V., so we may shrink V{; .y to assume that V) € O x M.
Put Q@ = GV(;,). We now show that the set germs [L{(G(k,y))}(k,y) and S, coincide by
proving that

UG, ) NQ =G (V)N (Th,y x M)
Let (1,%) € U(G(k,y)) N Q. Then there is a §’ € G such that
(1,2) =G (1,2) € Vina))x N (Tiry) x M)
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and an n € Ng(T4,,)) such that T>(kl,z) = nTZ‘k)y)n_l. In particular, T4 ,) is a Cartan subgroup
of K associated to I. As ([,z) € Q, there is a g € G such that g(,z) € V). Moreover, as
Gya,2) < K and G,y < K, we have Gy .y = K by [PFL, Lem. 4.2.9] and hence g € Ny (K).
Similarly, as g(I,2) € Vik,y) € Vine) and (1, 2) € Vip ), g € H by (SL4).

Ask,glg™' € K and (k,y),9(l,2) € Vik,y)» which is disjoint from (K ~\kK*®)x M, k and glg™!
are in the same connected component of K. By [BRDI, IV. Prop. 4.6], there is a k € K such that
I;gT(k,y)g’lifl = T(k,y), and hence kg € Ng(T(ry)). Recalling that [ € T?l,z) = 1”LT?16711)7”L*1 for
some n € Ny (T (), we have

kglg™ 'k~ € l;gT’(kl,z)g_ll;_l = INfgnTE‘kyy)n_lg_lff_l.
Recalling that k € K, and K is the isotropy group of g(l,2) = (glg~*, gz), we have
glg™' e l}gnTz‘k)y)n_lg_lff_l.
However, as g(l,~z) € Vik,y) €O x M, which is disjoint from C' x M, and as kgn € Nu (T k),
it must be that kgnT’(“kyy)n’lg’lkfl = T?k,y)' It follows that g(l, z) € V(fy) N (T?k,y) x M), and
hence U(G(k,y)) NQ C G (V(fy) N (TZ‘IW) X M))
Conversely, if (j,%) € G (V(fy) N (T X M))7 then there is a § € G such that

(,w) := 40, @) € Vi) 0 (Tl x M).
Then as Viy ) C V(n,x), we have
(G w) € Vina)x N (Tl X M),
and so (j,w) € L{(G(k, y)) using the trivial element of the normalizer. Therefore,

UGHR,Y) NQ =G (VI N (Thy x M),
which shows the first part of the claim.
As the set (V(fy) N (TE‘,W) X M)) in the right hand side of the preceding equation is con-

nected, the set Z/I(G(k:,y)) N @ has a finite number of connected components. Since @ is a
G-invariant open neighborhood of the orbit G(k,y), this implies that U(G(l@y)) has locally
only finitely many connected components and that the germ of Uy, ) at (k,y) coincides with the
germ of S, at (k,y). O

Since the S, ;) are germs of smooth G-submanifolds of G'x M, and the piece associated to
a point (l;,gj) € U has the same set germ as S(; .y at (I,2) € U 5 1t follows that the pieces of
Z are smooth submanifolds of G x M invariant under the G-action.

Lemma 4.21. The partition Z of U = GVy, ) given by Equation (4.7) is finite.

Proof. The set U(G(lﬁy)) is determined by the H-conjugacy class of G, = Zg,(k) < H
as well as the connected component containing %k of the ~ class of k for the T ,y-action on
GV(,y)- By Lemma 4.19, the set Z/{(G(k, y)) does not depend on the choice of a Cartan subgroup
associated to k. As H acts linearly on N, ;), there is a finite number of H-conjugacy classes of
isotropy groups with respect to the H-action on N, ., hence on V{j, ).

Choose a representative K of each H-isotropy type in V(j, ;). Then as K/K° is finite, there
are a finite number of conjugacy classes of cyclic subgroups of K/K° and hence by [BRDI,
IV. Prop. 4.6] a finite number of K-conjugacy classes of Cartan subgroups of K. Given a Cartan
subgroup T4 ) of K, there are a finite number of connected components of ~ classes in T )
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with respect to the action of Ty ) on U. Of course, TZ‘k v) is defined with respect to the action of
T,y on a subset of U, but this implies that Tz‘k Y) is given by a union of connected components

of ~ classes with respect to the action on U, of which there are finitely many. It follows that there
are a finite number of U(G(k,y)). Finally, each U(G(k,y)) has a finite number of connected
components, which completes the proof. O

We now verify that Z is a decomposition indeed, cf. [PFL, Def. 1.1.1 (DS2)].

Proposition 4.22. The pieces of Z satisfy the condition of frontier.

Proof. Suppose U(G(k,y)) NU(G(l,z)) # O where the closure is taken in AM. As the pieces of
Z are defined to be the connected components of the U (G(k,y)) and U(G(l, z)), it is sufficient
to show that U (G(k,y)) NU(G(l,z)) is both open and closed in U (G(k,y)). It is obvious that
U(G(k,y)) NU(G(L, 2)) is closed in U(G(k,y)), so we need only establish that
UGk, y)) NU(G(L, 2))

is open in U(G(k, y))

By Lemma 4.19, the piece U(G(k, y)) may be defined in terms of any orbit it contains, so we
may assume that some element of the G-orbit of (k,y) is contained in U(G(k,y)) NU(G(l,2)).

Then the G-invariance of these two sets implies that G(k,y) € U(G(k,y)) NU(G(l,2)). By
Proposition 4.20, an open neighborhood of (k,y) in U (G(k,y)) is given by

G(V(ku)m( (k,y) XM))

for a sufficiently small slice Vi, ) at (k,y). As above, we may assume V(3 ,) C V(3 2) by [BRE,
I1. Corollary 4.6] so that while V;, ) can then be taken to be linear, it need not be the image
under the exponential map of a subset of the normal space N ,). We will show that

G(V(f-,y) N (Tzk,y) X M))

is contained in U (G(1, 2)).
As GV ) must contain some element of U(G(l, z)), we may assume again by Lemma 4.19
that G(I, z) € GV|4,,). Moreover, by the proof of Lemma 4.17, we may choose the representative

(I,z) from the orbit G(I,z) such that (I,2) € Vg, k € Ty < Ty, and k € TE(LZ). Let

K = G,y and L = G(; ) so that L < K, and then (k,y) € V(fy) € Vina)x € Viha))L-
Then we have

(k,y) (V(h@))LQ(T(lZ) XM).

In particular, note that by our choice of (I, 2) € V{3, used to define the set U(G(l, z)), (k,y) is
in the closure of the set corresponding to the trivial element of Ny (T(; .y) in Equation (4.4).
For any (j,w) € V(fy) N (TG, X M), as j € T, ), it follows that (GV(k,))’ = (GVigy))E.
In particular, & € T(;.) < L implies that k fixes (I,z) € V() so that j € L as well. Since
V(f’y) N (T’(*k7y) x M) is invariant under the action of scalar € [0, 1], and & is in the same connected
component of L as [, each such j is in the same connected Component of L as [ also. Fix a
(Jy,w) € ny) N (T’(“k ) X M). Then there is a [ € L such that lT(l Z)l is a Cartan subgroup of
L associated to j. Hence [ =15l € T(1,2), so that asle L< K = G (jw)» We have ["1jl=j € T,
Finally, note that as j € T, ), it is clear that (GViu,») = (GVZ’Z )k for a slice V[ ,) chosen

small enough so that GV .) C GVik,y)- Therefore j ~ k as elements of T(; ). Then as the
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connected component [k]° of the ~ class of k as an element of T(; .y intersects T’("l L)) We have by
Lemma 4.8 that [k]° C T7, _,. It follows that

(1,2)"
(],’LU) € (‘/(h,m))L N (T?l,z) X M)7

so as (j,w) € V(fy) N (T, X M) was arbitrary,

K * *
Vikw) N (Tryy X M) S (Vine))z N (T(l,z) x M).

Considering the G-saturations of both sides of this inclusion, it follows that each element of
U(G(k,y))NU(G(l,z)) is contained in a neighborhood that is both open and closed in U (G(k, y)),
completing the proof. (I

Finally, we have the following.

Proposition 4.23. The orbit Cartan type stratifications of AM and the inertia space AX both
satisfy Whitney’s condition B.

The proof follows [PFL, Thm. 4.3.7].

Proof. Let (h,x) € AM, H = Zg,(h), and V(j, ;) a slice at (h,x) of the form exp(B 4), where
B(p,) 1s a ball around the origin in the normal space N ;). We work in the neighborhood
U := GVip, g of (h,x) in AM, and show that for any stratum S € Z with (h,z) € S Whitney’s
condition B is satisfied at (h,x) for the pair of strata (R, S), where R is the piece of Z containing
(h,z). Recall that Z is the decomposition of U given by Eq. (4.7). Recall also, that R is the
connected component of G (V(gm N (T % M)) containing (h,z). To describe the stratum
S in some more detail, consider an orbit G(k,y) for (k,y) € S. As in the proof of Lemma
4.17, we may choose the representative (k,y) of the orbit G(k,y) such that (k,y) € V{54,
h € Ty < Thae), and h € T?k,y)' In particular, we then have the relation K < H for
the isotropy group K := Zg, (k) of (k,y). As shown above, S coincides with the connected
component of U (G(k,y)) containing (k,y).

Suppose now that (h;,z;);en is a sequence in R and (k;,y;)ien a sequence in S, and that
both sequences converge to (h,z). Assume in addition that in a smooth chart around (h,x)
the secants ¢; = (hs,x;), (ki, ys) converge to a straight line £, and the tangent spaces T{y, ,,)S
converge to a subspace 7. Then we must show that £ C 7.

Note that the hypotheses imply that (h,z) € U(G(h,z)) NU(G(k,y)). By the proof of
Proposition 4.22 and the choices of (k,y) and T(;,,) € K we obtain the relation

X M).

(48) ‘/(Ii;{,z) N (T?h,x) X M) g (‘/(h,z))K N (Tzk,y)

Moreover, since every element n € Ny (T 4,,)) fixes V(fT) N (T{, 2 x M), it follows that

Vitay N (Tihay x M) ST ™" x M

as well, hence

(4.9) Vinay N (Tiay X M) € (Vi) O (0T yn =" x M).

Denote by g the Lie algebra of G, by h the Lie algebra of H, and let m denote the orthogonal
complement of h in g with respect to the initially chosen bi-invariant metric on G. Then there
is a neighborhood U" C U = G x g V(j, 5 of (h,x) in G x M such that

U:U" — mx N(h,x)) [exp\mgvexp(h,x) (U)] — (671})
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is a smooth chart at (h,x), where €XP|m denotes the restriction of the exponential map of the Lie
group G to m, and €Xp(p, ;) the exponential function restricted to the open ball B, ) € N z)-
By shrinking U’ if necessary, we have that there is an open neighborhood O of H in G such that

v <O (V(’,;{w) N (Th 0 X M))) Cmx (N(I}f’w) N Ty Ty X M)) .

We may assume that the sequences (hi,z;)ien and (k;, y;)ien are contained in U’. Since
(ki,y;) € U(G(k,y)), one knows that

U(kiyyi) €mx H [ (Vipay)x N U gy xM
TI,GNH(T(k,y))
Recall that there are only finitely many and pairwise disjoint sets nTZ‘k U)n_l, where n runs
through the elements of Ny (T(y,,)). Moreover, by Lemma 4.11, nT’("k y)rf1 is disjoint from
mT’E‘k’y)m—1 = m(T?k,y)) m~! for every m € Nu(T(r,y)) with nTE‘k’y)n_1 =+ mTz‘k’y)m_1
Hence, we may assume without loss of generality that

(kis i) € G ((Vinay)ie 0 (0T ,yma ™ x M)
for all 7 and some mo € Ny (T (x,y))-

Choose [; € G such that (k;, 7)) := li(ki,yi) € (Vine)) K foralli € N. Put (hy, &;) := li(hi, ©3).
After possibly passing to a subsequence, (I;);en converges to some ! € H, the secant lines
l; = (iLi, Zi), (I;:i,gji) converge to a straight line /, and the tangent spaces T(fw,z)i)s converge to
a subspace 7. By definition, and since [;T{x, ,,)S = T(fw,z)i)s for all ¢, one obtains ¢ = [, and

7 = Ir. Hence, the first claim is shown, if £ C 7. Without loss of generality we may therefore
assume that for all 4 € N

(4.10) (ki, yi) S (Vv(h’x))}{ N (moT%y)mal X M),

and then show ¢ C 7 for the sequences (k;, y;)ien and (hi, 2;)ien.
Eq. (4.10) now means in particular that

W ki, i) € {0} % ((Nowey)ie D expglyy (moTgymy x M)).

Since by Lemma 4.7 and the above observations mOT?k y)ma 1'is an open and closed subset of a
closed subgroup of G and also contains h, the set

V.= N(h,m) n T(h,z) (mO(T’(*kw))mal X M)

is a subspace of N, ;). Let W be the orthogonal complement of the invariant space VH inv
with respect to the H-invariant scalar product induced from V(; ;). Then the image under the

chart U of every element of G(V(I,LII)I) N (TG0 X M)) NU’ and every (k;,y;) is contained in
m x (Wgx U{0}) x VI,
With respect to this decomposition, (h,z) has coordinates (0,0, 0), each element of
G (Vi N (T x M))

has coordinates contained in m x 0 x V| and each sequence element (k;,y;) has coordinates
contained in {0} x Wx x V. In particular, let

\Il(klayl) = (Oawiavi)
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for every i. Then as Wk is invariant under multiplication by non-vanishing scalars, we have

& w,v) = lim
(€)= B0 TR, ) = W, )]

emx Wg x VH

Now, as the unit sphere in W is compact, the sequence ”Zj—’bu converges to some w € SW after
possibly passing to a subsequence. Then w = ||w||w. Since Wk is invariant by non-vanishing

scalars, we have

m x span © x VI C 7,
and

¢ = span (§,w,v) C T,
proving the first claim.

Now let us show that the orbit Cartan type stratification of AX satisfies Whitney’s condition
B as well. To this end let us first choose a Hilbert basis of H-invariant polynomials

Pl Pr - (N(IZJC))l — R

of the orthogonal complement of the invariant space N(I,{ 2) in N q). Next let

Drtls-+- PN : N{Z}I) —+R

with N = k + dim N(},{’w) be a linear coordinate system of the invariant space. We can even
choose these p; in such a way that p.i1,...,Putdimve iS a linear coordinate system of V.
By construction, pi,...,px then is a Hilbert basis of the normal space N(j ;). Denote by
P Nz — R” the corresponding Hilbert map. Recall that p induces a chart of AX over G\U
by
U G\U — RY, G exp, 4)(v) = p(v).

Note that by H-invariance of p and since for every orbit in U there is a representative in V(3 ),
the chart W is well-defined indeed. A decomposition of U := \TI(G\U ) inducing the orbit Cartan
type stratification on G\U is given by

Z:={V(G\GS) | S e Z}.

Let S € Z denote the stratum containing the orbit G(h,z), and S € Z a stratum #* R such
that G(h,x) lies in the closure of S. Now consider sequences of orbits (G(hi’xi))ieN in R

and (G(ki, Z/z‘))
the sequence of secants (G (hi, z;)), W(G(ki, y;)) converges to a line 7, and that the sequence of

~

tangent spaces T@(G(h y,))S converges to some subspace 7 C RY. Using notation from before, we

ieN in S such that both sequences converge to G(h,x). Moreover, assume that

can choose representatives (h;, z;) and (k;, y;) having coordinates in mx (WxU{0})xVH# C N, .
such that
U(hi, ;) = (0,0,0]) € {0} x {0} x VH and
(ki yi) = (0,w;,v;) € {0} x Wi x VI,

Next observe that by the Tarski—Seidenberg Theorem and the proof of Lemma 4.17, the
stratum S is semialgebraic as the image of the semialgebraic set (Wx x V)N B(h ) under the

Hilbert map p. By the same argument, p(Wy) is semialgebraic, too, and an analytic manifold,
since p(Wk) = Ny (K)\Wk = H\W (k). Moreover, the equality

(4.11)

S = (p(Wk) x VI N p(Bg0))
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holds true, where we have canonically identified V# with its image under the Hilbert map p.
By Eq. (4.11), this entails that

~

(4.12) 7= lim Ty § = lim Ty p(Wi) x VI

isoo  Y(G(ki,yi))
Since p(Wk) is semialgebraic and an analytic manifold, [L0J65, Prop. 3, p. 103] (see also [L0J70,
Section 9]) by Lojasiewicz entails that p(Wy) satisfies Whitney’s condition B over the origin.
This means after possibly passing to subsequences, that ¢y, C 7w, , where fyy, is the limit line
of the secants p(w;),0, and Ty, the limit of the tangent spaces T, )p(Wk) for i — co. By
Eqgs. (4.11) and (4.12) this entails that

ZQEWK XVHQTWK XVH:?.
This finishes the proof. O

Recall that p: AM — AX denotes the quotient map, which is both open and closed by [TDIE,
Prop. 3.1 (iv) and Prop. 3.6 (i)]. Hence, as the sets defining the S, ;) consist of entire G-orbits,
and as the pieces of Z consist of connected components of G-orbits, Proposition 4.22 extends to
the local decomposition in AX given by the Rg(p,.). Therefore, combining Propositions 4.16,
4.20, 4.22, and 4.23, we have completed the proof of Theorem 4.1.

5. A DE RHAM THEOREM FOR THE INERTIA SPACE

In this section, we prove a de Rham theorem for the inertia space AX analogous to that of
[SJA] for singular symplectic reduced spaces.

5.1. Differential Forms on the Inertia Space. Before constructing differential forms on
the inertia space, let us briefly recall from [PFL, Prop. 1.2.7] that a stratification (in the sense
of Mather [MAT73]) of a locally compact topological space X induces a uniquely determined
coarsest decomposition of X into strata. Applied to our situation, where we consider a compact
Lie group G acting on a smooth manifold M, we thus obtain a coarsest decomposition Z of
AM which induces the stratification from Theorem 4.1. The elements of & are the strata of
AM. It is easy to see that each stratum from 2 is G-invariant and that the family of quotients
{G\Z | Z € 2} forms a decomposition of AX which induces the natural stratification of the
inertia space from Theorem 4.1. Let us introduce some notation: ¢: AM — G x M denotes
the natural embedding of AM as a subspace and p: G x M — G\(G x M) the quotient map.
Moreover, for each Z € 2, we denote by tz: Z — G x M the inclusion and by pz: Z — G\Z
the restricted quotient map.

Let us construct in the following the sheaf of differential forms on the inertia space. Given
k € N we denote by QF the sheaf of G-invariant differential k-forms on G x M treated as a
sheaf on G\(G x M). That is, if U is an open subset of G\(G x M), then QF (U) consists of
the differential k-forms w € Q¥ (p~'(U)) on p~*(U) € G x M such that L}w = w for all g € G,
where L, : G x M — G x M denotes the left action by g on G x M. Similarly, we let QF _ denote
the subsheaf of QF  consisting of G-basic differential forms on G x M or any of the G-manifolds
Z C G x M. More precisely, QF  (U) consists of all G-invariant k-forms w on p~1(U) such that
the interior product i¢, ,,w of w with the fundamental vector field e« as vanishes for every £ € g
(cf. [PFL, Sec. 5.3.1]). Now let W C AX be relatively open, and U C G\(G x M) open such that
W = UNAX. By a differential k-form @ on W we now understand a collection of differential
forms Wz on W N (G\Z) for Z € 2 with W N (G\Z) # () such that there is an w € QF (U)
with py@z = tjw on its domain p~! (W) N Z. We denote the space of differential k-forms on W
by QF(W). One checks immediately that QF then becomes a sheaf on AX. This sheaf is even
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fine, since by construction Q* is a C$-module sheaf, and CS is fine as the structure sheaf of a
differentiable space.

Note that the form w on U which represents the differential form w on W need not be globally
basic. We let QF  denote the subsheaf of QF  consisting of k-forms w such that for every Z € 2

ibas inv

the pull-back (5w is a basic form on Z. That is, for each U C G\ (G x M) open, we define
QF (U) ={w e Q*(p ' (U))° |ig,ipw=0forall € € gand Z € 2}.

We refer to sections of Qikbas as inertia-basic k-forms. Intuitively, these correspond to k-forms

that are basic on each of the strata of AM. A form w € QF (G\(G x M)) is inertia-basic, but
an inertia-basic form need not be basic on all of G x M.
By definition, it is clear that we have a surjective linear map
Uas(U) — QE (W)
and that this map has kernel
THU) = {w e Q*(p Y (U))Y | 1w =0 for all Z € 2}.
Hence we obtain isomorphisms
QMW = Qf,..(U) /T8 (V).
In particular, when k = 0,
QOW) = 04, (U)/Z°(U) = C=(p™(U))“/T°(U),

where Z°(U) is the ideal of G-invariant smooth functions on p~!(U) which vanish on AM. By
its definition in Section 3 the structure sheaf C{% of AX can be naturally identified with the
sheaf Q% on AX.

Next let us show that the exterior derivative maps inertia-basic forms to inertia-basic forms.
Suppose w is an inertia-basic k-form on p~1(U), i.e. that w € QF (U). By Cartan’s Magic
Formula, we then conclude for each Z € 2 which intersects p~1(U) and each ¢ € g that

ieytzdw = Lzige, n dw = 17 (—digg, W + Legy yw) = —digieg, w = —dig, 170 = 0.
Therefore, dw is inertia-basic as well, and we obtain a complex of sheaves
(5.1) 0—Ryxy —C% =00 L0l 40245
where Rj x denotes the sheaf of locally constant R-valued functions on AX.

5.2. The Poincaré Lemma for the Inertia Space. Let us show that the complex of sheaves
(5.1) is acyclic, or in other words that a Poincaré Lemma holds true for forms on the inertia
space. So suppose that w is a k-form on p~1(U) for some open U C G\(G x M), and that
dw € TF1(U). Choose a slice V{3, ;) at (h,z) € p~'(U) according to Proposition 3.9 so that
GV C p~1(U). By possibly shrinking Vi) if necessary, we may assume by the slice theorem
that Z N V{3 ) is invariant under the action of t € (0,1] for every Z € 2. Let H = Zg,(h)
denote the isotropy group of (h,x). Following [PFL, Lemmas 5.2.1 and 5.3.2], we define

H: G xXpg ‘/(h,x) X [Oa 1] — G Xy ‘/(hvx)
by setting

H([g’ (k>y)]?t) = [g’ (1 - t)(k>y)]

Then H is a G-invariant retraction of G Xy V{3, 2) onto G x g {(h,z)} which restricts to a G-
invariant retraction of (G x iV z)) NAM onto a single orbit by Proposition 3.9. Let us point out
that by the slice theorem we can naturally identify G x g V{5, 5 with the set GV, ») € p~'(U).
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Next, let K : QF(G x g Vina) x [0,1]) — QF1(G xpy Vin,z)) denote the homotopy operator which
maps w to K(w), where

’C(w)([g7 (kay)]) = /0 W([g, (k,y)},s)(%, T '7_) ds for g e G, (kvy) € ‘/(h,r)-

One checks (see [PFL, Lemma 5.2.1]), that then

AKH" + KH*d =H] — Hj,
where H, = H(—, s) for s € [0, 1]. Hence we obtain for the restriction of w to GV{3, ;) that
(5.2) WGV, dlCH*wIGVw,z) = ]CH*dw|GV<h,w>'

To prove that the right hand side of this equation lies in Z¥(U’), where U’ := p(V(; 1)), we will
show that KH* maps ZF(U’) into ZF-1(U’). So suppose that 7 € ZF(U’) which means that
tyn=0on p~1(U")N Z. Let Hz denote the homotopy

Hz: Gxpg (ZN Vi) x[0,1] — G xg (ZN Vi)
given by restricting #H. Similarly, let Iz denote the restriction of the operator K to
QG xg (ZN Vi)
Then the diagram

Lz X id[071]

G XH (Z n ‘/(h,x)) X [0, 1] (G Xy Vv(h@)) X [07 1]

Hz H

Lz

G xyg (7 N V(;MC))
commutes. Since the operator K clearly commutes with the restriction to Z, this entails

U KH = KzHyuzm = 0.

= G xXg Vi

Moreover, since K and H commute with the G-action, we obtain for £ € g

KH*n = IC’H*’L'gGV(h’m)n =0.

ZEGV(h,m)

It follows that KH* maps Z¥(U’) into ZF*~1(U’), so that the right hand side of Eq. (5.2) lies in
TF(U"), since dw € ZF~1(U) by hypothesis. But this means that the sheaf complex Q°® on AX is
exact, or in other words that the Poincaré Lemma for forms on the inertia space holds true.

Theorem 5.1. The cohomology of the complex Q*(AX) of differential forms on AX naturally
coincides with the singular (or Cech) cohomology of AX. Moreover, if X is compact, the coho-
mology of the de Rham complex Q*(AX) on the inertia space is finite dimensional.

Proof. By the Poincaré Lemma for forms on the inertia space, 2® provides a fine resolution of
the sheaf of R-valued locally constant functions on AX. Since AX is locally compact and locally
contractible, the cohomology of the complex Q°(AX) of global sections then has to coincide
naturally with the singular cohomology on AX. Since AX is even triangulable, the cohomology
of 2*(AX) even coincides with the Cech cohomology. The triangulability of AX also implies
that for every open covering of AX there exists a locally finite subordinate good covering (see
[PFPOTA11, Sec. 7]). This implies that under the assumption that X, hence AX is compact,
the Cech cohomology of AX has to be finite dimensional. This completes the proof. O
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ON STRATIFIED MORSE THEORY: FROM TOPOLOGY TO
CONSTRUCTIBLE SHEAVES

HELMUT A. HAMM

ABSTRACT. Stratified Morse theory is the generalization of usual Morse theory to functions on
stratified spaces. There are versions for the topological type, homotopy type or (co)homology.
A standard reference is the book of Goresky-MacPherson which primarily treats the topolog-
ical type. Corresponding results about the homotopy type or cohomology may be expected
to be consequences but in fact usually one needs some extra information, in particular in the
case of cohomology of constructible sheaves, as we will see in this paper.

INTRODUCTION

This paper is based on a talk given at the conference ” Geometry and topology of singular
spaces” (10/29 - 11/02, 2012) in Luminy /Marseille, France, on the occasion of David Trotman’s
60th birthday.

We will study the relation between stratified Morse theory concerning the topological type
and cohomology, including the cohomology of constructible sheaves. It is quite instructive to
look at classical Morse theory first, because already here one has to pay attention - in this case
the geometry is so clear that it may seem pedantic to emphasize this point but one sees where
one should be careful in more general situations.

Stratified Morse theory is the generalization of usual Morse theory to functions on stratified
spaces. A standard reference is the book of Goresky - MacPherson [GM2]. The transition from
topology to constructible sheaves in full generality is indicated there in an appendix ([GM2] II
6.A, p. 222-224). Cf. [Ms], too.

The main purpose of the present paper is to make this step more explicit, showing that the
setup in [GM2] is indeed strong enough to enable the transition, with some extra care.

In fact there are more direct ways to get the statements about cohomology of constructible
sheaves: directly, see Kashiwara-Schapira [KS] or Schiirmann [S], or using some weaker version
of stratified Morse theory which is sufficient for this purpose [H2].

In special cases one can argue more simply, as we will see. This holds especially for singular
cohomology, or for homotopy groups which are discussed in [GM2]. Even in this case, however,
one has to be careful, too, and we take the opportunity for some corresponding comments.

1991 Mathematics Subject Classification. 32560, 58KO05.
Key words and phrases. Morse theory, stratification, constructible sheaf.
The author would like to thank Jorg Schiirmann (Minster) for useful comments.
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We also take the opportunity to adjust the technique of Moving the Wall which has been
developed and used by Goresky - MacPherson, see [GM2] I 4.3, p. T1f.

1. CLASSICAL MORSE THEORY

We start with usual Morse theory which is well-known, see e.g. [Ma]. We treat this case
because we want to stress some point which we will encounter in the general case, too, it can be
more easily discussed in this simple context.

In particular, we will see that it is not completely true that the usual statements about the
topological type imply the ones about homotopy or cohomology groups.

Let M be a C* manifold of dimension n and f : M — R a C'*° function. Let us assume that
f has isolated critical points which are non-degenerate. Put M, := {p € M| f(p) < a}. Let
a < b be regular values, f~!([a,b]) compact. We want to compare M, with M.

First suppose that f~1([a,b]) contains no critical point. Then we have that M, is homeomor-
phic (and even diffeomorphic) to M,.

As a consequence we have that M, and M, have the same homotopy type.
Furthermore, we obtain that H*(My;Z) ~ H*(M,;Z) for all k.
More precisely: if h : M, — M, is a homeomorphism we obtain that

h*: HY(My; Z) — H*(M,,7)

is bijective for all k.

In fact we want that it is the inclusion i : M, — M, which induces bijective mappings for
all k. This is needed e.g. if one wants to reformulate the cohomological result by saying that
HF*(My, My;Z) = 0 for all k; similarly for homotopy groups.

But this is not obvious, the best is to go back to the proof and show that i ~ h (homotopic).
This implies that i is a homotopy equivalence, i.e. M, is a weak deformation retract of M, (see
[Sp] 1.4, p. 30), which is in turn sufficient to show that H*(Mj, M,;Z) = 0 for all k.
Furthermore, we want to have that H*(M,,S) ~ H*(M,,S) if S is a locally constant sheaf (of
abelian groups) on M;. Here the situation is even worse: h induces isomorphisms

H*(M,,S) — H*(M,, h*S),

and we cannot simply replace h*S by S|M,. But if ¢ is a homotopy equivalence we have that
i* : H*(M,,S) — H*(M,,S) is an isomorphism for all k, see [H1] Theorem 2.6.

So let us recall how one can obtain the homeomorphism h: Choose a vector field v on M with
compact support such that df,(v(x)) = b —a for z € f~([a,b]). Let o be the corresponding
flow, hi(p) := o(p,t), 0 <t < 1. Then (h:) defines a one-parameter family of homeomorphisms
M, — My y(p—ay With hg = id. In particular, h := h; is a homeomorphism of M, onto M.
Since Mg44(b—a) C Mp,0 <t <1, we have that ¢ is homotopic to h.

So M, is, in particular, a weak deformation retract of M;,. In fact, M, is even a strong
deformation retract of M, (see [Sp] loc. cit.). This is not completely obvious: Note that h~!
cannot be a retraction (except for the trivial case M, = M,) because otherwise h=! o i = id
which would imply that ¢ is bijective.
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But (My, M,,) is a polyhedral pair, c¢f. [Mu] Theorem 10.6, p. 103, so M, is a strong defor-
mation retract of M if and only if M, is a weak deformation retract of M : This equivalence
follows from a homotopy extension property, cf. [Sp] Cor. 1.4.10, Theorem 1.4.11, p. 31, which
holds, in particular, in the case of polyhedral pairs, cf. [Sp] Cor. 3.2.5, p. 118.

That we have a strong deformation retract can in our case also be shown directly using the
flow o above, of course.

Now we pass to the case where f~!([a,b]) contains exactly one non-degenerate critical point
p and A is defined to be the corresponding index. Then we have that M, is homeomorphic to a
space obtained from M, by attaching a handle of index A, i.e. D x D™~ along S*~1 x D",
Here we have the same problem when passing to cohomology: We want that
H*(My, M,;Z) ~ H*(D* x D"=* §*1 x D" 7) ~ H*(D*,8* 1, Z) ~ Z

ifk=Xand =0if k # .

So we look at the proof more closely. It is sufficient to show that there is a space X with
M, C X C M, such that there is a homeomorphism h : X — M, which is homotopic to the
inclusion ¢ and such that X is obtained from M, by attaching a handle of index A:

Then H*(M,, X;Z) = 0 for all k, hence H*(My, My;Z) ~ H*(X, M,;Z). By excision,
HY¥(X,M,;7) ~ H*(D* x D", 82" x D" 7))~ Z

ifk=Xand =0if k # .
Such a space X can be found as follows: Choose a suitable closed neighbourhood U of p, a
and b sufficiently close to the critical value. Put X := M, U (U N M;). Then
Un{a< f<bh,UN{f=a})

is homeomorphic to (D* x D"~A §A~1 x Dn=A).

If we look at a locally constant sheaf S instead of Z we do not meet new difficulties: As before
we can deduce H*(M,, X;S) = 0 for all k. Then, by excision:
HMX, My; 8) = H¥(Un{a < f <OLUN{Sf =a};8),

and U is contractible, which implies that S|U is isomorphic to the constant sheaf S, (as usual,
S, denotes the stalk of S at p). So H*(My, M,;S) ~ S, for k= X and = 0 if k # \.

2. DECOMPOSED HOMOTOPY EQUIVALENCE

Now let us prepare the case of stratified Morse theory.

Let I be a partially ordered set (denoted by S in [GM2] I 1.1, p. 36). Let X be an I-
decomposed space, i.e. a topological space with a locally finite decomposition (= partition) into
locally closed subsets S¢;),7 € I, such that Sy N S'(j) # () < ¢ < j. Similarly let Y be an
I-decomposed space with subsets R(;). An I-decomposed map f: X — Y is a continuous map
such that f(S(;)) C R for all i. See [GM2] I 1.1, p. 36. A homotopy F between I-decomposed
maps fo, f1 : X — Y is a homotopy such that F(S;y x [0,1]) C R(; for all 4.

We will fix I and speak of decomposed instead of I-decomposed.

It is now straightforward to define a decomposed homotopy equivalence and a decomposed
weak /strong deformation retract.
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An important ingredient in [GM2] is the technique of Moving the Wall which is based on
Thom’s first isotopy lemma. In fact there are two versions of Moving the Wall in [GM2], here
we will concentrate on the first one. The moving is parametrized by a parameter ¢. In the corre-
sponding theorem ( [GM2] I 4.3, p. 72) the parameter space is R. However, in later applications
obviously [0, 1] is taken as a parameter space. Therefore it is appropriate to modify Theorem
I 4.3 of [GM2] as follows. Note that we weaken the properness hypothesis, too. In order to
facilitate the comparison we use the notations of [GM2]:

Let M, N be smooth manifolds, f : M — N smooth, Z C M a Whitney stratified closed
subset, see [GM2] I 1.2, p. 37. Then Z is a space which is decomposed by the strata; so I is
the corresponding index set. Subsets of Z are naturally decomposed, too. Let —co < a < 0,
1< p <00, Y C Nx]a, [ a closed Whitney stratified subset such the projection on the second
factor yields a stratified submersion 7 : Y —]a, B[, cf. [GM2] I 1.5, p. 41. Assume that for
each (p,t) € Y with p € f(Z), t € [0,1], and each non-zero characteristic covector A € Ty N
of flZ : Z — N, we have A|[T,S; # 0, where S is the stratum of ¥ which contains (p,t) and
S; = 7~ 1(t) N S. Recall that a covector \ € TyN, p € N, is characteristic if and only if for all
z € ZN f~(p) we have that f*A|T,S = 0, where S is the stratum of Z which contains z, see
[GM2] I 1.9, p. 46, together with [GM2] I 1.8, p. 44.

Furthermore assume that the mapping (Z x]a, 8]) N (f x idg)~*(Y') —]a, B[ given by the pro-
jection onto the second factor is proper.

Put V; :={ge N|(q,t) e Y}

Now we have the following modified version of Moving the Wall ( [GM2] I Theorem 4.3), cf.
[S] Lemma 4.3.5, p. 267, too:

Theorem 2.1: Under these hypotheses there is a decomposed homeomorphism
h:Z0f 7 (Yo) = Z0 f7N ()
which preserves the Whitney stratification of both sides and is smooth on each stratum.

Note that these spaces must be compact!

Proof. We may assume that «, 5 are arbitrarily near to 0 resp. 1. Then we may assume that
the assumption about characteristic covectors holds for all ¢ €]a, 3] instead of ¢ € [0,1], by
continuity. This means that we have the hypotheses of [GM2] loc. cit. with ]a, 8] instead of R,
except for a weaker properness assumption.

Since |, 8] is diffeomorphic to R we may reduce to |«, 8= R by base change.

Now proceed similarly as in the proof loc. cit.:

Our hypothesis guarantees that f x idg|zxr is transverse to Y in the stratified sense (cf.
[GM2] T 1.3.1, p. 38), hence (Z x R) N (f x idg)~1(Y) inherits an induced stratification, and
that mo (f xidg) : (Z xR)N(f xidg)~1(Y) — R (projection onto the second factor) is a proper
stratified submersion. Then apply Thom’s first isotopy lemma, see [GM2] I 1.5, p. 41, with R
instead of R™, f = canonical projection. O

In order to handle certain situations where we get difficulties with the compactness assump-
tion involved above it is useful to have
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Remark 2.2: Suppose moreover that there is a closed subset Y of N such that Y, x]a, 8] is a
union of strata of Y of the form Sx]a, 3[. Then we may achieve that h|ZNf~1(Y, ) is the identity.

In order to prove this we need the following complement to Thom’s first isotopy lemma ([M],
[GM2] I 1.5, p. 41):

Theorem 2.3 (see [M] if X1 = 0): Suppose that M is a smooth manifold and that X € M xR
is a Whitney stratified subset. Let f : X — R be the restriction of the projection onto the second
factor. Let X be a closed subset of M such that X x R is a union of strata of X of the form
S x R. Assume that f is a proper stratified submersion. Then there is a stratum preserving
homeomorphism H : f~!({0}) x R — X such that:

(1) f(H(p,t)) =t forpe f71({0}),t €R,
(2) H((g,0),t) = (g,t) for ¢ € Xy, t €R.

Proof. The isotopy lemma is proved in [M] using a vector field which is constructed inductively
with respect to the strata. On X, x R choose the obvious one, using control data for X, x R
which come from control data for X, . g

Because of the difficulty when passing from topological type to homotopy or cohomology
groups mentioned in the first section a statement about the homotopy type is appropriate, too:

Theorem 2.4: Beyond the hypotheses of Theorem 2.1 suppose that Y; C Y7 for 0 < ¢ < 1.
Then Z N f~1(Yp) is a decomposed weak deformation retract of Z N f=1(Y;). Cf. [S] loc. cit.,
too.

Proof. The proof of Theorem 2.1 shows that we may assume that |a, 5[= R and that the as-
sumption about covectors holds with ¢ € R instead of ¢ € [0,1]. So we can apply Thom’s isotopy
lemma to pr: (Z x R) N (f x idg) "1 (Y) — R, where pr is the projection onto the second factor,
and get a homeomorphism

H:pr'({0}) xR = (Z xR) N (f x idg) (V)

such that f(H(p,t)) =t for p € pr=1({0}),t e R .
We may achieve that H(p,0) = p for all such p because H is obtained by integration of a vector
field. Note that pr=1({0}) = (Z N f~1(Yp)) x {0}, and H can be written as

H((q,0),t) = (H/(q’t)’t)
with a continuous mapping H' : (Z N f~*(Yp)) x R — Z. Then
H(gt)eZnf (Vi) cZn f1 (1)

fort € [0,1]. Put hy : ZN f~1(Yy) = ZN f~1(Y1) : hi(q) := H'(g,t). Then H’ yields the desired
homotopy between the the inclusion hy and a homeomorphism h;. (I

We have a remark similar to Remark 2.2:
Remark 2.5: Suppose moreover that Y, is a closed subset of N such that Y, x]a, 5[ is a
union of strata of Y. Then there is a decomposed homotopy H’ between the inclusion and a

homeomorphism h : Z N f~1(Yy) — Z N f~1(Y1) such that H'(p,t) =pforallpe ZN f~1(Y,).

The proof is as before but apply Theorem 2.3 instead of the usual Thom’s first isotopy lemma.
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It is not clear whether one can get a decomposed strong deformation retract by this method.
We need some preparation for dealing with constructible sheaves.

A constructible sheaf on the decomposed space X = J; S(;) is a sheaf which is locally con-
stant on each Sy;). A constructible sheaf complex is a nonnegative complex of sheaves whose
cohomology sheaves are constructible on X. We do not impose any finiteness condition.

We have the following general fact: If S is a sheaf complex on a topological space Y and
f:X — Y is continuous we get induced homomorphisms H*(Y,S) — HF(X, f*S).
In particular, if f is a homeomorphism it induces isomorphisms.
Here HF denotes the k-th hypercohomology group.

Theorem 2.6: Let S be a constructible sheaf complex on the decomposed space Y.

a) Let fo,f1 : X — Y be decomposed maps which are decomposed homotopic. Then
fiS and ffS are quasiisomorphic, and the mappings f¥ : H¥(Y,S) — HF(X, fS),
i = 0,1, coincide (if we identify H*(X, f7S),i = 0,1).

b) If f: X =Y is a decomposed homotopy equivalence we have that the mappings

fHRY,S) = HE (X, 5(S))

are isomorphisms.

¢) In particular, if X C Y is a decomposed weak deformation retract we have that the
mappings H*(Y,S) — H¥(X,S) are isomorphisms for all k.

d) If (X, X;) and (Y,Y1) are pairs of spaces and X resp. X is a decomposed weak defor-
mation retract of Y resp. Y7 we have that H*(Y,Y;;S) ~ HF(X, X;;S) for all k.

Proof. a) The case where S consists of a single sheaf can be attacked in an elementary way, cf.
[H1] Theorem 2.2, 2.7. In general we argue as follows: Let p : X x [0,1] — X be the projection,
and let i; : X — X x [0, 1] be defined by i;(z) := (z,t). Let T be a constructible sheaf complex
on the I-decomposed space X x [0,1]. By [KS] Prop. 2.7.8, p. 122, we have T ~ p*Q with
Q = Rp.T, where ~ denotes “quasiisomorphic”. So H¥(X x [0,1],7) — H*(X,i;7) can be
rewritten as H* (X, (Rp,)p*Q) — H*(X,i;p*Q). This mapping is induced by (Rp.)p*Q — ip*Q
which is independent of t € {0, 1} because i;p*Q ~ Q. So i T ~ i{T, and

H*(X x [0,1],7) — H*(X,i;T)

is independent of ¢ € {0,1} under the corresponding identification of cohomology.

Now let F': X x [0,1] = Y be a decomposed homotopy between fy and fi. Then f; = F oy,
t=0,1,s0 ffS =4 F*S, t =0,1, are quasiisomorphic: put 7 := F*S above. Furthermore look
at the composition H*(Y,S) — HF(X x [0,1], F*S) — H*(X,i; F*S). Here the right arrow is
independent of ¢, see above.

The rest (b - d) is easy. O

3. STRATIFIED MORSE THEORY
a) The Main Theorem of Goresky-MacPherson

Now pass to stratified Morse theory in the sense of Goresky-MacPherson [GM2] which con-
stitutes a deep generalization of usua} Morse theory. Let Z beAa Whitney stratified subset of a
manifold M, see [GM2] I 1.2, p. 37, f : M — R smooth, f:= f|Z. Let Z. := {f < c¢}.
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In [GM2] it is supposed that f is proper (see [GM2] I 3.1, p. 61). Note that this does not imply
that Z,. is compact, for this we need an extra assumption:

f is bounded from below. (*)

However we will not assume that (*) is fulfilled and weaken the properness assumption:
Let a < b be fixed. Then we assume that there are a1, b; such that a1 < a < b < by and that
f~Y(la1, b1]) is compact.

Let us begin with the easiest case:

Theorem 3.1: Suppose that [a, ] contains no critical value.
a) Z, is homeomorphic to Z;, the homeomorphism being decomposed, compatible with the strat-
ifications.
b) Z, is a decomposed strong deformation retract of Zj.
Note that Z,, Z, are stratified in an obvious way.

As in the case of classical Morse theory we need b) if we want to show the vanishing of relative
homotopy or cohomology groups.

Proof. We assume without loss of generality that [a,b] = [0, 1].

a) Similar to [GM2] I 7.2, p. 90, we may use the technique of Moving the Wall as modified in
Theorem 2.1.

We can choose o < 0,5 > 1 sufficiently near to 0 resp. 1 so that ¢ is not a critical value,
t € o, B

First suppose that (*) is fulfilled.

Then YV := {(y,t) |y € R, < t < B,y < t}. The hypothesis of Theorem 2.1 (Moving the

Wall) is fulfilled, and we get the assertion. Note that the properness assumption is guaranteed
because of (*), whereas the projection Y —]a, §[, (y,t) — t, is not proper.
Note that we cannot take R here instead of [0,1] and ]e, 5[ because then the condition on
covectors may not be satisfied because of critical points of f. Also, if we modify Y; by taking
Y: =Y fort <0, Y; :=Y; for ¢t > 1 we have to introduce the strata {(0,0)} resp. {(1,1)} in Y
which are not mapped submersively to R. So we need our modified version of Moving the Wall
(Theorem 2.1).

If assumption (*) does not hold we take a different Y: YV = {(y,t) |a <t < B, <y < t}.

Now the hypothesis of Remark 2.2 is fulfilled, and we obtain a decomposed homeomorphism
h: f~Y(e,0]) = f~1([e,1]) such that h|f~1({a}) = id. We glue with f~1(Joo,a]) in order to
obtain the desired decomposed homeomorphism Zy — Z;.
Alternative: Use Thom’s first isotopy lemma ([GM2] I 1.5, p. 41) more directly. Choose o < 0
close to 0. There is a decomposed homeomorphism H : f~1({a}) x [a, 1] — f~1([a,1]) such
that f(H(p,t)) =t for all (p,t), H(p, ) = p. Now the homeomorphism h : Zy — Z; is defined
as follows: h(p) :==pif f(p) < a, h(p) := H(q,(1 — 1)t + 1) if f(p) > o, p = H(g, ).

b) Use moreover Theorem 2.4 in order to obtain a weak decomposed deformation retract. In
the case where (*) is not fulfilled use Remark 2.5, too.

In order to obtain a strong decomposed deformation retract we use again Thom’s isotopy
lemma directly. Let H' be, similarly as in the alternative above, a decomposed homeomorphism
F71{0}) x[0,1] = f=1([0,1]) such that f(H'(p,t)) =t for all (p,t), H'(p,0) = p. It is sufficient
to show that f~1({0}) is a strong decomposed deformation retract of f~!([0,1]). Using H’
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this amounts to proving that f=*({0}) x {0} is a strong decomposed deformation retract of
F~1({0}) x [0,1] which is obvious. O

Now suppose that f~1([a,b]) contains exactly one critical point p. Let S be the stratum which
contains p. Assume that p is a nondepraved critical point of f, see [GM2] I 2.3, p. 55. This in-
volves a condition on f|S which holds automatically if the critical point of f|S is non-degenerate
or if S and f|S are real analytic, see [GM2] I 2.3, 2.4. Moreover it is demanded that the critical
point p of f is normally nondegenerate (called nondegenerate in [GM2]), i.e. d fp|T # 0 for every
generalized tangent space to Z at p, T' # T,,S. Furthermore we call p a nondegenerate point of
index A if p is a nondegenerate point of f|.S of index A and p is normally nondegenerate, too.

Put v := f(p). We may take a, b as close to v as we wish, namely a = v — €,b = v + ¢, where
€ > 0 can be taken arbitrarily small.

In order to express the main theorem use the following notations, see [GM2] I 3.3-3.6, pp.
62-65:

If (A, B) is a pair of decomposed topological spaces such that Z, is decomposed homeomorphic
to a space obtained from Z, by attaching A along B we say that (A, B) is a Morse data for f
at p.

Example: (A, B) := (f~([a,b]), f~1(a)): “coarse” Morse data.
Morse data (A, B) are not well-defined (this even holds for the homotopy type of A/B):

Examples: a) Z =Z, f(z) =z, v = 0. Then (0,0) as well as ({0}, ) are Morse data for f
at 0.
b) Z ={0,1} x [-1,1], f(x,y) = y,v = 0. Then not only ({0,1} x [0,1],{0,1} x {0}) but also
([0,1] x {0,1},{0,1} x {0}) is Morse data for f at (0,0) (it is harmless to regard the regular
point (0,0) as a critical one, too).
In the following drawings A consists of the fat lines and B of the encircled points. On the left
side the whole space is Z, on the right side the whole space is homeomorphic to Z.

-

Choose a Riemannian metric which is the canonical one with respect to some local coordinates
near p, and let r be the square of the distance from p.

Let U be a suitable closed neighbourhood of p in Z: U := ZN{r < ¢}, § > 0 small. Choose ¢
above small compared with 6. Then the coarse Morse data of f|U at p is called the local Morse
data of f at p. The local Morse data of f|S at p are called the tangential, the local Morse data
of f|N at p the normal Morse data at p, where N is a normal slice at p, see [GM2] I 1.4, p. 41.
It is of the form N = N*N{r < ¢}, N* being the intersection of Z and some submanifold of M.

In a first step it is shown that local Morse data is Morse data. More precisely:

Theorem 3.2: a) (Z, UU) N Z, is homeomorphic to Z;,, the homeomorphism being decom-
posed ([GM2] I 7.6, p. 95),
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b) (Z, UU) N Z, is a decomposed strong deformation retract of Z.

Again b) is needed, too, in order to pass to the vanishing of relative homotopy or cohomology
groups.

Proof. a) Use Moving the Wall, see [GM2] I 7.6, i.e. use Theorem 2.1.
We encounter the same difficulties as in the proof of Theorem 3.1a), so we assume first (*).

Note that Y, ¢ € [0,1], is depicted on [GM2] p. 96, it is obvious how to define Y; for ¢t < 0
close to 0 and ¢t > 1 close to 1.

In general replace Y; by its intersection with {(x,y) |y > ¢} for a suitable ¢ and proceed as in
the proof of Theorem 3.1a).

Or: Apply the methods of [H2]. By [H2] Lemma 3.6 we have that (f,r) is submersive along
{r = ¢,a < f <b}. By the Preparatory theorem (Theorem 1.2) of [H2] we get our statement.

b) If we apply Moving the Wall in the proof of a) we can use Theorem 2.4 in order to show
that we have a decomposed weak deformation retract. If (*) is not fulfilled use Remark 2.5, too.
Or apply the Preparatory Theorem of [H2] loc. cit. O

Now the Main Theorem says:

Theorem 3.3 ([GM2] I 3.7, p. 65): Local Morse data is homeomorphic to Tangential Morse
data x Normal Morse data.

In particular, the product Tangential Morse data x Normal Morse data is a Morse data - a
consequence which can be proved directly much more easily, as proved in [H2] (Theorem 1.9)
(see also King [K] Theorem 5).

As we will see in the next section, the Main Theorem has corresponding consequences for sin-
gular cohomology groups and simple cases of constructible sheaves. For treating constructible
sheaves in general one needs to look at the proof again, see section 5. Applications will be given
in section 6.

Remark 3.4: In [GMZ2], stratified Morse theory is mainly applied to homotopy groups or
homotopy type instead of cohomology. In particular, Lefschetz type theorems are proved. Here
one needs the following argument: If the local Morse data is k-connected the same holds for the
pair (Z<p, Z<q), too. But here one needs Theorem 3.2b), as in the case of singular cohomology
which will be treated in section 4a.

b) Variants
There are variants of the Main Theorem of [GM2] developed in the same book.

Relative case: Suppose that g : X — Z is a proper stratified mapping, i.e. X is Whitney
stratified, too, and each stratum of X is mapped submersively to a stratum of Z. We consider X
as a decomposed space, the decomposition being given by the stratification. Let f be as before.
Put X,:=XN{fog<a}.

Relative local Morse data: inverse image of local Morse data of f under g. Relative normal
Morse data: local relative Morse data of f|N, N being a normal slice, under g.
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Theorem 3.5: Local relative Morse data is Morse data, more precisely, there is a decomposed
homeomorphism h: X, U(X N{fog<brog<e}) — X, ([GM2]19.4, p. 115).
Moreover we can achieve that h ~ i, ¢ inclusion, via a decomposed homotopy, so we have a
decomposed weak deformation retract.

The proof is based on Moving the Wall again.

Theorem 3.6 (Main Theorem in relative case) ([GM2] I 9.5, p. 116): Local relative
Morse data is homeomorphic to Tangential Morse data of f x Relative normal Morse data.

Nonproper case: Suppose that X is an open subset of Z which is a union of strata. We
can define local nonproper Morse data similarly as before, using the inclusion of X in Z instead
of g. Similarly: nonproper normal Morse data. See [GM2] I 10.3, p. 120.

Again we have that nonproper local Morse data are Morse data, see [GM2] I 10.4, p. 120.
Moreover, X, U (X N{f < b,r < ¢e}) is a decomposed weak deformation retract of Xp.

Main Theorem in the nonproper case: the formulation is straightforward ([GM2] I Theorem
10.5, p. 121).

c) Additional remarks

Instead of Z, we can also study Z<, := {p € Z| f(p) < a}. This will be useful when treating
intersection cohomology.

Theorem 3.7: Suppose that [a,b] contains no critical value.
a) Z<q is homeomorphic to Z.p, the homeomorphism being decomposed and compatible with
the stratifications.
b) Z., is a weak decomposed deformation retract of Z_;.
Of course, Z.,, Z}, are stratified in an obvious way.

It is not true that Z., is a retract of Z_; if f is surjective: if r is a retraction, we must have
r(2) = z for z € Z_,, hence for z € Z, by continuity, which contradicts r(Z<p) C Z<4.

Proof. a) This follows from Theorem 3.1 a) because the homeomorphism there preserves strata.
So the homeomorphism is obtained by the technique of Moving the Wall.
b) This follows by application of Theorem 2.4 resp. Remark 2.5. (]

In fact we can compare the spaces Z., and Z,:

Theorem 3.8: Suppose that [a, b] contains no critical value. Then Z,, is a strong decomposed
deformation retract of Z.

Proof. This is obvious by Thom’s first isotopy lemma because f~({a}) x {a} is a strong de-
composed deformation retract of f~1({a}) x [a,b[. But it does not follow from Theorem 2.4. [

4. TRANSITION TO COHOMOLOGY

The assumptions are those of section 3.
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a) Cohomology with integral coefficients

If f=%([a,b]) contains no critical points, H¥(Zy;Z) ~ H¥(Z,;Z) for all k. As in classical
Morse theory, the isomorphism is induced by the inclusion but one needs Theorem 3.1b) rather
than Theorem 3.1a) to see this: Z, is a deformation retract of Zj.

If f=%([a,b]) contains exactly one critical point p which is non-degenerate of index A,
H"(Zy, Za; Z) ~ H* (NN {a < f <}, NN{f = a};2)

Here one needs more information than that the product Tangential x Normal Morse data is
Morse data. We need Theorem 3.2b), too:

H¥(Zy, Z, U(UN{a < f <b});Z) =0 for all k,
so the exact cohomology sequence of a triple gives

HY(Zy, Za; 2) = H*(Za U (UN{a < f < bY), Za;Z) = XU N{a < f SBLUN{S = a};2)
~ H(D* x D™ 82"t x D™ M) x (NN{a < f < b}, NN{f =a});Z)
~ H*"M(Nn{a< f<b}L,NN{f=a}Z)
where m denotes the dimension of the stratum which contains p.
Here we have used the Main Theorem (Theorem 3.3).

b) Relative case

Suppose first that [a, b] contains no critical value. Then X, is a weak deformation retract of
Xy, 50 H*(Xy, X4;7Z) = 0. Here argue as in a) with f o g instead of f.
If f=%([a,b]) contains exactly one non-degenerate critical point of index A,
X, U{fog<brog<d}

is a decomposed weak deformation retract of X, hence H*(X, X,U{fog < b,rog < §};Z) = 0.
Now use the Main Theorem in the relative case and apply Kiinneth. So

H*(Xp, Xa3Z) = H* Mg (N {a < f <b}),g7 (NN {f =a});Z)

¢) Nonproper case
Similarly as before we get:

If [a, b] contains no critical value of f we have that H*(X,, X,;Z) = 0.
If f=%([a,b]) contains exactly one non-degenerate critical point of index A,

H¥(Xy, X0 Z) = HF A (NN X n{a < f <L, NNXN{f=a});Z).
d) Intersection cohomology

Let p be any perversity. Then the corresponding intersection cohomology can be defined on
a purely n-dimensional pseudomanifold Z using the Deligne intersection complex

16,(2) = 1G,(2;2)
which is constructible. Then look at THF(Z;Z) := H*"(Z,1Cy(Z)). See [GM1] p. 98.

Now let Z be as before, Z being purely n-dimensional. In order to have a pseudomanifold we
need that there are no strata of codimension 1.
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For the same reason we cannot take Z, directly. So look at Z., := ZN{f < a} instead.

By Theorem 2.6 and 3.7 we obtain TH}(Zy; Z) ~ TH¥(Z4;Z) for all k if [a,b] contains no
critical value.
Note that TH}(Z<q;Z) ~ H*""(Z,,1Cy(Z)) if a is a regular value, by Theorem 5.2 below.

Now assume that f~1([a,b]) contains exactly one non-degenerate critical point p of index .
Let d be the dimension of the stratum S which contains p.
Let us look at

TH (Zay, Zeai L) =W " (Zay, Zca; 1Cy(Z)) ~ WY (2, Za3 1Cy(2)).
The Main Theorem of Goresky-MacPherson implies, using Theorem 3.2b) and 2.6¢), that
HY"(Zy, Za; ICy(Z)) =~
H*"((D* x DT, S* P x D) x (NN{a < f <b}, NN{f =a}),IC,(S x N*)).
Here N* is chosen as in the definition of a normal slice, it contains N.
Note that first we should take a pull-back of IC,(Z) on the right hand side but the Deligne

intersection complex can be characterized axiomatically, see [GM1] §4, p. 107.
Let i : N* — S x N* be defined by ¢ — (p,q). Then we have

HF"((D* x D, 8271 x D) x (Nn{a < f <b},NN{f=a});IC,(S x N*)
~HF""MNN{a < f<bY, NN{f=a});i"IC,(S x N*)).
Here we argue as in part (iv) of the proof of Theorem 5.4 below, replacing the commutative
square there by
(D> xDIN x (NAfa< f<b)) B Nn{a<f<b)
. Lm I mo
DA x D= {»}
where p; and 7, are canonical projections.
Then, i*IC,(S x N') ~ IC,(N')[d], by [GM1] 5.4.1, p. 115.
Finally,

I3

Hk_n+d_)\(Nm{a < f < b},Nﬂ{f = CL}),IOP(N*))
~HTHTAN O <G < f <L NN {r <0< f<a});IC(NY)
gIH;fﬂ\(Nﬂ{r<5,a<f<b}aNm{7"<5va< f<d}iz)

where a’ > a is sufficiently close to a.
In total,

IH}(Zcy, Zea; Z) = THY NN N {r <d,a< f<b},NN{r<éa< f<d}Z)

e) Locally constant coefficients

Let £ be a locally constant sheaf on Z. Then H*(Z,, Z,; L) = 0 if [a, b] contains no critical
value: use Theorem 2.6 and Theorem 3.1b).
If there is just one critical point in f~!([a,b]) which is non-degenerate of index A\ we have
HN(Zy, Zy; L) ~ HY(UNZN{a < f <L, UNZN{f =a};L). Now UnN Z is contractible, so
L|U N Z is constant, therefore

HYUNZn{a<f<bh,UnZn{f=a}L)~HUNZNn{a<f<bl,UNZN{f=a};L,).
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Now we can continue as in the case of constant coefficients:
HMZy, Za; £) ~ H¥ (NN {a < f <D} NO{f =a}i L,) ~
H"Y(Nn{a< f<b}, NN{f=a}kL)

5. STRATIFIED MORSE THEORY FOR CONSTRUCTIBLE SHEAVES

Let S be a constructible sheaf complex on the decomposed space Z. So the cohomology
groups of § are locally constant along the strata.

We take up the assumptions of the beginning of section 3.

By Theorem 3.1 b) and 2.6 we obtain immediately:

Theorem 5.1: H*(Z,,, Z,;S) = 0 for all k if [a, b] contains no critical values.
We can also compare the cohomology of Z, and Z.,:

Theorem 5.2: If @ is a regular value, the inclusion induces isomorphisms
H(Z,,S) ~ H¥(Z.4,S)
for all k.

Proof. Tt is an exercise to prove this using Theorem 5.1 and Theorem 3.7: Let ¢’ < a and b > a
sufficiently close to a so that [a’,b] contains no critical value. Then H¥(Z_;,,S) ~ H*(Z.,,S),
H*(Z,,S) ~ H*(Z,/,S), which implies our statement.

Or: Z, is a strong decomposed deformation retract of Z.,, see Theorem 3.8. By Theorem 2.6
we have H*(Z_,, Z,;S) = 0 for all k. Finally use Theorem 5.1, too. O

Now suppose that there is just one critical point p in f~!([a,b]) with a < f(p) < b which is
non-degenerate of index .
Then we can also pass to (co)homology, see e.g. [GM2] IT Remark (2) after Theorem 6.4, p. 211:
conclusion for H;(Zy, Z,;Z), but again one has to be more careful!

Let r be chosen as in section 3, U := ZN{r < ¢}, where § > 0 is sufficiently small, v := f(p),
€ > 0 small compared with 6, a ;== v —¢€,b:=v +e.

Using Theorem 3.2 and 2.6 we obtain first:
Theorem 5.3: H*(Z,, Z, U (U N Z3);S) = 0 for all k.
By excision, H(Zy, Z,;S) ~ HF(Z, U (U N Zy), Za; S) ~HE(UN{a < f < b}, UN{f =a};S).

The final aim is to show that
H*(Zy, Za; S) ~ HF M (N n{a < f <b}, NN {f =a};S)
(i) By Theorem 3.3 (Main Theorem of Goresky-MacPherson) we have a homeomorphism
h:(UNSN{a<f<bh,UNSN{f=a})x (NN{a< f<b},NN{f=a})
= Un{a< f<bL,UN{f=a})
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This implies:

HY (U N{a < f <b}UN{f=a}kS)
~HNUNSN{a<f<b,UNSN{f=a})x (NN{a<f<b},Nn{f=a})h*S)
~HFMNN N {a < f<bLNN{f=al),i*h*S)
where
i:NN{a<f<b}—=>UnSN{a< f<b})x(Nn{a< f<b})

is defined by = — (p, x).

There are cases where we can replace i*h*S by S without difficulty: if S is constant or
merely locally constant (because we are dealing with a small neighbourhood). Similarly for the
intersection cohomology complex which extends a constant sheaf on the union of the maximal
strata of Z. See Section 4. But in other situations - e.g. if we look at an open subspace
X of Z and a locally constant sheaf on this space or at the intersection cohomology complex
extending a locally constant sheaf, see Section 6 - we must be more careful and look at the proof
of Goresky-MacPherson’s Main Theorem:

(ii) One considers a pair (4, B) of subspaces of Z which is more easily seen to be homeomor-
phic to the product of normal and tangential Morse data. The main difficulty is to construct
a homeomorphism of the local Morse data onto (A, B). This is obtained as a composition of
homeomorphisms each of which is obtained by the technique of “moving the wall”.

For technical reasons, 2§ will be taken instead of §, and let us assume v = 0.

More precisely: one considers a sequence (A;, B;) of subspaces and shows that two subsequent
pairs are homeomorphic via a decomposed homeomorphism. In fact one applies the technique
of Moving the Wall. This is indicated in [GM2] I 8.4, 8.5, pp. 103-113. In particular one has to
describe walls depending on a parameter ¢ which varies not only in [0, 1] but in a slightly larger
interval. But it is straightforward in most cases how to do this, except maybe for the stage of
“rounding the corner” (I 8.5.1, p. 107) where the family of walls can be extended like follows:

Note that each A; is defined as the “realization” of a diagram which is a pair of stratified
regions in R?, together with functions to R. In [GM2] pp. 103-106 these diagrams are depicted,
with the two regions on the left and right respectively, the functions are written along the co-
ordinate axes. Each time a subspace is indicated which is a union of strata, the realization of
which yields B;. With Moving the Wall one obtains a homeomorphism A; — A; ;. Since it is
stratum preserving it maps B; homeomorphically onto B, 4.

Note that we can ignore the transition Dy — D; and Ds — Dg because nothing happens
there. Let us be more specific about Moving the Wall in the other cases. On [GM2] p. 71 it
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is said that the wall space is taken to be 4-dimensional. We prefer R? instead, because in each
case only one of the two “pictures” P,, P, (left/right) is varied.

Example: Dg — D7 (cf. [GM2] pp. 105, 111). Then we have a variation of P, and get a
corresponding subset Y = {J; ¢y, 5(Pa(t) X {t}) C R2x]a, B[. Here ]a, 8] is a small neighbour-
hood of [0,1]. Furthermore, replace Z in “Moving the Wall” by the inverse image of P, under
the mapping on the right hand side, i.e. by Z N {r < 26}. The mapping f is replaced by the
mapping (f o, f) on the left. In the case of other pictures proceed similarly but intersect also
by {r < 2§}, & > é near §, in order to stay in a neighbourhood of p.

There is a technical problem because 7 is not defined everywhere but extend f om,romw, p
outside {r < 2§} arbitrarily: this is harmless because the relevant considerations concern subsets
of {r < 26}.

Furthermore, in most cases we can apply Theorem 2.4 to the transition from A; to A;y1 as
well as from B; to B;;1 or vice versa. However we cannot proceed in this way for B; in all
cases: it may happen that neither B; C B; 11 nor B; 11 C B;. Therefore we modify the diagrams
Dy, D3, Dy in order to pass from Dy to D3, D3 to D4: On the left we have to consider a “region”
P, together with a subregion @Q,. Replace the region P, by P, := {(z,y) |y > —¢€'} instead,
where €’ > € is sufficiently near to e. Also @, is replaced by @/, := closure of the complement of
Q. in P!, i.e. by

{(x,y)| — € <y < —¢} in the case of Dy

3
{(z,y) |y > —€,z < _Ze ory < —e} in the case of D3

3
{(z,9) |y > —€,z < —Zeory—x < —i} in the case of Dy

We take obvious stratifications so that the subspaces are unions of strata. Instead of pairs
(As, B;), we thus obtain (A}, B;). Now we have A} = A} |, B C B, i = 2,3. By Theorem

(2
2.1, we obtain a homeomorphism Aj — Aj , such that the restriction gives homeomorphisms
B — B£+1a A; = Ay, B; — Biy1. Furthermore, by Theorem 2.4 and 2.6 the inclusion defines

isomorphisms H¥(Af, |, B/, 1;S) — H*(A], B;S). By excision, we obtain
H"(Ai11, Biy1,S) =~ H*(4;, B;; S)

for all k. This shows that we obtain isomorphisms for the cohomology groups with the same
constructible sheaf S.

So we have H*(U N f=%([a,b]),U N {f = a},S) ~ H¥(A, B;S).

The precise description of (A, B) will be recalled in (iv) below.

In total we now have: H*(Z, Z,,S) ~ H*(A, B; S).

(iii) This result can be obtained more easily using different techniques, as in [H2]. Then we

get:
The space Z, is a decomposed strong deformation retract of Z! := {f < —e} U E, with

3 3
E::{fong—f,f—foﬂgi,pgé,roﬂ'gts}u{fffOﬂ-g7i,fo7r§f,pﬁé,roﬂ’ﬁ&}

and
Z={f < -GU{for< X f-fon< S p<sron<s)

is a decomposed strong deformation retract of Z;,. See [H2] Prop. 4.4.
Therefore, H*(Z/,S) ~ H*(Z,,S) , and H*(Z,,S) ~ H*(Z},S).
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Finally, Z; = Z! UA, and B = Z, N A, so H*(Z},Z!,S) ~ H*(A, B,S), which shows again that
Hk(Zb,Za,S) sz(A,B,S).
(iv) Now
A=Zn{lf - forl < S lfonl < Foron<5p<8)

B:Zﬂ{rowgcs,pg5}0({|f—fo7r|S§7fo7r:—%}U{f—fow:—i,b‘oﬂ§%})

cf. [GM2] I Prop. 8.2. p. 101.
Furthermore,

T (ZN{rom <8p<8|f—forl < ThZN{rom<8p<6f—for=—2})

= Sn{r<d}
is a fibre bundle pair with contractible base, hence trivial. The fibre pair over p is

NA{fl < §r<OLNN{f=—Jr<d))
A trivialization yields a mapping pair

pri(Znfron<8p<dlf—for| < ThZN{ron<8p<df—fom=—2})

= (NA{lfl < Jr <8N {f=—7.r <4))

The fibres are contractible, and § is cohomologically locally constant along the fibres. By [KS]
Prop. 2.7.8, p. 122, we can conclude that S is quasiisomorphic to pr*7 with

T :=SINN{|f| < i,rga}:z';;s,

where ig : NN{|f| < §,7 <6} = (ZN{rom <d,p <6,|f — fon| <} is the inclusion:
Indeed, & ~ pr*(Rpr.S), by [KS] loc. cit., so i§S ~ igpr*(Rpr.S) ~ Rpr.S because
proig = id.
From now on it is easier to work with cohomology with compact support instead of relative
cohomology. Note that

A\B=Zn{-S<j-for< S -Fcfor< roncsp<s)

Put C:=5Sn{-3 < f<2Er<§}, D:i=Nn{-£<f<E,
and 7 : D — {p} be the restrictions of 7, and let p; : A\ B —
restrictions of pr, so that we have a commutative diagram:

r <6} Let mp : A\B — C
D and py : C — {p} be the

A\B B D
Im L mo
c B {p

Then we have:
H*(A, B,S) ~ H*(A, B,pr*T) ~ H¢(A\ B,piT") =~ H*(R(po): R(m1)piT")
where 7' := T|D.
Now
R(po) R(m)ipiT' ~ R(po)(Zo @ R(m)ipiT")
~ R(po)(Zc @ psR(mo) T') ~ (R(po)1Zc) @ R(mo) T’
The second quasiisomorphism follows by base change, the third one by some kind of projection
formula, see [KS] Prop. 2.6.6, p. 113.
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Hence
H*(A, B,S) = H"((R(po)1Zc) ®@" R(mo) T') =~ HEX(D, T")
~ HMNNN{|f] < ir <SL,NN{f= —i,r <5},8)
Altogether we obtain as final result, with N = N* N {r < d}:

Theorem 5.4: H*(Z,, Z,;S) ~H- M Nn{a< f<bL, Nn{f=a};S).

The final result has been shown by J. Schiirmann [S] directly, too, with milder conditions on
the critical point. See [S] Theorem 5.3.3.

6. APPLICATIONS OF STRATIFIED MORSE THEORY FOR CONSTRUCTIBLE SHEAVES

a) Cohomology with locally constant coefficients in the relative case

Let us look at the relative case as in section 4. Let £ be a locally constant sheaf on X. Then
we obtain:

If [a, b] contains no critical value, H*(X;, X,; £) = 0 for all k.

If f=%([a,b]) contains exactly one non-degenerate critical point of index A,
H*(Xp, Xo: £) = H* (g7 (NN {a < f <)), 9 (NN {f =a}), L)
In order to prove this, proceed as in the last section (Theorem 5.4) with f o g instead of f, rog
instead of r etc.
Or apply our theorem above to Rg.L, similarly as in [S] p. 275.

Note that Rg. commutes with restriction to closed subsets because Rg. = Rgi, g being proper.
b) Cohomology with locally constant coeflicients in the nonproper case

Suppose that X is an open subset of Z which is a union of strata and £ a locally constant
sheaf on X. Put X, := X N Z,. Then:

If [a, b] contains no critical value, H* (X}, X,; £) = 0 for all k.

If f~![a,b] contains exactly one non-degenerate critical point of index A,
HY( Xy, Xo; L) = HF " MNNXn{a<f<bL,NNXN{f=a}L)

In order to prove this, proceed as in the last section finding decomposed weak deformation
retracts.

Or apply Theorem 5.4 to Rj.L, where j : X — Z is the inclusion, similarly as in [S] p. 275.
But the conclusion is not evident. Note that Rj, commutes in general with 4', hence with * if
1 is the inclusion of an open but not of a closed subset.

One needs a base change property which is proved in [S] Prop. 4.3.1, p. 261.

We argue in the same way for the normal slice and obtain

HY(N N {a < f<b},Rj.L)~HNNXN{a<f<b}L)
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Similarly with f = a instead of a < f <b.
c) Intersection cohomology with coefficients in a locally constant sheaf

Note that the locally constant sheaf has to be given outside codimension 2. We assume that
Z is pure-dimensional. Again the reduction to the local case does not allow to assume that the
locally constant sheaf is constant when applying the Main Theorem.

Similarly as in section 4 we obtain, using the complex IC,(Z; L):

TH}(Z b, Z<q; £) = 0 if [a,b] does not contain critical values.

If there is exactly one non-degenerate critical point of index X in f~!([a,b]):
IHS(Z<b,Z<a;£) = IH;;_)‘(NH {la<f<br<dé,Nnia< f<ad,r<dé}L)

where a’ > a is sufficiently close to a.
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CROSS-RATIOS OF QUADRILATERAL LINKAGES

GIORGI KHIMSHIASHVILI, DIRK SIERSMA

ABSTRACT. We discuss the cross-ratio map of planar quadrilateral linkages, also in the case
when one of the links is telescopic. Most of our results are valid for a planar quadrilateral
linkage with generic lengths of the sides. In particular, we describe the image of cross-ratio
map for quadrilateral linkage and planar robot 3-arm.

1. INTRODUCTION

We deal with quadrilaterals in Euclidean plane R? with coordinates (z,y) identified with the
complex plane C with coordinate z = x 4 1y. Given such a quadrilateral Q) we define cross-ratio
of @ as the cross-ratio of the four complex numbers representing its vertices in the prescribed
order. Using complex numbers in the study of polygons has a long tradition (see, e.g., [1],
[2]). We present several new developments concerned with the above notion of cross-ratio of
quadrilateral.

The main aim of this paper is to investigate the values of cross-ratio in certain families of
planar quadrilaterals. Two types of such families are discussed: (1) the 1-dimensional moduli
spaces of quadrilateral linkage [4] and (2) the 2-dimensional moduli spaces of planar robot arms.

In the first part of this paper we deal with quadrilateral linkages (or 4-bar mechanisms [7]).
In spite of apparent simplicity of these objects their study is related to several deep results of
algebraic geometry and function theory, in particular, to the theory of elliptic functions and
Poncelet Porism [5]. Comprehensive results on the geometry of planar 4-bar mechanisms are
presented in [7]. Some recent results may be found in [5], [11],[13].

We complement results of [7] and [11] by discussing several new aspects which emerged in
course of our study of extremal problems on moduli spaces of polygonal linkages (cf. [10],[11],
[12], [13], [14] ). In this context it is natural to consider polygonal linkage as a purely mathe-
matical object defined by a collection of positive numbers and investigate its moduli spaces [4].
In this paper we deal with quadrilateral linkages and planar moduli spaces.

Two types of quadrilateral linkages are considered: (1) conventional quadrilateral linkages
with the fixed lengths of the sides, and (2) quadrilateral linkages with one telescopic link [4].
Obviously, the latter concept is equivalent to the so-called planar robot 3-arm (or planar triple
pendulum [14]). To unify and simplify terminology it is convenient to refer to these two cases
by speaking of closed and open 4-vertex linkages.

The necessary background for our considerations is presented in Section 2. We begin with
recalling the definition and basic geometric properties of planar moduli spaces of 4-vertex linkages
(Proposition 2.1). With a planar 4-vertex linkage () one can associate the cross-ratio map Crg
from its planar moduli space M (Q) into the extended complex plane C (Riemann sphere).

Our first main result gives a precise description of the image of cross-ratio map for a generic
quadrilateral linkage (Theorem 3.1). It turns out that cross-ratio is a stable mapping in the
sense of singularity theory and that its image is an arc of a circle or a full circle, depending
on the type of the moduli space. This eventually enables us to obtain an analogous result for

Key words and phrases. quadrilateral linkage, robot 3-arm, moduli space, cross-ratio.
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a planar robot 3-arm (Theorem 4.4). Here again cross-ratio is a stable map, having only folds
(and no cusps) and the image is an annulus. Moreover the Jacobian of cross-ratio is a non-zero
multiple of the signed area and the critical points correspond to quadrilaterals and arms with
signed area zero.

In conclusion we mention several possible generalizations of and research perspectives sug-
gested by our results.

Acknowledgment. Joint research on these topics was started during the authors’ visit to
the Abdus Salam International Centre for Theoretical Physics in June of 2009. The present
paper was completed during a "Research in Pairs” session in CIRM (Luminy) in January of
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2. MODULI SPACES OF PLANAR 4-VERTEX LINKAGES

We freely use some notions and constructions from the mathematical theory of linkages, in
particular, the concept of planar moduli space of a polygonal linkage [4]. Recall that closed
n-lateral linkage L(1) is defined by a n-tuple ! of positive real numbers [; called its side-lengths
such that the biggest of side-lengths does not exceed the sum of remaining ones. The latter
condition guarantees the existence of a n-gon in Euclidean plane R? with the lengths of the sides
equal to numbers [;. Each such polygon is called a planar realization of linkage L(1).

Linkage with a telescopic side is defined similarly but now the last side-length [, is allowed
to take any positive value. For brevity we will distinguish these two cases by speaking of closed
and open linkages.

For a closed or open linkage L, its planar configuration space M (L) = M>(L) is defined as the
set of its planar realizations (configurations) taken modulo the group of orientation preserving
isometries of R? [4]. It is easy to see that moduli spaces M (L) have natural structures of compact
real algebraic varieties. For an open n-linkage its planar moduli space is diffeomorphic to the
(n — 2)-dimensional torus 7"~2. For a closed n-linkage with a generic side-length vector I, its
planar moduli space is a smooth compact (n — 3)-dimensional manifold. As usual, here and
below the term ”generic” means ”for an open dense subset of parameter space” (in our setting,
this is the space R’} of side-lengths).

In particular, a closed 4-linkage @ = Q(I) is defined by a quadruple of positive numbers
I = (a,b,c,d) € R4. An open planar 4-linkage (or planar robot 3-arm A = A(l)) is analogously
defined by a triple of positive numbers | = (a,b,c) € R and its planar moduli space is diffeo-
morphic to the two-torus T2. The complete list of possible topological types of planar moduli
spaces of closed 4-linkages is also well known (see, e.g., [9]).

Proposition 2.1. The complete list of homeomorphism types of planar moduli spaces of a 4-bar
linkages is as follows: circle, disjoint union of two circles, bouquet of two circles, two circles with
two common points, three circles with pairwise intersections equal to one point.

Closed linkages with smooth moduli spaces are called non-degenerate. It is well-known that
non-degeneracy is equivalent to the generic condition a £ b+ ¢+ d # 0. It excludes aligned
configurations. In the sequel we mainly focus on non-degenerate quadrilateral linkages, but in
our study of robot 3-arms we will meet also the degenerate quadrilateral linkages. See the first
row of Figure 2 for pictures of the moduli spaces.

3. CROSS-RATIO MAP OF QUADRILATERAL LINKAGE

In this section we use some basic properties of cross-ratio which can be found in [2]. Recall
that the complex cross-ratio of four points (where no three of them coincide) p,q,z,w € C is
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defined as
Z—p w—p p—2z q—2
2—q w—q p—w g—w

(1) [p, q; 2, w] =

and takes values in C U co = P!(C). Coinciding pairs correspond to the values 0, 1, co.
Group S4 acts by permuting points so one can obtain up to six values of the cross-ratio for a
given unordered quadruple of points which are related by well-known relations [2]. For further
use notice also that the value of cross-ratio is real if and only if the four points lie on the same
circle of straight line [2].

Consider now a quadrilateral linkage Q = Q(a, b, ¢, d). Note that no three vertices can coin-
cide. Then, for each planar configuration V = (v1,v2,v3,v4) € C* of Q, put

(2) Cr(V) = Cr((v1, v2,v3,v4)) = [U1,v2; 3, 04] = s s e

V3 — Vg .’04—112'

This obviously defines a continuous (in the non-degenerate case actually a real-analytic) map-
ping Crg : M(Q) — P'(C). Our main aim in this section is to describe its image I'g = Im Crq
which is obviously a continuous curve in P!(C). Taking into account some well-known properties
of cross-ratio and moduli space, one immediately obtains a few geometric properties of I'g.

In particular, its image should be symmetric with respect to real axis. If the linkage @ does
not have aligned configurations the points of intersection I'g with real axis correspond to cyclic
configurations of @. It is known that ) can have no more then four distinct cyclic configurations
which come into complex conjugate pairs [10]. Hence I'g can intersect the real axis in no more
than two points. In case M(Q) has two components then they are complex-conjugate and the
image of Cr is equal to the image of each component, which implies that I'g is connected even
though M (Q) may have two components.

In further considerations it is technically more convenient to work with another map
R: M(Q) — P1(C) defined by the formula

V2 —V1 UV4— U1

(3) R(v1,v2,v3,v4) = Cr(v1,03,02,01) = [01,03;v2,v4] = vy —vs v — s

Vi
FIGURE 1. Quadrilateral.

From the transformation properties of cross-ratio follows that
Cr(V)=1-R(V).

So the properties of C'r can be immediately derived from the properties of R. For brevity we
will call R the uniformizer of Q.
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The main advantage of R is that, for any configuration V of closed linkage @, the moduli of
numbers v;+1 — v; are constant by its very definition. Consequently, for any V' € M(Q), one has
ac

4 R(V)| = —.
(4) R(V)| = 2
In other words, R maps M (Q) into the circle of radius {5 with the center at point 0 € C. Later
(in the robot arm case) it is more convenient to consider the chart around co and we get a circle

with radius %. Let
U3 — U2 V1 — U4

, Y = arg
V1 — V2 V3 — Vg

(5) o = arg

be the angles at points vy and v4 in the configuration V.
It follows that

(6) arg R(V) = —(a +7),

These observations enable us to get a very precise description of the image Im R given in the
proposition below. Notice that since a non-singular moduli space is homeomorphic to a circle
or the disjoint union of two circles, one may use the natural orientations of M(Q) and 0 € C to
define the mapping degree of uniformizer map.

Theorem 3.1. For a non-degenerate quadrilateral linkage Q, the following statements hold:
(1) the image Im R is a subset of the circle of radius ac/bd centered at the point 0 € C;
(2) the image Im R is connected and symmetric about the real azis containing the point
(3) R is surjective if and only if (a+b—c—d)(a—b+c—d)(a—b—c+d) <O0.

(4) the mapping degree of R equals zero and multiplicity at each point does not exceed two.

ac.

bd’

Proof. The first two statements follow from the preceding discussion. The third property
can be proved as follows. Take a point €™ € S1. We wish to solve the equation Arg R(V) = 7
with V' € M(Q). Using the above notation this is equivalent to solving the system

{a® + b* —2abcosa = c® +d* —2cdcosy, a+y = —7}.
Substituting cos a = cos(T + ) we get
a? +b*> — 2abcos T cosy + 2absinTsiny — ¢? — d? + 2ed cosy = 0.

From this one easily obtains equation of the form
(7) Asiny + Bceosy = C,
where A = 2absinT, B = —2abcos T +2cd, C = a® +b? — c¢®> — d?. Now it is easy to see that this
equation may have 0, 1 or 2 solutions in [0, 27] depending on the sign of expression

F, = A? + B? — C? = 4a®b® + 4%d® — (a® + b* — 2 — d*)? — 8abed cos .

Namely, there are no solutions if F. < 0, one solution if F; = 0, and two solutions if F. > 0.
It is now easy to conclude that if solution exists for certain 7 € [0, 7] then it exists for any
o € [0,7],0 > 7 because in this case

F,(a,b,c,d) > F-(a,b,c,d) > 0.
Hence surjectivity takes place if and only if the point with argument 0 is in the image of R.
Notice that
Fy(a,b,c,d) = —(a+b—c—d)(la—b+c—d)(a—b—c+d)(a+b+c+d).

Thus surjectivity is equivalent to Fy(a,b,c,d) > 0 which differs from the criterion of (3) only
by a negative factor —(a + b+ ¢+ d). So property (3) is proved. Property (4) follows form the
symmetry of R with respect to the real axis, which completes the proof of proposition. O
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In the non-degenerate case we have:

Corollary 3.2. The image of Cr is a conjugation-invariant arc of the circle of radius ac/bd
centered at the point 1 € C.

This is immediate in view of the relation between Cr and R.

Corollary 3.3. Cross-ratio map of Q is surjective if and only if Q has a self-intersecting cyclic
configuration.

This follows from the above proof since the argument of R of self-intersecting cyclic configu-
ration is equal to 0.

Corollary 3.4. Cross-ratio map of Q is surjective if and only if its planar moduli space has two
components. In other words, surjectivity of cross-ratio map is a topological property.

Indeed, it was shown in [10] that a self-intersecting cyclic configuration exists if and only if
the moduli space has two components. Notice that these observations yield a simple criterion of
connectedness of the moduli space.

Corollary 3.5. The moduli space is connected if and only if
(a+b—c—d)(a—b+c—d)(a—b—c+d)>0.

Notice also that, in non-degenerate case, R(Q) is a smooth mapping between two compact
one-dimensional manifolds. We compute its differential with respect to an angular parameter
on M>(Q) and identify its critical points as quadrilaterals V' with signed area equal to zero.
Signed area was defined and it properties were studied in [10]. Moreover we describe the global
behaviour as follows:

Theorem 3.6. For a non-degenerate quadrilateral linkage @, the following statements hold:
(5) If M(Q) consists of one component then cross-ratio is a stable mapping with exactly 2
fold points. The image is an arc of a circle,
(6) If M(Q) consists of two components then cross-ratio is a stable mapping, has no singu-
larities and maps each circle bijectively to the image circle.

Proof. We use Lagrange multipliers for the function argR(V) = —(a + ) with respect to
(8) g(a,y) = a® + b* — 2abcosa — ¢ — d* + 2cd cosy = 0.

The critical points of argR(V) are given by:

(9) 2absin a + 2edsiny = 0.

This is the condition that the signed Area (sA) of the quadrilateral is zero! In [10] it is shown, that
sA has exactly two critical points on each component and that in the 2-component case it never
takes the value 0. It follows that in the 1-component case there are precisely 2 quadrilaterals V
with sA(V) = 0.

Also the second derivative can be computed by the Lagrange multipliers method, following
[8].
The main ingredient for a function f(x1,x2) and an equation g(z1,z2) = 0 is the Hessian

matrix H = ( ijaij - A agigmj ), where A is defined by gradf = X gradg. Evaluate this only on

vectors in the tangent space to g(z1,22) = 0 at a critical point. We have in our case (taking
into account condition (9)):

A1 =2absina ; H:)\< 2abcosa 0 >

0 2cd cosy
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The tangent space is generated by w! = —2absina (1,—1). The final result for the second
derivative is: w'Hw = —2absin a(2abcos a — 2cd cosy). This is zero as soon as

2abcos a = 2cd cos .

Combining this with condition (9) it follows that («, ) € {(0,0), (0,7), (7,0), (7, 7)}. These are
the aligned configurations, which are degenerate.
So the second derivative is non-zero in the critical points of argR(V'). By Morse lemma this

is enough to conclude that each critical point is a fold.
O

non-degenerate long aligned short aligned kite & (counter-) rhombus

moduli space

parallelogram

gl

cross ratio
R image

bijective on
each component

folding

FIGURE 2. Moduli spaces of quadrilateral linkages and the cross-ratio images

Next we give the description of the image of R if linkage Q(a, b, ¢, d) is not generic. We will
use this in the section about robot arms.

3.1. Long aligned. In this case the length of one edge is equal to the sum of the three others.
We have

Fr=(a-b—c—d)(a+b+c—d)(a—b+c+d)(a—c+b+d)=0.

7 = 0 is the only possibility, the moduli space is a point and the image is also one point.

3.2. Short aligned. In this case the sum of the lengths of two sides is equal to the sum of the
two others. We have

Fo=—(a+b—c—d)(a—b+c—d)(a—b—c+d)(a+c+b+d)=0.

Consequently R is surjective. When when we are not in the cases 3.3, 3.4 or 3.5 the moduli
space is a bouquet of two circles and the uniformizer R maps each of the two circles onto a full
circle. The wedge point is mapped to the intersection of the circle with the positive real axis.

3.3. Kite. When a = b and ¢ = d we have a moduli space, which consists of two circles having
two points in common. R maps one circle 2 : 1 (with degree 0) onto the image circle and the
other circle collapses to the point on the positive real axis.
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3.4. Parallelogram and counter-parallelogram. When a = ¢ and b = d we have a moduli
space, which consists of two circles having two points in common. R maps one circle (corre-
sponding to the parallelograms) 2 : 1 (with degree 0) onto the image circle and the other circle
(corresponding to the counter-parallelograms) collapses to the point on the positive real axis.

3.5. Rhomboid. When a = b = ¢ = d the moduli space consists of three circles having pairwise
a point in common [4]. Note that R maps one circle 2 : 1 (with degree 0) onto the image circle
and the other two circles collapse to the point on the positive real axis.

4. CROSS-RATIO MAP OF ROBOT 3-ARM

The cross-ratio is defined as a map Cr : M(A) — P1(C) to the Riemann sphere. Only if
M(A(1)) does contain configurations with coinciding vertices Cr attains the value co. This
happens besides non-generic cases only if the arm forms a triangle. Since M (A) is diffeomorphic
to T? we may ask a number of natural questions about the behavior of C'r as a mapping between
2-dimensional manifolds. In particular, in the spirit of Whitney’s results on stable mappings (see,
e.g. [2]) one can wonder if Cr is stable in the sense of singularity theory: having only folds and
cusps as singularities.

As before we work below with the uniformizer R(Z) =1 — Cr(Z).

Theorem 4.1. The cross-ratio map for open linkages is a stable mapping with folds only.

Proof. We show this in several steps. First we consider the 4-bar linkage Q); obtained by adding
to the arm Z a fourth side of length ¢ and take this ¢ as one of the local coordinates on open
subsets of the torus M (A). This is possible as long as Q; is non-degenerate. Avoid atbtc+t = 0,
where aligned cases occur. We can take as other local coordinate a or v, which are implicitly
related by:
a? +b% —2abcosa = ¢® + % — 2ct cos .

Assume we can use (t,a) as local coordinates then v = ~(¢,«). We use polar coordinates
(|R~Y|,arg R~!) on the chart at oo . Now

bt
RZ) =2 ag R = aty

and therefore the critical points of R are just the union of the critical (=fold) points of each of
the closed linkages. We next relate this to the criterium for a mapping F(t, ) = (¢, f(t,a)) to
have a fold singularity (cf.,[3], p. 74): % =0 and gs—(fx # 0 both taken in a point (tg,ag). Take
for this point the fold point of the quadrilateral ();, and it follows that we have indeed a fold
for our open linkage. We treat the remaining cases in step 2 and 3.

The second step is to consider the aligned positions. We choose a complex coordinate on the
torus, such that the vertices of the arm are given by 0, a,a + be'®, a + be'® + ce. This gives

R™' = Zb(a 4 be'® + ce™)etlm),

For each of the aligned positions we can compute its 2-jet. We take as example (¢,n) = (0,0).
The other cases behave in the same way. Up to a constant we have for the 2-jet:

(0:m) = (a+b+c— lald —n)? +b(20 —n)* +c¢”] , ald —n) +b(2¢ —n) + co)
It’s singular set is the line ¢ = 0 and a coordinate transformation brings it in the standard
equation of the fold. Since fold singularities are determined by its 2-jet it follows that also R~*
has a fold at the point (0, 0).
The third step: In the special case of a closed telescopic arm (¢ = 0) (where polar coordinates
are not well-defined) we compute in proposition 4.2 the Jacobian in general and show that for

=b
ac
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t = 0 it equals to besin[n — ¢]. This expression is non-zero as soon as the arm is not aligned
(non-generic case).
This finishes the proof.
O

Remark: Note that the other type of stable singularity, the cusp, does not occur!

Proposition 4.2. The Jacobian of R™! is equal to the signed area of the quadrangle defined by
the arm Z. The critical points of R and of cross-ratio correspond to the arms with signed area
equal to zero.

Proof. A straightforward computation shows, that the Jacobian is (modulo a non-zero constant)
given by:
absin[¢| + acsin[n] + besin[n — ¢).

This is precisely twice the signed area of arm Z. O

Corollary 4.3. The point oo € P1(C) is a regular value of uniformizer R.

Next we investigate the shape of the image. We slice with circles. Fix a number ¢ € [0, a+b+(]
and consider the 4-bar linkage @, obtained by adding to A a fourth side of length ¢. Then the
image of Cry4 is simply the union of the the images Cr(M(Q;)). These are arcs of the circles
described in Theorem 3.6.

L L L L L wh L L n L L L
L 2 3 4 5 6 L] 1 2 3 4 3 L

FIGURE 3. t-levels; FIGURE 4. t-levels;
case a>b+c case a < b+ ¢

We consider the following two cases:

i. M(A) contains no closed configurations,
ii. M(A) contains a closed configuration (triangle).

We exclude non-generic arms. For sake of presentation we assume a > b > ¢. Other cases behave
similar. So we distinguish now between:

i.a>b+c
il. a<b+c
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The topology of a slice changes at critical values of ¢ (seen as function M(A) — R). Level
curves are shown in Figures 3 and 4. According to [9] these are exactly the aligned positions
(where Morse indices follow from the combinatorics) and in the second case also the value 0.

° °
maximum saddle saddle minimum
at+b+c t at+b-—c t a—b+c t a—b-—c

FIGURE 5. Movie of images of R in case a > b+ ¢

maximum saddle saddle saddle minimum
a+b+c t atb-c t a—b+c t la—b—¢ t

FIGURE 6. Movie of images of R in case a < b+ ¢

In case i. we have a Morse function with one maximum, two saddles and a minimum; see the
“movie” of R-images in figure 5. In case ii. (see figure 6) there appears an extra saddle and we
end up with two minima, which correspond to ¢ = 0 (two conjugate triangles). Pictures of the
image of R are shown in figures 7 and 8.

The considerations from section 3 give the following analog of Theorems 3.1 and 3.6:

Theorem 4.4. For a generic planar robot 3-arm A(a, b, c), the cross-ratio map has degree zero,
its image is a conjugation-invariant differentiable annulus and belongs to a disc with radius
a+ b+ c. The cross-ratio map is 2-1 except on the critical set, with image the fold curves.

FIGURE 7. Image of R; case FiGURE 8. Image of R; case
a>b+c a<b+c
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5. CONCLUDING REMARKS

First of all, we wish to add that using stereographic projection one may introduce cross-ratio
map for spherical quadrilaterals. The analogs of Theorems 3.1 and 4.4 follow in a straightforward
way.

It is also interesting to describe the change of cross-ratio under the action of the so-called
Darboux transformation of quadrilateral linkage [5]. Taking into account a version of Poncelet
Porism for quadrilateral linkages obtained in [5] one might hope to get certain insights concerning
the arising discrete dynamical system in the image of cross-ratio map.

In a future paper, by a way of analogy we investigate cross-ratios of one-dimensional families
of the so-called poristic quadrilaterals arising from Poncelet Porism [6]. Analogs of our main
results are available for bicentric poristic quadrilaterals and poristic quadrilaterals associated
with confocal ellipses.

Next, one can also consider cross-ratios of families of quadrilaterals arising as the centers of
circles of Steiner 4-chains [2] and try to describe the image of the corresponding cross-ratio map.

Finally, an analogous line of development arises in connection with the notion of conformal
modulus of a quadrilateral [1]. In particular, one can try to describe the image and behavior of
conformal modulus for families of poristic bicentric polygons and confocal ellipses. Developments
in this direction will be published elsewhere.
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(SSP) GEOMETRY WITH DIRECTIONAL HOMEOMORPHISMS
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Dedicated to Professor David Trotman for his 60th birthday

ABSTRACT. In a previous paper [6] we discussed several directional properties of sets satisfying
the sequence selection property, denoted by (SSP) for short, and developed the (SSP) ge-
ometry via bi-Lipschitz transformations. In this paper we introduce the notion of directional
homeomorphism and show that we can develop also the (SSP) geometry with directional
transformations. For many important results proved in [6] for bi-Lipschitz homeomorphisms
we describe the analogues for directional homeomorphisms as well.

1. INTRODUCTION.

In [4] we introduced the notion of sequence selection property, denoted by (SSP) for short,
in order to show that the dimension of the common direction set of two subanalytic subsets
is preserved by a bi-Lipschitz homeomorphism provided that their images are also subanalytic.
The condition (SSP) is one of the three main ingredients in the given proof. Subsequently
we generalised the result above to the case of a general real closed field in [5], where we also
discussed several (SSP) properties.

Following the above works, we have started to work on condition (SSP) both on the field
of real numbers and on the field of complex numbers. In fact, we proved essential directional
properties of sets satisfying (5.5 P) with respect to bi-Lipschitz homeomorphisms in [6]. Amongst
the main results in [6] are the following:

1) Weak transversality theorem,
2
3

(SSP) structure preserving theorem,

(1)
(2)
(3) Important property: LD(h(LD(A))) = LD(h(A)),
(4) Directional property of intersection sets.

Concerning (2), we proved two types of (SSP) structure preserving theorems in [6]. The
main purpose in this paper is to introduce a new notion of homeomorphism, called directional
homeomorphism, which enables us to show general results including those theorems mentioned
above, using the new notion of homeomorphism without the assumption on the sequence selection
property. We shall discuss several properties of the directional homeomorphism in §3.1, and give
the main results in §4.

Throughout this paper we use the following notations:
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Let {am}, {bm} be sequences of points of R" tending to the origin 0 € R™. If there are a
natural number N € N and a real number K > 0 such that

lamll < Kllbm|l, Vm >N

then we write [|am || 3 [|bmll (or [[bm | Z laml). I [lam[| Z [lbm[l and [[bm]l 3 llam|l, we write
[lamll = [[bm]l-

2. DIRECTIONAL PROPERTIES OF SETS

In this section we recall the notions of direction set and sequence selection property, and
describe several elementary properties.

2.1. Direction set. Let us recall the notion of direction set.

Definition 2.1. Let A be a set-germ at 0 € R™ such that 0 € A. We define the direction set
D(A) of Aat 0 € R" by

D(A):={ac S" ' | Hux;} c A\ {0}, z; - 0 €ER" s.t. — a, i — oo}

IIszI

Here S™~! denotes the unit sphere centred at 0 € R™.

For a subset A C S"~! we denote by L(A) a half-cone of A with the origin 0 € R™ as the

vertex:
L(A):={taeR" |a€c A, t>0}.

In the case where A C S"~! is a point we call L(A) a semiline. Therefore a semiline ¢ C R"
means a half line whose starting point is the origin 0 € R™. For a set-germ A at 0 € R™ such
that 0 € A, we put LD(A) := L(D(A)), and call it the real tangent cone of A at 0 € R™.

Let U, V C R" such that 0 € U N V. The following properties hold:

(1) D(U) = D(U),

(2) (UUV) D(U) U D(V),
(3) UiD(U;) € D(UUy),
(4) If U; are half-cones then U;D(U;) = D(UU;),
(5) D(UNV)C DU)ND(V).

2

2.2. Sequence selection property. Let us recall the notion of condition (SSP). In fact here
we give a generalised notion of (SSP) relatively to a subset of R™.

Definition 2.2. Let A, B be two set-germs at 0 € R™ such that 0 € AN B, D(A) C D(B).
We say that A satisfies condition (SSP)-relative to B, if for any sequence of points {a,,} of B
tending to 0 € R", such that lim,, . 1> T € D(A), there is a sequence of points {b,,} C A
such that,

[am = bm || < [lam|l; bml],
lam=bmll _ ¢

ie., lim,, oo ol
In the case B = R™ we will not mention B (it is the usual (SSP) condition).

Clearly the direction set and the sequence selection property are conditions in the spirit
of Whitney [7], who consistently studied directional properties at singular points and their
behaviour while approaching a singularity via sequences of points. We concentrate our study to
sets for which their direction sets are essentially independent on the ambient space.

For the reader’s convenience we give some remarks on the relative condition (SSP) ((2) and
(3) follow from the transitivity of the relative condition (SSP)).
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Remark 2.3. (1) A (resp. A) satisfies condition (SSP)-relative to A (resp. A).
(2) A satisfies condition (SSP) if and only if A satisfies condition (SSP)-relative to LD(A).
(3) A satisfies condition (SSP) if and only if A satisfies condition (SSP).
(4) A satisfies condition (SSP)-relative to ST4(A; C),d > 1
(see [4] for STy(A: C)).
In this note we also consider the notion of weak sequence selection property, denoted by
(WSSP) for short; in fact they are equivalent notions.

Definition 2.4. Let A, B be two set-germs at 0 € R” such that 0 € AN B, D(A) C D(B). We
say that A satisfies condition (W SSP)-relative to B, if for any sequence of points {a,,} of B
tending to 0 € R" such that limy, o0 g2y € D(A), there is a subsequence {m;} of {m} and a

sequence {b,,,} C A such that
||a’mj - bmj” < Haija ”bm]‘ ”

We have the following characterisation of condition (SSP). As mentioned in [6], the proof in
the relative case is similar to the non-relative case, for which we gave a detailed proof in [5].

Lemma 2.5. ([6] Proposition 2.7) Let A, B be two set-germs at 0 € R™ such that 0 € AN B.
If A satisfies condition (W SSP)-relative to B, then it satisfies condition (SSP)-relative to B.
Namely, the conditions relative (SSP) and relative (W SSP) are equivalent.

Below we give several examples of sets satisfying the condition (SSP). Consult [6] for more
examples.

Remark 2.6. Let A, B C R” be a set-germs at 0 € R” such that 0 € AN B, then the following
hold:

(1) The cone LD(A) satisfies condition (SSP),

(2) If A is subanalytic ([3]) or definable in some o-minimal structure ([5]), then it satisfies
condition (SSP),

(3) If A is a finite union of sets, all of which satisfy condition (SSP), then A satisfies condition
(SSP),

(4) If 0 € A, a C! manifold, then it satisfies condition (SSP) and LD(A) = Ty(A) i.e., the
tangent space of A at 0 € R™, (this is not necessarily true for C° manifolds or if 0 ¢ A),

(5)If A C B, D(A) = D(B) and A satisfies condition (SSP), then B satisfies condition (SSP).

3. DIRECTIONAL HOMEOMORPHISM AND SOME FUNDAMENTAL LEMMAS

In this section we introduce the notion of directional homeomorphism, and describe some
fundamental properties of it.

3.1. Directional homeomorphism. In this subsection we describe the condition semiline-
(SSP), and we use it to give some characterisations of the condition (SSP) and our definition
of directional homeomorphism.

Definition 3.1. We say that a homeomorphism h : (R",0) — (R™,0) satisfies condition
semiline-(SSP), if h(¢) has a unique direction for all semilines £.

Remark 3.2. Take a germ of a semiarc v : ([0,€),0) — (R™,0) with a unique direction, say
¢ = LD(y). (It is not difficult to see that in this case v necessarily satisfies condition (SSP).) It
follows that for a bi-Lipschitz homeomorphism A : (R™,0) — (R™,0) where h~! satisfies condition
semiline-(SSP), we do have that h(y) has also a unique direction, i.e., h also satisfies condition
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semiline-(SSP). Indeed, we can easily see that LD(h(~)) = LD(h(LD(~))) = LD(h(?)) is also a
semiline. Let
L = {v:([0,¢),0) = (R",0) | LD(7) is a semiline}.
The above argument implies that if h~! satisfies condition semiline-(SSP), then the map
h: YL —SL
induces a map h : "1 — S"~1 defined by
A(D()) = D(h(x)) for €72,

If both h, h~! satisfy condition semiline-(SSP), then h : S"~! — S~ is a one-to-one correspon-
dence, in other words, h : S"~! — S"~! is bijective.

Note that in the case where v : ([0,€),0) — (C™,0), v € .¥.Z, we have that the complex cone
LD*(v) := LD(S'D7) is a complex line, and all complex lines can be obtained in this way.

Theorem 3.3. ([6] Theorem 2.25) Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism
such that h ( so h=!) satisfies condition semiline-(SSP). Then the induced map h : S~ — Sn~1
given in Remark 3.2 extends to a bi-Lipschitz homeomorphism h : R™ — R™, and for any A C R"
such that 0 € A, we have

h(D(A)) = D(h(LD(A))) = D(h(A)) = D(h(A)).
In particular, we have dim D(A) = dim D(h(A)).

Conversely the radial extension of a self bi-Lipschitz homeomorphism of the sphere S™~!
satisfies the condition semiline-(SSP). As we shall see below, there is a clear correspondence
between these radial bi-Lipschitz homeomorphisms and the bi-Lipschitz homeomorphisms which
satisfy condition semiline-(SSP). It is not difficult to see that the bi-Lipschitz semiline-(SSP)
homeomorphisms preserve condition (SSP). We shall discuss a more general result in §4.

Remark 3.4. In particular the above property holds for any definable bi-Lipschitz homeomor-
phism, and for any subanalytic bi-Lipschitz homeomorphism.

Corollary 3.5. Let A be a set-germ at 0 € R™ such that 0 € A, and let h : (R",0) — (R™,0)
be a bi-Lipschitz homeomorphism such that h (h™') satisfies condition semiline-(SSP). Then
LD(A) and LD(h(A)) are bi-Lipschitz homeomorphic.

Let h : (R™,0) — (R™,0) be a Lipschitz homeomorphism. Then it is not difficult to see the
following property holds for h.

Proposition 3.6. The following conditions are equivalent.

(1) Yy, [yl =1, 3lim,_o, L= o(y),

(2) Vo, o =y, 3limpy 0 ”}\LI(;H)” = a(y).

Let us assume that a Lipschitz homeomorphism h satisfies the equivalent conditions of the
proposition above. Then « is Lipschitz (as h is) and we have

L alppllel
zﬁo,ﬁay Hh(l‘)”

provided that h is not vanishing outside the origin.



DIRECTIONAL HOMEOMORPHISM 173

Also if h satisfies condition semiline-(SSP), h induces h (as we know) and we have the following:
h
i b _
20, 2 -y ||h(2)||

Ty),Vy € S™1.

From now on we will use the bar notation, as h(z), for the corresponding extension

h(tx) =tz,t >0, |lz] = 1.

In consequence, for a Lipschitz homeomorphism % which satisfies condition semiline-(SSP), we
have the following structure, relating h and h:

oz )iz) - h@)]

=0 ]

More generally, one can show all the above properties, even for h of the form h(x) = 7(x) +o(x),
where 7 is merely Lipschitz and satisfies the following:

. T(ty
vy ol = 1.3 tim 17000,
—>0+ t
and lim,_,g % = 0. After this, we use the notation o(z) as a mapping satisfying the limit

condition. The above comments justify the next definition, inspired by the notion of weak
diffeomorphism in [2] (see §4.2 for this notion).

Definition 3.7. A directional homeomorphism is a homeomorphism h(x) = 7(x) + o(x), where
T is a bi-Lipschitz semiline-(SSP) homeomorphism.

Accordingly, for directional homeomorphisms we also have the remarkable decomposition

Wz) = a(—)7(x) + o(z),

x
]
with 7 defined as above. This kind of decomposition, in principle allows us to replace (when
studying direction sets), a directional homeomorphism with a homeomorphism which is both
positively homogeneous 7(tz) = t7(x),t > 0, and norm preserving ||7(z)|| = ||z|]. In a small
neighbourhood of the origin, h and h = 7 are homotopically equivalent.

3.2. Fundamental lemmas. In this subsection we describe some properties on homeomor-
phisms even weaker than directional homeomorphisms. Let A : (R",0) — (R",0) denote a
homeomorphism which can be expressed as h(z) = 7(z) + o(z), similar to a directional homeo-
morphism.

Lemma 3.8. Let h: (R",0) — (R™,0) be a homeomorphism, h(x) = 7(x) + o(z), where T is a
Lipschitz homeomorphism, such that ||z|| = ||7(z)||, and let {am}, {bm} be sequences of points
of R™ tending to 0 € R"™. Suppose that ||am — by || < ||am|l. Then we have

[A(am) — h(bm) |l < [[h(am)]|-
Proof. We first have
[(am) = h(bm) || < I7(am) = 7(bm)|| + [ o(am) — o(bm)]|-
Note that ||an,| = ||7(am)|| = ||h(am)||. Therefore we see that
1am) = hbm)Il  fIT(am) = 7(bm)ll | [l0(am) = o(bm)|
[h(am)]| ~ |7 (am)l [lam|l
as m — oo. It follows that

— 0

[Pam) = h(bm)|| < [|h(am)]l O
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In the above lemma we do not assume that 7 satisfies the condition semiline-(SSP).

We next give a useful lemma to show some of the main results on directional homeomorphisms.

Lemma 3.9. Let h : (R",0) — (R™,0) be a homeomorphism, h(zx) = 7(x) + o(x), such that
lIT(x)|| > Cllz|| in a neighbourhood of 0 € R™ for some C' > 0 (thus so does h), and let A C R™
be a set-germ at 0 € R™ such that 0 € A. Then we have:

(1) D(h(A)) = D(7(A)), and h(A) satisfies condition (SSP) if and only if so does T(A),

(2) D(graph(h)) = D(graph(t)), and graph(h) satisfies condition (SSP) if and only if so
does graph(T).

Proof. We first show (1). Let {a,,} be a sequence of points of A tending to 0 € R™ such that
. h(am)
a:= lim ———— € D(h(4)).
m=20 [[h(am)|

Then
h(am) T(am) + o(am)

Ih(am)ll — [I7(am) + olam)|"
By assumption, we have ||7(am)| 7 ||am||, therefore || o(an)|| < ||7(am)||- This implies that

. 7(am)
a n}gnoo T @ml € D(7(4)).
It follows that D(h(A)) C D(7(A)). Since 7(z) = h(x) — o(x), the opposite inclusion follows
similarly and we have D(h(A)) = D(7(A)).
We can easily see the latter statement in (1) from the definition of (SSP) and the above
arguments.
We next show (2). Let {a,,} be a sequence of points of R” tending to 0 € R™ such that

ET (am, h(am))
(0= B T, hlam)
Since || o(am)|| < ||7(am)|| as above, we have
(7 (0) +0f0)) (- (, 7(0))
m=02 |[(am, T(am) +o(am))||  m=o0 |[(am, T(am))]|
It follows that D(graph(h)) C D(graph(r)). The opposite inclusion similarly follows as above,
thus we have D(graph(h)) = D(graph(r)).
In order to show the latter statement of (2), let us assume that graph(h) satisfies condition
(SSP) at (0,0) € R™ x R™. Let {(am,bm)} be a sequence of points of R™ x R™ tending to
(0,0) € R™ x R™ such that

€ D(graph(h)).

€ D(graph(r)).

. (ama bm)
lim —————— € D(graph(r)) = D(graph(h)).
m—20 || (am, bm) |
By assumption, there is a sequence of points {¢,,} of R™ tending to 0 € R™ such that
[[(em, hcm)) = (am, bn)[| < llemll + lI7(em) + o(em)ll = llemll + [T (cm)I|-
Therefore we have

[(ems7(em) + 0(em)) = (am: bm) | < llem| + [[7(em)]-
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It follows that
[(ems T(em)) = (@m, b)) | < llem || + (17 (em)]]-

This means that graph(r) satisfies condition (SSP). Since we can similarly show the converse,
the latter statement of (2) follows. O

4. MAIN RESULTS

In this section we give the new results for directional homeomorphisms concerning the proper-
ties mentioned in our Introduction. We first recall, in each subsection, the corresponding results
for bi-Lipschitz homeomorphisms shown in [6]. The results for bi-Lipschitz homeomorphisms,
except the (SSP) structure preserving theorem, assume the (SSP) condition, in contrast to the
results for directional homeomorphisms. Concerning the structure preserving theorem, we give
a generalisation of the results in [6].

4.1. Weak transversality theorem. This is an important notion with potential important
applications in Algebraic Geometry, where the tangent cones are important invariants. Let us
recall the notion.

Definition 4.1. Let A, B C R" be set-germs at 0 € R™ such that 0 € AN B. We say that A
and B are weakly transverse at 0 € R™ if D(A) N D(B) = ( (if and only if LD(A) and B are
weakly transverse).

For a bi-Lipschitz homeomorphism, we have the following weak transversality theorem.

Theorem 4.2. ([6] Theorem 8.5) Let A, B be two set-germs at 0 € R™ such that 0 € AN B,
and let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism. Suppose that A or B satisfies
condition (SSP), and h(A) or h(B) satisfies condition (SSP). Then A and B are weakly
transverse at 0 € R™ if and only if h(A) and h(B) are weakly transverse at 0 € R™.

By Remark 3.2 we have the following weak transversality theorem for a directional homeo-
morphism.

Theorem 4.3. Let A, B be two set-germs at 0 € R™ such that 0 € AN B, and let
h: (R™ 0) — (R™,0) be a directional homeomorphism. Then A and B are weakly transverse at
0 € R™ if and only if h(A) and h(B) are weakly transverse at 0 € R™.

Note that we do not assume the condition (SSP) of “A or B” or of “h(A) or h(B)” in the

case of directional homeomorphism.

4.2. (SSP) structure preserving theorem. As mentioned in the Introduction, we proved
two types of (SSP) structure preserving theorems in [6]. Let us first recall those theorems.

Definition 4.4. Let A CR™ be a set-germ at 0 € R™ such that 0 € A and B C R" a set-germ
at 0 € R” such that 0 € B. Let h: (A,0) — (B,0) be a map-germ. We say that h is an (SSP)
map if the graph of h satisfies condition (SSP) at (0,0) € R™ x R™.

We have an (SSP) structure preserving theorem for this (SSP) bi-Lipshitz homeomorphism.

Theorem 4.5. ([6] Theorem 4.7) Let h : (R™,0) — (R™,0) be an (SSP) bi-Lipschitz homeo-
morphism, and let A C R™ be a set-germ at 0 € R™ such that 0 € A. Then A satisfies condition
(SSP) if and only if h(A) satisfies condition (SSP).

In [6] we give a characterisation of (SSP) bi-Lipschitz homeomorphisms.
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Proposition 4.6. ([6] Proposition 4.13(3)) Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeo-
morphism. Then h is an (SSP) map if and only if I,, x h: (R® x R™,0 x 0) —» (R™ x R",0 x 0)
( or I, x h™1) satisfies condition semiline-(SSP). Here I, : R* — R" is the identity map.

Applying the above proposition to any semiline £ C R™ as £ = {0} x £ (C R™ x R™), we can
see that an (SSP) bi-Lipschitz homeomorphism satisfies condition semiline-(SSP). Therefore
an (SSP) bi-Lipschitz homeomorphism is a directional homeomorphism.

We call a homeomorphism A : (R?,0) — (R™,0) a weak diffeomorphism, if h and h=! admit
derivative (= linear approximation) at 0 € R”. Y.-N. Gau and J. Lipman [2] have proved
the Zariski conjecture on hypersuface multiplicity even in the non-hypersurface case under the
assumption that the homeomorphism is a weak diffeomorphism. The hypersurface case was
implicitly shown in [1].

A weak diffeomorphism h can be expressed in a neighbourhood of 0 € R™ as follows:

h(z) = My (z) + o(),

where M}, is a regular linear map from R™ to R", and lim,_,q ”(\)ISCH)H = 0 as in the previous
section. Therefore a weak diffeomorphism is clearly a directional homeomorphism by definition.

We also have an (SSP) structure preserving theorem for weak diffeomorphisms.

Theorem 4.7. ([6] Corollary 4.20) Let h : (R™,0) — (R™,0) be a weak diffeomorphism, and let
A CR"™ be a set-germ at 0 € R™ such that 0 € A. Then A satisfies condition (SSP) if and only
if h(A) satisfies condition (SSP).

We next show the following (SSP) structure preserving theorem for directional homeomor-
phisms, generalising Theorems 4.5 and 4.7.

Theorem 4.8. Let h: (R",0) — (R",0) be a directional homeomorphism, and let A C R™ be
a set-germ at 0 € R™ such that 0 € A. Then A satisfies condition (SSP) if and only if h(A)
satisfies condition (SSP).

Proof. We assume that A satisfies condition (SSP). Since h(z) = 7(x) + o(z) is a directional
homeomorphism, let us apply the following lemma to this 7.

Lemma 4.9. ([6] Corollary 2.22) Let 7 : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism,
and let A C R™ be a set-germ at 0 € R™ such that 0 € A. Suppose that A satisfies condition
(SSP), and T satisfies condition semiline-(SSP). Then 7(A) satisfies condition (SSP).

By this lemma 7(A) satisfies condition (SSP). Then it follows from Lemma 3.9 that h(A) also
satisfies condition (SSP). The converse can be shown similarly. (]

4.3. Important property of (SSP). We first recall an important property concerning the
direction set of the image of a set by a bi-Lipschitz homeomorphism.

Theorem 4.10. ([4] Lemma 5.6) Let A be a set-germ at 0 € R™ such that 0 € A, and let
h : (R™,0) — (R™0) be a bi-Lipschitz homeomorphism. Suppose that A satisfies condition
(SSP). Then we have D(h(LD(A))) = D(h(A)).

This result takes a very important role in the proof of the main theorem in [4]. On the other
hand, this result does not always hold on a real closed field which is not a complete metric space
([5]).

By Theorem 3.3 we have the following property for directional homeomorphisms.

Theorem 4.11. Let A be a set-germ at 0 € R™ such that 0 € A, and let h : (R",0) — (R",0)
be a directional homeomorphism. Then we have D(h(LD(A))) = D(h(A)).
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Note that we do not assume the condition (SSP) of A in the case of directional homeomor-
phisms.
Using Lemma 3.9, we have a corollary of the above theorem.

Corollary 4.12. Let A be a set-germ at 0 € R™ with 0 € A such that LD(A) = { is a semiline,
and let b : (R™,0) — (R™,0) be a directional homeomorphism. Then we have

LD(h(A)) = LD(h(®))
is a semiline.

4.4. ITmage of intersection sets. For bi-Lipschitz homeomorphisms, we have the following
directional property of intersection sets.

Theorem 4.13. ([6] Theorem 2.50) Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism,
and let U, V C R™ be set-germs at 0 € R"™ such that 0 € U N'V. Suppose that

DU NV)=DU)NDV),
and UNV and h(U) satisfy condition (SSP). Then D(h(UNV)) = D(h(U)) N D(h(V)).

This result has an application to a local classification of spirals (see [6] §5. Appendix). On
the other hand, we have the following property for directional homeomorphisms.

Theorem 4.14. Let h: (R™,0) — (R™,0) be a directional homeomorphism, and let U, V C R"
be set-germs at 0 € R™ such that 0 € U N'V. Suppose that D(UNV) = D(U)N D(V). Then
D(h(UNV)) = D(N(U))ND(h(V)).

Proof. Tt suffices to show D(h(U)) N D(h(V)) C D(h(U NV)). Therefore we show the following
equivalent condition

LD(h(U))NLD(h(V)) C LD(h(UNV)).
Let ¢ ¢ LD(h(U))NLD(h(V)). By Lemma 3.9 we have
¢ c LD((U)) = LD(r(U)), £C LD(h(V)) = LD(r(V)).

Applying 77! to the above, we have

LD(r~Y(¢)) c LD(U), LD(r~'(¢)) c LD(V).
By assumption we have

LD(r7Y(¢)) c LD(U)NLD(V) = LD(UNV).
Applying 7 to the above, it follows from Lemma 3.9 that

(C LD(r(UNV)) = LD(h(UNV)).

Therefore we have LD(h(U)) N LD(h(V)) C LD(h(U NV)). O

Note that we do not assume the condition (SSP) of UNV or of A(U) in the case of directional
homeomorphisms.
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STRATIFIED SUBMERSIONS AND CONDITION (D)

CLAUDIO MUROLO

To my friend David Trotman for his 60th birthday

ABSTRACT. In this paper we investigate Goresky’s Condition (D) for a stratified submersion
between two Whitney stratifications. After revisiting the main results on Condition (D) of
1976 and 1981 due to Goresky, we give new equivalent properties! and two sufficient analytic
conditions and their geometric meaning.

1. INTRODUCTION.

Let f: M — M’ be a C' map between C' manifolds and YW C M and W' C M’ Whitney
stratified sets such that the restriction fyy : W — W' is a stratified surjective submersion.
Condition (D) for f : M — M’ with respect to W and W’ was originally introduced by M.
Goresky in his Ph.D. Thesis (1976) as a convenient technical condition to define the singular
substratified objects W allowed to represent the geometric chains and cochains of a Thom-
Mather abstract stratified space X ([5] 2.3 and 4.1) in the aim of introducing nice geometric
homology and cohomology theories.

Condition (D) for fyy : W — W' at z € X CY (where X <Y are strata of W, see §2.2 for
the definition) roughly speaking means that for every stratum Y of W, the surjective differential
map fy. : TY — TY' extends to a surjective map (see Remark 3.7) fizc,y : C2Y — CuY’
between the Nash tangent cones C,Y and CpY' (where C.Y = Uyy.y, 5 lim; T, Y is analogous
in the real case to the Whitney tangent cone Cy(Y, z) [21]).

1.1. Historical motivations. Using an appropriate definition of stratified cycles (Definition
2.4) Goresky proves that every abstract stratified cycle in a manifold is cobordant to one which
is radial on M and that, thanks to the condition (D), this last admits a Whitney cellularisation
([5] 3.7).

This result is the main step in proving his important theorems on the bijective representability
of the homology of a C' manifold M by its geometric stratified cycles and of the cohomology of
an arbitrary Thom-Mather abstract stratified set ([5] 2.4 and 4.5).

For a Whitney stratification X = (A,3), in 1981 [6] Goresky redefines his geometric homol-
ogy and cohomology theories using only Whitney (that is (b)-regular) substratified cycles and
cocycles of X, denoting them in this case W Hy(X) and W H*(X), without assuming this time
the condition (D) in their definition. With these new definitions and replacing the terminology
(but essentially not the meaning) “radial” by “with conical singularities” ([6], Appendices 1, 2,
3) Goresky again proves the bijectivity of his homology and cohomology representation maps:

Theorem 1.1. If X = (M,{M}) is the trivial stratification of a compact C* manifold, the
homology representation map Ry : W H(X) — Hi(M) is a bijection.

Proof. [6] Theorem 3.4. O

Key words and phrases. Stratified sets and maps, Whitney Conditions, regular cellularisations.

1 Used in [16] to give a new proof of the (b)-regularity of stratified mapping cylinders needed to Goresky in 1978 to prove a
theorem of Whitney cellularisation of Whitney stratifications with conical singularities.
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Theorem 1.2. If X = (A,Y) is a compact Whitney stratified space, the cohomology represen-
tation map R* : WHk(X) — H*(A) is a bijection.

Proof. [6] Theorem 4.7. O

Later such geometric theories were improved by the author of the present paper by introducing
a sum operation in W Hy (M) and W H*(X) geometrically meaning transverse union of stratified
cycles [14, 15].

1.2. Problems related to condition (D). Although in the revised theory of 1981 [6], condi-
tion (D) was not assumed in the definitions of the Whitney cycles and cocycles, it was once again
the main tool to obtain the two important representation theorems, through a strategy of us-
ing Condition (D) in order to construct Whitney cellularisations of Whitney stratifications with
conical singularities using stratified mapping cylinders whose (b)-regularity is obtained through
the condition (D) ([6], App. 1,2,3). We give a short survey of this in §2.2.

We underline here that in the homology case the main result, that Ry : WH(X) — Hy(M)
is a bijection, was established only when X = (M,{M}) is a trivial stratification of a compact
manifold M and that the complete homology statement for X' an arbitrary compact (b)-regular
stratification remains a famous problem of Goresky which is still unsolved ([5] p. 52, [6] p. 178):

Conjecture 1.1. If X = (A,X) is a compact Whitney stratified space the homology, represen-
tation map Ry : WH(X) — Hy(A) is a bijection.

The proof of this conjecture would follow as a corollary if one could prove the following:
Conjecture 1.2. FEvery compact Whitney stratified space X admits a Whitney cellularisation.
This would be also a first important step of a possible proof of the celebrated conjecture:
Conjecture 1.3. Fvery compact Whitney stratified space X admits a Whitney triangulation.

Let us recall that in 2005 M. Shiota proved that semi-algebraic sets admit a Whitney tri-
angulation [18] and in 2012 M. Czapla gave new proof of this result [2] as a corollary of a
more general triangulation theorem for definable sets. On the other hand, our motivation be-
ing the applications to Goresky’s geometric homology theory, we are interested in the stronger
Conjectures 1.2 and 1.3 for stratifications having C! strata.

In 1978 Goresky also proved an important triangulation theorem for compact Thom-Mather
stratified sets [7] whose proof (based on a double inductive step) can be used to obtain a Whit-
ney cellularisation of a Whitney stratification provided that one knows how to obtain Whitney
stratified mapping cylinders. Goresky used this idea based on Condition (D) for Whitney strat-
ifications having only conical singularities (see Proposition 2.4) for which he gave a solution of
Conjecture 1.2 and deduced as applications the proof of Theorems 1.1 and 1.2.

The strategy of Goresky could be used for an approach to a more general solution of Conjecture
1.2. In this context it is clear that Goresky’s condition (D) might play an important role in
answering affirmatively Conjecture 1.4 and in solving the famous conjectures 1.1 and 1.3.

1.3. Content of the paper. In §2.1 we review quickly some basic notions about the most
important regular stratifications concerned by this paper: the Whitney (b)-regular stratifications
[21] and the abstract stratified sets of Thom-Mather [9, 10, 19]. Then in §2.2 we introduce
the definition of condition (D) for a stratified submersions fyy : W — W’ as a technical tool
to obtain (b)-regularity of stratified mapping cylinders and we recall all results of Goresky of
1976-81 [5, 7] necessary to prove that: “Every Whitney stratification with conical singularities
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and conical control data admits a Whitney cellularisation” (Proposition 2.4) which is a partial
solution of Conjecture 1.2.

In §3.1, we analyze what condition (D) means for a C* submersion f : M — M’ between C*
manifolds at a regular point yy € M. First we remark that submersivity can be interpreted as
the C%1-regularity of the foliation defined by the fibres of f (from Proposition 3.5 to Corollary
3.2).

When Y C M are riemannian manifolds, we show that the submersivity at yo € Y of the
restriction fy : Y — Y’ is equivalent to the continuity at yo of the canonical distribution
D(y) =L (ker fy.y,T,Y) (Proposition 3.6).

Then we introduce two test functions hy and Hy (Definition 3.5) given by the minimum
and the maximum norm of the isomorphism fy .y p(y) : P(y) — T,yY” and its inverse isomor-
phism fi 1 50 Ty Y — D(y), such that limy,y, hy (y) and limy,,, Hy (y) characterize the
submersivity of fy at yo (Proposition 3.7).

Finally in §2.2, thanks to this, we prove that submersivity at yo is also equivalent to the
property “fuy, (limy, 40 D(ys)) 2 lim; fiy, (P(y:))” and to Condition (D) for fy at yo, interpreted
as stratified map defined on the stratification ¥ — {yo} U {yo} (Proposition 3.8).

This preliminary analysis of §3 is necessary in introducing the results of §4.

In §4 we give the main results of this paper.

First in §4.1 we investigate the technical, geometric and analytic content of condition (D) at
apoint x € X <Y (X,Y being two strata of W) for a general stratified submersion f : W — W'
between two Whitney stratifications.

In Theorem 4.3 we prove that, in the context of stratified spaces, condition (D) atz € X <Y
is equivalent to the key property (which is the most important technical content of Condition
(D)):

“For every {y;}; C Y such that lim;y; = x € X, every v/ € lim; T),,Y can be written as
a limit lim; v; = v" of a sequence {v; € Ty, f(Y)}i having a bounded sequence of preimages
{wi € fi;(v) ST, Y}”

and it is again equivalent to the property of transforming “continuously” the limits of the canon-
ical distributions: fi,(limy,—, D(y;)) 2 limy, g fiy, (D(ys)-

The author of the present paper used this properties in [16], when fyy = 7xypy : W = W'
is the restriction of a projection mxy : Sy — X, to give a different proof of the essential result
of Goresky (Proposition 2.2) that “Stratified mapping cillynders with conical singularities admit
a (b)-regular natural stratification”; the property which allow to prove the important Whitney
Cellularisation Theorem (Proposition 2.4) recalled above.

In Theorem 4.4 and Corollary 4.3 we prove that the analytic conditions liminf, ., hy (y) > 0
and liminf, ., Hy (y) < 400 are sufficient for condition (D) at z € X < Y.

In §4.2 for U,V two vector subspaces of an Euclidian vector space E, we use the usual
“distance” functions §(u, V') and 6(U, V) (u € E) to define the essential minimal distance 6'(U, V)
between U and V, as the sinus of the minimum essential angle a(U, V') between two essential
mutual subspaces U', V' of U and V and we prove some useful properties of 6(u, V'), §(U,V) and
(U, V).

In §4.3 using this new “distance” function §’'(U,V) we introduce two new geometric test
functions dy (intrinsic by ) and dy, (depending on z) for Condition (D) at z € X <Y.

In Theorem 4.5 and Corollary 4.4 we prove, when f : M — M’ is a submersion at z, equiv-
alence between the more geometric condition liminf,_,, dy(y) > 0 and the analytic condition
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liminf, . hy (y) > 0 (or limsup,_,, Hy (y) < +00) and thanks to this that liminf, ,, éy(y) > 0
becomes a sufficient condition for Condition (D) at x € X <Y (Corollary 4.5).

After making precise relations between dy and dy, (Propositions 4.9 and 4.10) we find that
the analogous results of Theorem 4.5 and Corollary 4.4 hold by considering the function dy 4
instead of dy (Theorem 4.6 and Corollary 4.6).

We conclude the section by explaining (by two examples) the geometric meaning of the suffi-
cient conditions liminf,_,, dy (y) > 0 and liminf, ., dy,(y) > 0.

2. STRATIFIED SPACES AND MAPS AND CONDITION (D).

A stratification of a topological space A is a locally finite partition 3 of A into C'' connected
manifolds (called the strata of ¥) satisfying the frontier condition: if X and Y are disjoint strata
such that X intersects the closure of Y, then X is contained in the closure of Y. We write then
X <Yand9Y =Ux<yX sothat Y =Y U (Ux<yX) =YUdY and Y =Y —Y (U = disjoint
union). The pair X = (A, X) is called a stratified space with support A and stratification 3.

A stratified map f : X — X’ between stratified spaces X = (4,X) and X' = (B,Y) is a
continuous map f : A — B which sends each stratum X of X into a unique stratum X’ of X/,
such that the restriction fx : X — X’ is C.

A stratified submersion is a stratified map f such that each fx : X — X’ is a C'' submersion.

2.1. Regular Stratified Spaces and Maps. Extra regularity conditions may be imposed on
the stratification 3, such as to be an abstract stratified set in the sense of Thom-Mather [9, 10,
19] or, when A is a subset of a C! manifold, to satisfy conditions (a) or (b) of Whitney [21],
or (c) of K. Bekka [1] or, when A is a subset of a C? manifold, to satisfy conditions (w) of
Kuo-Verdier [22], or (L) of Mostowski [17].

In this paper we will consider essentially Whitney ((b)-regular) stratifications so called because
they satisfy Condition (b) of Whitney (1965, [21]).

Definition 2.1. Let ¥ be a stratification of a subset A C RN, X <Y strataof ¥ and xz € X.

One says that X <Y is (b)-regular (or that it satisfies Condition (b) of Whitney) at z if for
every pair of sequences {y;}; CY and {x;}; C X such that lim; y; = € X and lim; x; = = and
moreover lim; T,,,Y = 7 and lim; [y; — ;] = L in the appropriate Grassmann manifolds (here [v]
denotes the vector space spanned by v) then L C 7.

The pair X <Y is called (b)-regular if it is (b)-regular at every z € X.

Y is called a (b)-regular (or a Whitney) stratification if all X <Y in ¥ are (b)-regular.

Most important properties of Whitney stratifications follow because they are in particular
abstract stratified sets [9, 10].

Definition 2.2. (Thom-Mather 1970) Let X = (A, X) be a stratified space.
A family F = {(rx,px) : Tx = X x [0,00])}xex is called a system of control data of X if

for each stratum X € ¥ we have that:

(1) Tx is a neighbourhood of X in A (called tubular neighbourhood of X);

(2) mx : Tx — X is a continuous retraction of Tx onto X (called projection on X);

(3) px : Tx — [0,00[ is a continuous function such that X = p3'(0) (called the distance

from X);

and, furthermore, for every pair of adjacent strata X < Y, by considering the restriction maps
TXY = TX|Txy and pxy = PX|Txy> OLL the subset T'xy := Tx N'Y, we have that:
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5) the map (mxvy, pxy) : Txy — X x]0,00[ is a C'! submersion (then dim X < dimY);
6) for every stratum Z of X such that Z >Y > X and for every z € Ty NTx
the following control conditions are satisfied:
i) Txymyz(z) = mxz(z) (called the w-control condition)
it) pxymyz(2) = pxz(z) (called the p-control condition).
In what follows for every e > 0 we will pose T := Tx (¢) = px* ([0, €[), S = Sx(€) = px'(e),
and Ty =T NY, Sy = S NY and without loss of generality will assume Tx = T'x (1)
[9,10].

The pair (X, F) is called an abstract stratified set (ASS) if A is Hausdorff, locally compact
and admits a countable basis for its topology. Since one usually works with a unique system of
control data F of X, in what follows we will omit F.

If X is an abstract stratified set, then A is metrizable and the tubular neighbourhoods
{T'x} xex may (and will always) be chosen such that: “T'xy # 0 < X <Y” and

“IxNTy #0< X <Yor X >Y”
(where both implications < automatically hold for each {T'x}x) as in [9, 10], pp. 41-46.

The notion of system of control data of X', introduced by Mather, is very important because
it allows one to obtain good extensions of (stratified) vector fields [9, 10] which are the funda-
mental tool in showing that a stratified (controlled) submersion f : X — M into a manifold,
satisfies Thom’s First Isotopy Theorem: the stratified version of Ehresmann’s fibration theorem
[3,9,10,19].

Moreover by applying it to the projections wx : Tx — X it follows in particular that X has
a locally trivial structure and also a locally trivial topologically conical structure.

This fundamental property allows moreover to prove that ASS are triangulable spaces [7].
Since Whitney (b)-regular) stratifications are ASS, they are locally trivial and triangulable.

2.2. Condition (D) and Goresky’s results. The following definition was introduced by
Goresky first in his Ph.D. Thesis [5] (1976) and later in [6] (1981).

Definition 2.3. Let f : M — M’ be a C' map between C! manifolds and W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a surjective stratified
submersion (so f takes each stratum Y of W to only one stratum Y’ = f(Y) of W = f(W)).
One says that f: M — M’ satisfies condition (D) with respect to W and W’ and we will say
for short that the restriction fyy : W — W' satisfies the condition (D) if the following holds:
for every pair of adjacent strata X < Y of W and every point £ € X and every sequence
{yi}s €Y such that lim;y; = = € X, lim; T,,,Y = 7 and lim; Ty(,,)Y’ = 7’ in the appropriate
Grassmann manifolds, then f,,(7) 2 7/. Starting from now we will write this for short by:

fm.(li{n T,Y) D lign TrnY'-
and we will extend this notation also to some other limits of subspaces of the {7}, Y },.

Later on we will also consider given, with the obvious restricted meaning of the definition
2.3, what one intends by: “f : M — M’ satisfies condition (D) with respect to X < Y” and
“f: M — M’ satisfies condition (D) with respect to X <Y atx € X7 (“atz € X <Y7).

In the whole of the paper we will denote Y/ = f(Y) and y' = f(y), for every y € Y.

Example 2.1. Let M be the horizontal plane M = {z = 1} C R®*, M’ = L(0,1,0) = y-axis in
R? and f : M — M’ the standard projection f(z,y,2) = y.
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Let W = (W, X)) be the stratified space with support W = {y = tan(z) : = > 0} N M the
half graph of the tangent map in M and stratification Xy, = {R, S} where R = {(0,0,1)} and

S=Wn{z >0} Then R< S.
Let W' be the stratified space with support the half y-axis, W' = M’ N {y > 0} in M’ and

stratification Xy = {R’, S’} where R’ = {(0,0,0)} and S’ = M’ N{y > 0}. Then R’ < 5’.
Then fyy : W — W' satisfies condition (D) at (0,0,1) € R < S.
If W = (W, Xyy) is as above but taking now for W the half parabola W = {y = 22,2 > 0}N M
in M, then fyy : W — W' does not satisfy condition (D) at (0,0,1) e R< S. O

Figures 1 and 2 below represents both cases of Example 2.1. In figure 1, fyy : W — W/
satisfies condition (D) at (0,0,1) € R < S while in figure 2 it does not.

= =1 plane / = =1 plane ,
// //

R s W'=R'US' y-axis /R s W'=R'US" y-axis

X-axis

Figure 1 Figure 2

An important example in which condition (D) holds is the case of cellular maps [5], [16]:

Proposition 2.1. Let f : M — M’ be a surjective C* submersion and h and h' two
smooth cellularisations of two subsets K C M and K' C M’ making the following diagram
H L kcwm

gl Lf

noM oxcwm.

commutative where g : H — H' is a cellular map of cellular complezes.
Then fx : K — K' satisfies condition (D). O
In 1976 Goresky used condition (D) to define a convenient class of stratified subspaces W C X
of a Thom-Mather ASS X = (A, X)) equipped with a system of control data
F = {(WX,px) : T)lf — X x [O,OO[}XGZ
[9, 10] and a family of lines of X, R = {r§ : Tx — X — S} xes.eclo,s0 [7] retracting every
tubular neighbourhood T% — X on its e-sphere S%-.

Definition 2.4. ([5] 2.3.2). Let X be a Thom-Mather ASS, equipped with a fixed system of
control data F and a family of lines R and denote, for every stratum X of X, by C'; the open

cone operator associated to R, that is: C%(Q) = 75 ~1(Q) for every Q C S%.
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A Thom-Mather ASS W C X is called a substratified object of X and one says that W follows
the lines of X if the following hold:

(1) Each stratum R of W is a submanifold of a stratum X of X.

(2) For each stratum X of X', WN X satisfies Whitney’s condition (b).

(3) For each stratum X of X, there exists € > 0 such that WN (T — X) = C¢(WNS%).

(4) If X is a stratum of X, there exists € > 0 such that mynge : WN Sy = WN X is a
stratified submersion which satisfies condition (D).

Goresky commented on property 4) above as follows: “Condition (D) is used in section 6.4
to guarantee that certain intersections of substratified objects will be substratified objects. It
can be weakened considerably and perhaps omitted completely although this would necessitate
considerably more technical analysis when intersections of substratified objects are considered”.

Later in 1981 Goresky redefined his geometric homology W Hj,(X) and cohomology W H* (X
(this time only) for a Whitney stratification X without asking that the substratified objects
representing cycles and cocycles of X’ satisfy condition (D) above ([6] §3 and §4).

The main reason for which Goresky introduced Condition (D) in 1981 was that it allows one
to obtain Condition (b) for the natural stratifications on the mapping cylinder of the stratified
submersion:

Proposition 2.2. Let 7 : E — M’ be a C' riemannian vector bundle and M = S5, the e-
sphere bundle of E. If W C M, W = (W) C M’ are two Whitney stratifications such that
mw : W = W s a stratified submersion which satisfies condition (D), then the closed stratified
mapping cylinder

Cw W) = | | [(Crpor (V) = mw(Y)) U (Y)UY]
ycow

is a Whitney (i.e. (b)-regular) stratified space.
Proof. [6] Appendix A.1 or [16] for a different proof. O
Then, in order to use it together with Proposition 2.3 below:

Proposition 2.3. FEvery Whitney stratification W in a manifold M can be deformed to a Whit-
ney stratification W' having conical singularities.

Proof. [6] Appendix A.3. Proposition. O
Goresky proved that:

Proposition 2.4. Fvery Whitney stratified space X with conical singularities and conical control
data admits a Whitney cellularisation.

Proof. [7] Appendix A.2. Proposition. O

Proposition 2.4 gives hence a partial solution of Conjecture 1.2 in the introduction and suggests
moreover new ideas for an approach to his general solution.

Proposition 2.4 was thus also the main tool which allowed Goresky to prove his two homology
representation theorems, Theorem 1.1 and Theorem 1.2, recalled in the introduction.

A detailed account of condition (D), containing a finer analysis, new proofs and equivalent
properties of Goresky’s results is given in [16].
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3. CY1_REGULAR FOLIATIONS AND CONDITION (D) FOR C! MAPS.

3.1. Regular foliations from C' maps. In this section we clarify some simple properties of
C' maps that will be useful in §4.

Remark 3.1. Let f : M — M’ be a C' map between C' manifolds, yo € M and {y;}; C M a
sequence such that lim; y; = yo.
1) For every sequence of vectors {v; € ker f*y}z such that lim; v; = v one has vy € ker fiy,.

2) If, in an appropriate Grassmann manifold, there exists
lilm ker fiy, =T,
then T C ker f.y, (starting from now we will write this for short by: “lim; ker f.,, C ker f.y,”).
Proof. Since f is C* one obviously has: fiy,(vo) = fuyo (lim; v;) = lim; fuy, (v;) =0. O
The opposite inclusion lim; ker f,, 2 ker f.,, would follow immediately when two such vector
spaces have the same dimension. This happens when f is a submersion:
Proposition 3.5. Let f: M — M’ be a C' submersion on M — {yo} for a point yo € M.
Then the following conditions are equivalent:
1) f: M — M’ is a submersion at yo;
2) For all {y;}; € M —{yo} converging to yo there exists lim; ker f,,, and

limker fiy, = ker fiy,.

This means that the map K : M — Gi(TM), K(y) := ker f., is continuous.
3) For all {y;}; € M —{yo} converging to yo there exists lim; ker f,, and
limker fiy, 2 ker fiy,.

Proof. Since f is a C* submersion at M —{yo}, for every y; € M —{yo}, if y: = f(v;), the fibre
f~Y(y}) is a C! manifold of dimension k = dim M — dim M’ such that T, f~1(y}) = ker fuy,.

In particular, for every ¢ € N, dim ker f,,, = k.
(1= 2). Let {ker f.y, }n an arbitrary converging subsequence of the sequence {ker f.y, }i.
If f is a submersion at yg, then f~!(y) is a C! k-manifold too with tangent spaces
Tyofil(yé)) = ker fy .
and dim ker f.,, = k = dim limj, ker f*yi,;
Since f is a C! map, limy, ker f*yih C ker fiy, (Remark 3.1) and having both the same
dimension k they coincide: limy, ker f*yih =ker fiy,-

All converging subsequences of the sequence {ker f,,,}; have then the same limit ker f.,, in
the Grassmann compact manifold and hence there exists lim; ker f.,, and

limker f.,, =ker fiy,.

(2 = 3). Obvious.
(3 = 1). If lim; ker fay, 2 ker f.y,, then, for every i, dim ker f,,, < dim ker f.,, and by
codimension dim Im f.,, > dim Im f.,,. Thus again f being a submersion at y; one has:
dim Im f.y, > dim Im f,, = dim Ty;M' = dim T%M’

and, since Im f.,, C T, M’, then necessarily Im f.,, = T,, M' and f is a submersion at yo.
O
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With the same hypotheses and proof of the proposition 3.5 one has:

Remark 3.2. The following conditions are equivalent:
1) f: M — M’ is a submersion at yo;
2) For all {y;}; € M —{yo} converging to yo there exists lim; ker f,, and

dimlimker f.,, = dimker f.y,;

3) For all {y;}; € M —{yo} converging to yo there exists lim; ker f.,, and
dimlimker f,,, > dimker f.,,. O

Corollary 3.1. If f : M — M’ is a C'-submersion, the foliation of M defined by F =
{My, = =y }yem, where y' = f(y), is C% -regular. Le. for every sequence {y;}; C M

limy; = yo = UmTy, My, = Ty, M,y,.
K] K]

Proof. Since f is a C! submersion on M, for every y; € M, f~1(y!) is a C! manifold of
dimension k = dim M — dim M’ and Ty, f~'(y') = ker f.,,. Then, by Proposition 3.5:

limT,, M,, = limker f.,, = ker fy,« = Ty, My,. O

Corollary 3.2. Let f : M — M’ be a C* map and F' = {M!}; an C%'-regular foliation
of M’ whose leaves are transverse to f and such that there exists a submanifold V. of M' of
dimension h = dim M’ — dim F' transverse to each leaf of F' and intersecting it in a singleton
VN M = {y;}.

Then the foliation of M defined by F = {M; = f~Y(M},)}; is C%'-reqular.

Proof. Let us consider the submersion g : M’ — V defined for every y' € M’ by
gmy = constant = y;.

Thus g defines the foliation 7' = {M,, }, en via preimage.
Then the foliation F = {M;}; of M is defined by the C* submersion go f: M — V. 0O

Starting from now we will suppose M = M™ to be a riemannian manifold of dimension n.

For a C' map f: M — M’ let us consider the distribution of vector subspaces D(y) := Dy (y)
obtained by splitting every T, M as the direct orthogonal sum:

T,M = D(y) & ker fu, where D(y) := L(ker f.,,T,M).
Wecall D: M — G,,—x(TM), {D(y) =L (ker fiy, T, M)}, the canonical distributions of f.

We will see that the study of the condition (D) _for a submersive restriction fy : Y — Y’
(Y C M and Y’ C M’) at a point z in the adherence Y of Y is strongly related to good properties
of limits of the distribution

D(y) = Dy, (y) = L (ker fy.y, T,Y).

When fy = mxy|: S%y — X is the restriction of a projection mxy : T'xy — X on a stratum
X <Y, of a system of control data {(Tx,7x,px)}x of a regular stratification, then D;(y) is
defined in the same way as the canonical distribution Dx (y) relative to the stratum X introduced
in [11, 12, 13]. In this case, if W and W’ are Whitney refinements of S5, and X, Condition
(D) implies the (a)-regularity (see [13]) of a “horizontal” foliation related to Dx in a particular
stratified mapping cylinder Cyy (W) [16] (from Lemma 3.1 to Theorem 3.4).
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Lemma 3.1. Let V C U be two vector subspaces of R™.
If {Vi}; and {U;}; are two sequences of vector subspaces of R" with V; C U;, | = dim 'V},
k =dimU; for every i and such that lim; U; = U in G}, then

imV, = Vin G} < liml (V,U;) =LV, U) in Gj_,.
Proof. (=). Let us denote D; = L (V;,U;) and D = L (V,U) and show that lim; D; = D.

Since dim V; = [ and dim U; = k then dimD; = k — [ for every 1.
Since U = lim; U; € G and V' = lim; V;, then dimU =k, dimV =1 and dimD = k — .

Let {D;, }1, be an arbitrary convergent subsequence of {D;}; and D’ = lim, D;,,.
Every vector w € D’ = limy, D;, is a limit w = limj w;, of a sequence of vectors {w;, € D;, }n
so that < wj, ,v;, > = 0 for every vector v;, € V;,.

On the other hand V' = lim; V; = lim;, V;,,, so every vector v € V' is also a limit v = limy, v;,,
of a sequence of vectors {v;, € V;, }, and we have < w,v > = lim;, < w;,,v;, > = 0 so that
w €Ll (V,U)="D’. Hence D' C D and, since they have the same dimension, D’ = D.

Therefore every convergent subsequence {D;, }1, of {D;}; has limit D and so lim; D; = D.
The proof of (<) follows from (=) because V; =L (D;,U;) and V =L (D,U). O
Proposition 3.6 below anticipates some arguments that will appear in §4.
Proposition 3.6. Let M™ be a riemannian manifold and f : M — M’ a C' submersion on
M — {yo} with yo € M. Then the following conditions are equivalent:
1) f: M — M’ is a submersion at yo;
2) For all {y;}; € M — {yo} converging to yo there exists lim; D(y;) and
UmD(y;) = L (ker fiy,, Tyo M).

I e.: the map D: M — G,,_(TM), D(y) =L (ker f.y,TyM) is continuous;
3) For all {y;}; € M —{yo} converging to yo there exists lim; D(y;) and
ImD(y;) C L (ker fuy,, TyoM).

Proof. Tt follows immediately from Proposition 3.5 and the previous Lemma 3.1. [

Definition 3.5. below will play an important role in the next section.

Definition 3.5. Let f : M — M’ be a C! map of riemannian manifolds, Y C M, Y’ C M’ two
Cl-submanifolds whose restriction fy : Y — Y’ is a C! surjective submersion; so Y’ = f(Y),
TyY' =Ty f(Y), v = f(y) for all y, and we will assume such notations in the whole of the

paper.
Let # € Y C M (a priori x could lie or not in Y) and 2’ = f(x).
For every point y € Y, let D(y) =L (ker fy.y,T,Y") be the canonical distribution of fy.
The restricted differential map:
frapw @ D) — TyY’

is then an isomorphism and for every unit vector u € D(y), one has fy.,(u) # 0, so that by
compactness of each unit sphere of D(y) one can define the continuous map hy:

hy 1Y —{z} = ]0, 400 , hy(y) =min{|| fraype@) || = [[ul]l =1}
Similarly, by considering the inverse map f;iy\D(y) : Ty Y' — D(y), every vector v’ € T,)Y’

has a unique (pre)image v = f;iy|D(y) (v") such that v € D(y) and fy.,(v) =2’
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We call such a vector v = f;iylp(y)(v’) the canonical lifting of v':
it is the unique vector v € T,)Y such that fy.,(v) = v’ and having no component along ker fy ..

Of course v’ # 0 if and only if its lift v # 0.

So, starting from now, every vector that we will lift, will always be supposed # 0.
We will understand this also in many statements of §4 without say it explicitely every time.

We can then define the dual continuous map Hy:
Hy Y —{a} = 0,400 . Hy(y)=max{|| £y’ p,@) || : [ v/]] =1}.

Le. Hy(y) is the classical norm of the linear isomorphism f;iym(y) : Ty Y — D(y).

Remark 3.3. For everyy € Y and every vector v' € Ty Y’ — {0} we have:
1) The unit vector u = 2 of the canonical lifting v := f;:le(y) (v') € D(y) of v' € T,)Y’

satisfies:
Il

H fY*y|D(y) (U)H .

2)If ||v||=1 then: || v]| m

1
8) H = .
) Y(y) hy(y)
Proof. For 1) one easily finds:
1] =1 fray@) | =1 fysy ) 1L - ITv Il =11 fysypw @) 1 -1 v ]l

which also obviously implies 2), while 3) follows by 2) thanks to:

1
Hy(y)= sup {||v]| : v €T,Y' } = sup cu€eD(y)} =

Il v ||=1 Null=1 | fyaype) W]

1 1
= .0

inf|| yj=1 {I| frayip) (@I : w€ DY)} hy(y)

Being interested in the properties of the maps hy and Hy at a regular point we will suppose
in Proposition 3.7 below that Y U {z} = M, and we will denote yg = x, h = hy and H = Hy.

Proposition 3.7. Let f: M — M’ be a C* map, submersion on M — {yo} with yo € M.
The following conditions are equivalent:

1) f: M — M s a submersion at yo;
2) There exists limy_,,, h(y) > 0;
3) There exists limy_,,, H(y) < +o0.

Proof. 1) = 2). If y is a regular point of M, and f is a submersion at yo then Definition 3.5
of the continuous map h extends naturally to yo giving lim,_,,, h(y) = h(yo) € ]0,+o0|.

2) = 3). It follows obviously by Remark 3.3.

3) = 1). Let us fix a unit vector v’ € Ty, M.

By hypothesis for every sequence {y;}; € M such that lim; y; = yo one has lim; H(y;) < +oo.

Given then a sequence of unit vectors {v; € T, M'}; such that lim; v; = v', the sequence of

canonical lifts {v; := f*_yilp(yi)(vl’-) € D(y:) }4, is bounded: sup; ||v;|| < sup; H(y;) < +oo.
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There exists thus a subsequence {v;,}, converging to a vector v = limyv;, € Ty, M and
f: M — M’ being C! at yq one finds:

Fryo (V) = fiyo (h]?wih) = h}Iln f*yf,h (vin) = h}}“’ih =v.
Therefore fiy, : Ty, M — T,y M " is surjective and f is a submersion at yy. O

3.2. Condition (D) at a regular point. Let us recall now the definition of the condition (D)
for fy W W atze X <Y.

Let f : M — M’ be a C!' map between C' manifolds, W C M and W' C M’ Whitney
stratifications and suppose that the restriction fyy : W — W' is a stratified (stratum for stratum)
surjective submersion satisfying condition (D) at x € X < Y.

This means that for every sequence {y;}; C Y such that lim; y; = € X one has:

31m7,Y =7 and I1lmT,Y' =7 = fo(r)27
where Y/ = f(YV) and ¢y = f(y) for every y € Y.

Remark 3.4. The C* smoothness of f on M does not suffice to imply the inclusion f..(7) D 7’
which as one sees with easy examples is false in general (see Example 2.1). O

We will show in the next section (Theorem 4.3) that it depends on the possibility of extracting
a bounded sequence of vector preimages v;, one in each fibre f!(v]) with lim; vj € 7.

We will see moreover that the whole complexity of the condition (D) at x is contained in the
behaviour near z of the maps hy and/or Hy.

Remark 3.5. Condition (D) for fiy : W — W' at x € X <Y does not depend on the stratum
X containing x: to formulate it, one must consider a map f defined on a C' manifold M
containing Y and x € Y and which is C*' on M. O

Remark 3.6. With the same hypotheses and notations as above we have:
i) Since f: M — M’ is C the opposite inclusion f..(7) C 7' is always satisfied.
i) fw : W — W' being a stratified submersion, T,)Y" = f.,. (T,,)Y) for every i.

Proof i). If v € T we can write v = lim; v; for a sequence {v; € T,,Y };, hence:

fra(v) = faz(limv;) = Um fop, (v;) € lim fop, (T, Y) =7 andso:  f(r)C7. O

Since fyy : W — W is the restriction of a C* map f : M — M’ between two manifolds, there
exists a differential map f., : To M — T,y M’ and a unique possible way to define the restriction
fiz|c,y to the tangent cone (the Nash fiber) C,Y :=[ | v 7 of Y at x.

7 =1lim; Ty
Condition (D) implies moreover that the “restriction” f.zc,y @ C2Y — CuY' must be

surjective. This is the most natural generalisation at a singular point of the submersivity:

Remark 3.7. If fyy : W = W satisfies condition (D) at x € X <Y, then

Z) f*z(7-> = Tl;

it) The surjective differential map fy. : TY — TY' of the restriction fy : Y — Y’ extends
surjectively to the union of linear maps:

Jyszlc,y = |_| fealr + CoY = |_| o CuY' = I_l -

7 =Ilim; Tin 7 =lim; Tyl.Y 7/ =1lim; T,y(Y/

between the tangent cones C,.Y and CpY’'. [
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Condition (D) for fy also morally means that the differential maps fy., : T,Y — T,/ Y’
have to be surjective including all possible limit maps limy, z fy.y, : Ty, Y — T,/ Y': a kind of
“super-submersivity” defined in the same spirit as Goresky’s super-transversality [5].

Look now at what condition (D) “means” at a regular point yy € Y.

Let f: M — M’ a C' map on a riemannian C'! manifold M and Y C M a submanifold.

If the restriction fy : Y — Y’ is a surjective submersion out of a point 5y € Y, then condition
(D) for fy at yo can be naturally defined as condition (D) for fy, : W — W' by considering for
W and W’ the Whitney stratifications W = (Y — {yo}) U{yo} and W' = (Y’ —{y{}) U{y{} with
yo = f(yo) (we also include the possibility Y = M).

With such an extended meaning we have :
Proposition 3.8. Let fy : Y — Y’ = f(Y) be a surjective C' map and yo €Y such that fy is
a submersion at every point of Y — {yo}. Then the following conditions are equivalent:

1) fy : Y =Y’ is a submersion at yo;

2) lim; y; = yo and 3 lim; D(y;) = fy*yo(limiD(yi)) D lim; fy sy, (D(yi));

3) fy satisfies the condition (D) at yo.

Proof. Since Y and Y’ are C' manifolds, for every sequence {y;}; C Y — {yo} such that
lim; y; = yo, we automatically have that both limits exist:

r=lmT, Yy =lmT,Y =T,Y and 7 =lmT,Y=lmT, Y =T,Y" .

Moreover, fy being a submersion at every y; € Y — {yo}, by decomposing T,,Y in the
orthogonal direct sum: T,,Y = D(y;) & ker fy.,, , with D(y;) = L(ker fy.y,,T,,Y), then
fy sy D@y : D(yi) — Ty Y is an isomorphism of vector spaces, and hence 7/ = lim; fy .y, (D(yz))

(1 = 2). Let us suppose that fy : Y — Y’ is a submersion at yo.
We fix a unit vector v" € lim; fy ., (D(yl)) and we will show that v’ € fy*yo(limi D(yl))

There exists then a sequence of unit vectors {v} € f.,, (D(y;)) }; such that v/ = lim; v].
For every v; € fy.y, (D(y;)) the canonical lifting v; satisfies v; € D(y;) and fy.y(v;) = v.
Now fy being a submersion at yo, by Proposition 3.7 (1 = 3), we find that limsup,,_,, Hy (y)

< 400 and that the sequence {v; = f@1‘p(y_)(v§)}i is bounded and admits a subsequence {v; }n

converging to a vector v = limy, v;, € limy, D(y;;,) = lim; D(y;) for which
Fyayo (V) = frrsyo (h,{n Vip) = li}rln Sy syo (Vin) = li}rln vy, =0
Therefore v’ € fy*yo(limi D(yl))
(2 = 3). Chosen a subsequences such that there exists limy D(y;, ) we immediately have :
fY*yo (T) = fY*yo ( ll}ILIl Tihy) 2 fY*yo ( h}anD(ylh» 2 ll}ILIl fY*yih (D(ylh)) = h}an Ty;h Yi=71".

Hence Condition (D) holds at yo for fy.

(3 = 1). If fy satisfies condition (D) at yo, we have fy.,(7) 2 7 and since yo is a
regular point of the manifold Y, 7 = lim; T7,,,Y = T,,,)Y and 7" = lim, TyéY’ = TyéY’. Thus
fY*yo (Tyoy) 2 Tyéyl'

Hence fy.y, : Ty, Y — Ty, Y’ is surjective, and fy : Y — Y’ is a submersion at yo. [
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4. SUFFICIENT CONDITIONS, ANALYTIC AND GEOMETRIC MEANINGS FOR CONDITION (D).

In this section we prove the main results of the paper given in Theorems 4.3, 4.4, 4.5, 4.6 and
their Corollaries 4.3, 4.4, 4.5, 4.6.

Starting from the analysis of the technical content of condition (D), (Theorem 4.3) we find
various equivalent analytic and geometric properties (Theorems 4.4, 4.5, 4.6), which are all
sufficient conditions for Condition (D) (Corollaries 4.3, 4.5 and 4.6).

4.1. Technical content and sufficient analytic conditions for Condition (D). Theorem
4.3 below explains the essential technical content of the condition (D).

The equivalence (1 < 4) has been used by the author of the present paper in [16] (Theorem
3.3) when fyy = mxyw : W — W' is the restriction of a projection mxy : Sy — X, to prove
that certain stratified mapping cones Cyy» (W) are (b)-regular, to obtain an equivalent version of
Goresky’s essential Proposition 2.2 and 2.4 (Theorem 3.4 and Corollary 3.2, [16]) .

Proposition 2.2 is really the key property in proving Proposition 2.4 which gives a partial
solution of Conjecture 1.2, suggests new ideas for a general approach to it and is fundamental
for the proof of Theorems 1.1 and 1.2 in the theories WH,, W H* of Goresky (see §2).

Theorem 4.3. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-
jective submersion.

Let X <Y be strata of W, x € X. By denoting fy : Y =Y’ = f(Y) the restriction of f, and
forally €Y,y = f(y) and D(y) =L (ker fy.,,T,Y), the following conditions are equivalent:

(1) The map fyy : W — W' satisfies the condition (D) atx € X <Y

(2) For all{y:}; CY such thatlim;y; = x and both limits T = lim; Ty, Y and 7" = lim; T,/ Y’
evist, for every v' € 7' — {0} there exists a sequence {v; € T, Y' — {0}}; such that

lim; v} = v’ and having a bounded sequence of preimages {w; € f;,}yi (v)) € T,,Y }5.

(3) Forall{y;}; CY such thatlim; y; = x and both limits T = lim; T,,,)Y and 7' = lim; T,/ Y"
exist, for every v' € 7' — {0} there exists a sequence {v; € T, Y' —{0}}; such that
lim; v, = v’ and having the sequence by canonical lifting {v; € f;iyilD(yi)(vl{) € D(yi) hi
bounded.

(4) Forall{y;}; CY such thatlim; y; = = and both limits o = lim; D(y;) and 7" = lim; T,/ Y"
exist, one has: fup(im; D(y;)) 2 imy fyay, (D(yi))-

Proof. Let us consider a sequence {y;}; € Y such that lim,y; = 2 and both limits
7 =1lim; T,,Y and 7/ = lim; TyéY’ exist in the appropriate Grassmann manifold.

Remark also that, fy : Y — Y’ being submersive, TyéY’ = fyuy, (T,,Y) = fuy, (T,,Y) for
each i.

(1 =2). If iy : W — W satisfies the condition (D) at z € X <Y, fur(7) 2 7' then for
every vector v € 7’ there exists a vector v € 7 such that v/ = f,,(v).

Since v € 7 = lim; T,,,Y, there exists a sequence {w; € T,,Y}; such that v = lim; w; and
{w;}; is in particular obviously bounded. The sequence of the images {v] := f., (w;)}; satisfies
then:

i) lim; o] = lim; foy, (wi) = fap(im; w;) = fuz(v) =0 ;

ii) {v] = fuy, (wi)}; admits the bounded sequence of lifting {w; € f} (v])}:.
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(2 = 3). Under the hypothesis 2), by decomposing every vector w; in the orthogonal sum
w; = v; +u; € D(y;) & ker fy.,, one immediately has ||v;|| < ||w;|| so that if {w;}; is bounded
then {v;}; is bounded too and moreover: v; € D(y;) and fuy, (v;) = v.

(3=4). Let v’ € lim; fuy, (D(y;)) C 7’ and let us suppose that lim; D(y;) = o exists.

By hypothesis 3) for every v" € 7’ there exists a sequence {v; € T,,/Y"}; such that lim; v; = v’
whose sequence of canonical lifting {v; € f;iyi (v)) ND(y;) € T}, Y }; is bounded.

Thus for a convenient subsequence of indexes {ip, }p, there exist v = limp, v;,, 7 = limy, TyihY
and (obviously) limy D(y;,, ) so that

v = li}an Vs, € li}rln D(y;,) = Uim D(y;)
K3

and
v = h]gn Uz/‘h, = hin fY*yih ('Uih) = fiz (v) € feax (h%nD(yi))

and in conclusion:
f*:vaisz(yi)) 2 li%rn Ty sy, (D(yi)) -

(4 = 1). Let {y;}; C Y be a sequence such that lim; y; = = and both limits 7 = lim; T,,Y
and 7/ = lim; T,/ Y exist in the appropriate Grassmann manifold.

The Grassmann manifold being compact, there exists a subsequence of indices (ip)p, such
that there exists also limp, D(y;,) =: 0.

Thus fy : Y — Y’ being a submersion, T Y = fysy, Ty, Y) = fay,, (Ty,, Y) and hence:

7 =lm T, Y’ =l Ty, V' =h;glfmyih< (0,)) = lim fuy, (D(yi,)) €

by the hypothesis 4)
- f*x<1i’IlnD(yih)) - f*z(hlgnTyih Y) = f*m(lignTin) = fua(7)

Then in conclusion f: W — W' satisfies the condition (D) at x € X <Y. O

Theorem below extends to the stratiffied case the previous Propostion 3.7 and allows to give
in Corollary 4.3 a sufficient analytic condition for Condition (D).

Theorem 4.4. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W is a stratified sur-
jective submersion.

Let X <Y be adjacent strata of W, x € X, Y' = f(Y) and y' = f(y) forallyeY.
Let us consider for fy : Y — Y’ the distribution D(y) =L (ker fy.y,T,Y) and the maps

hy 1Y =]0,00[ , hy(y) = min{||fy.ype (@Il : [lull =1},
Hy:Y = 0,400, Hy(y) = max{ll fylype, @)1 5 1]l =1,

The following conditions are equivalent:

1) For all {y;}; C Y such that lim; y; = « and both limits 7 = lim; T,,,Y" and 7" = lim; T, Y
exist, for every vector v' € 7' — {0}, every sequence of vectors {v; € T,;Y' — {0} }; such that
lim; v; = v’ has a bounded subsequence of canonical liftings {v;, = fY*yih\D(yih)( i) h -

2) For all {y;}; CY such that lim; y; = x and both limits 7 = lim; T,,Y and 7" = lim, T, Y’
exist, for every unit vector u' € 7', every sequence of unit vectors {uj € Ty Y'}; such that

lim; w}, = v’ has a bounded subsequence of canonical liftings {u;, = f;iy |D(ys (ui, ) tn -
in | D(Ys, .
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3) liminf, ., hy(y) > 0.
4) limsup, _,, Hy (y) < +oo.

Proof 1) = 2). Obvious.
Proof 2) =1). Ifv et - {O} and {v; € T,,)Y" — {0}}; is a sequence such that lim; v; = v/,

then v/ = Hv’ll € 7' and u 'H €Ty Y are unit vectors such that lim; u =

o ||v

By the hypothesis 2) the sequence of canonical liftings {u; := fY*inD(yi (uf)} admits a
bounded subsequence {u;, }5. So there exists K > 0 such that

155 ot (I < K andbemees 1167, 1 ()11 1L,
The canonical liftings {v;, := f;:yih ‘D(yih)(v;h)}h of the {v], }, are then bounded by:

i< K-, || < K - supHv K' < +o00.

loiall = 11£5Lye 1oy (2 L=

Proof 2) = 3). Let | = liminf,_,, hy (y) the minimum value of adherence of hy.

There exists then a sequence {y;}; CY such that lim; y; = z € X and lim; hy (y;) =1 € R.

By definition of each hy (y;), there exists a sequence of unit vectors {u; € D(y;) C T, Y}
such that each hy (y:) = || fywy|D(y:) ()| realizes the minimum norm defining hy (y;) (Definition
3.5).

There exists a subsequence {y;, }1, such that both limits exist:

limT7,, V=7 and limT, Y' =7,
% v % *h

Every u;, being a unit vector € D(y;,) — {0}, its image uj, = fy.y, Dy, )(ui,) € Ty Y —{0}
*h
is not zero (as well as for all images of vectors in D(y;, ) — {0}) and we can write:

/
Ugy,

-1
Uy, = fY*yih\D(yih)(u/ih) € D(yzh) and m = fY*y1h|D(ylh)(m) € D(ym)

For a suitable further subsequence (note it again {ij}5), there exists then the limit :

_ u'y, . ,
u hm — € hlgnTy;hY —{0}.

[lu's, |
It follows that:
i) The unit vector v/ = limy, ”Z,ilh” e 7 —{0}.
.. uih u/ ’U./
ii) Every vector el T~ fy*ylh \p(ybh)( T, ||) is the canonical lifting of the unit vectors T 7 -
Hence, by the hypothesis 2), there exists a bounded subsequence (let us denote it again)

{H ; H}h That is there exists K > 0 such that ||fY*y,\D(ylh)(Hu/ H)|| < K.
Therefore,
L= Tl = 155, g ()l < K - [l 1| = K - By (35,)

and in conclusion:

N : . 1
I = hmylgthy(y) = h%nhy(yi) = ll}l;nhy(yih) > > 0.

Proof 3) = 4). It follows immediately because by Remark 3.3.3 one has: Hy (y) = ﬁ(y)



STRATIFIED SUBMERSIONS AND CONDITION (D) 195

Proof 4) = 2). Let {y;}; CY be a sequence of points such that lim; y; = z, lim; T,,,Y = 7,
lim; Ty Y = 7" and let us fix v’ € 7/ a unit vector and a sequence of unit vectors {u; € T,/ Y'};
such that lim; u] = u'.

Since L := limsup,,_,, Hy (y) < +oo, then limsup; Hy (y;) < L is finite and so, by Definition
3.5 of each Hy (y;), the sequence

Hf;iyim(yi)(ug)ﬂ < Hy(y;) <L isbounded. O

We deduce then, as corollary, a sufficient condition for Goresky’s Condition (D):

Corollary 4.3. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-
jective submersion.

Let X <Y be adjacent strata of W and x a point of X.

If liminf, ,, hy(y) > 0 or equivalently limsup, _,, Hy (y) < +oc then:

fw W =W satisfies the condition (D) at v € X <Y .
Proof. 1t follows immediately by 3) = 1) of Theorem 4.4 and 3) = 1) of Theorem 4.3. O

4.2. Distance functions between vector subspaces of an Euclidian space. We will give
a sufficient condition for Condition (D) in terms of all possible limits of the sequences of essen-
tial angles {o/(T,,Y,ker fy,,)}: between the vector subspaces T,,Y and ker f,,, of T,,M. We
introduce then the essential minimal distance between two vector subspaces.

Definition 4.6. Let V be a vector subspace of a Euclidian space E.
For every vector u € E let us define the distance of u from V as usual [22] by:
) = inf —v|l.
(w V) = inf fJu—v]
Such a minimum value inf,cy ||[u—v]| is realized when u — v is orthogonal to V', so precisely
when v = py (u) is the orthogonal projection of u on V. In particular:
= ] f — = —
5w, V) = inf flu—vll =l u—pr()
and if u # 0 we let a(u, V) := a(u,py(u)) denote the unoriented angle € [0, 7] between u and
pv (u).
Let us recall now some simple properties of the fonction §:

Remark 4.8. Under the above hypotheses we have:

1) [lu=pv) || =l ull sina(u,V) and |[lull =1 = [[u—pv(u)||l =sina(u,V);
2) [Ipv@) |l = |lull cosa(u,V) and [|ul|=1 = || pv(u)]|| =cosa(u,V);
JueV <= 6u,V)=0;

Do@V) = llall-6(:25,V), forall a€ E—{o};

5)limju; = v = lim;0(w;, V) = d(u,V);

6)lim;V; =V = lim;du,V;) = 6(u,V);

7)lim;u; = uwand lim;V; =V = lim;0(u;, Vi) = o(u, V).

Proof. 1),...,4) are immediate, while 5) follows thanks to: lim; py (u;) = py(u) and 6) by:
lim; py; (u) = py (u). The proof of 7) holds since the inequalities:

0(u, V) = llu=pv()ll < [lu—will+0(us, Vi) + [Ipv; (w:) — pv ()]



196 CLAUDIO MUROLO

0(ui, Vi) = i = pv, (il < fu—wll + 6w, V) + [lpv(u) = pv; (w)l|

imply
10(u, V) = 6(ui, Vi)| < fu—will + [lpvi (wi) — pv ()]

and since the hypotheses lim; u; = v and lim; V; = V imply lim; py, (u;) = py (u) . |

One usually considers as “distance” function between two vector subspaces U,V C FE, not
necessarily of the same dimension, the following :

(U, V) 5= sup 0w, V) = sup inf ||u—v]| .
wel , [Jul|=1 wel , ||ul|]=1 Y€V
Thanks to the equality (true since every || u || = 1):
5(U, V)= sup [lu—pv(u)|| =  sup sina(u, V) € [0,1],
uel , |ul|=1 uel , |[ul|=1

by denoting a(U, V') the maximum angle € [0, 7] between a vector of U and its projection on V,
one can write:

0(U, V) = sup sina(u,V) = sina(U,V).
uelU
One finds then:
Remark 4.9. The function §(U, V) satisfies the following properties:

1)6(U,V)=0 <<= UCV;
2)6(V,U)=1 <= 3FoveV-U : vLlU (this holds if U CV is strictly contained);
3) 6(U, V) # §(V,U) is not symmetric in general;
4)ull=1 = 6(L(u),V)=4(u,V) where L(u) is the vector subspace spanned by u;
5)6(a,V) < 2|la—0b||+ (b, V) for every unit vectors a,b € E;
6) 6(a,U) 26(a, V) 4+ 6(V,U) for every unit vector a € E ;
7)1lim; U; = U, and lim; V; =V = lim; 6(U;,V;) = 6(U,V).

<
<

Proof. 1),...,4) are immediate.
The proof of 5) follows easily by d(a, V) = ||a — py(a)|| and
lla —pv(a)]| <la =0l + b —pv (O)I| + [lpv (b) —pv(a)ll < [la =0l +6(b,V)+I[b—all.
The proof of 6) follows similarly, since:
8(a,U) = [la = pu(a)l| < lla —pv(a)ll +lpv(a) = pupv(@))l| + [lpu(pv(a) = pula)l] =
6(a, V) + 6(pv(a),U) + llpu(a = pv ()l < 6(a, V) +6(V,U) +|la —pv(a)|| =
26(a,V)+6(V,U).
To prove 7), let u be the unit vectors € U such that §(U, V) = ||u — py (u)|| = d(u, V)
Since lim; U; = U then lim; py, (u) = u, so by Remark 4.8.7 and since every py,(u) € U; one

has:
(U, V) = 6(u,V) = limd(py,(u),Vi) < limé(Us,Vi).
Simalrly if ; is the unit vector € U; such that 6(U;, V;) = ||lui — pv; (uw;)|] = 6(u;, Vi) (taking
a subsequence if necessary), there exists lim; u; = a € U and by 5) one finds:
6(Ui, Vi) = 6(ui, Vi) < 2l|ui —all + 6(a, Vi) < 2[[u; —al| + 6(U, Vi)

hence also that :
lim6(U;, Vi) < 2 lim|[[u; — al| + lmd(U,V;) = 6(U,V). O
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In order to define a finer “distance” §'(U, V) between U and V', we will be interested in the
“minimum essential angle”, o/(U, V), between U and V, a notions which needs the following
more detailed definition.

Definition 4.7. Let U,V C FE two vector subspaces not necessarily of the same dimension.

If U = {0} or V = {0} let us define ¢’(U, V) = 0. Suppose then U # {0} and V # {0}.

If UNV = {0}, every unit vector u € U does not lie in V' so || u —py(u) || > 0 and using the
previous Remark 4.8.1) one can simply define:

(U, V) = l|u—py(u)|] = min sina(u,py(u)) € ]0,1],

min
uel , [|lul|=1 uel , [Jul|=1

and denoting o/ (U, V') the minimum positive angle between a vector of U and its projection on
V', one can write

8§ (U, V) =sind' (U, V).
Thus using that o/ (U, V) = o/(V,U), one has:
Remark 4.10. If U,V # {0}, then:
Unv={0} = UZV and VZU = ¥§UV) =4V, U)>0. 0O

Our definition 4.7 of §'(U, V), in the case U # {0} and V # {0} and U NV = {0}, coincides
with the definition given in [8] (p. 534, where it is denoted by 6(U, V)).
On the other hand the definition in [8] in the case U NV # {0} satisfies 6(U, V) = 0.
This is not convenient enough for our aims, so we have to extend it in a finer way:
Definition 4.8. If U NV # {0}, we consider their essential mutual subspaces:
U :=1LUnNV;U) and V' :=1L(UNV;V),
that easily satisfy U’ N V' = {0} and define

y(U, V) = 8 ULV = [|v —py ()| = sina (U, V')

min
uweu’ , ||u'|l=1
and call o/ (U, V) := o/ (U’, V") the minimum essential angle between U and V and similarly we
call §'(U, V) := §'(U’', V') the minimum essential distance between U and V.
Definition 4.8 and Remark 4.9, obviously imply:

Remark 4.11. For every two arbitrary vector subspaces U,V of E :
1) UNV={0} <= U=Uand V' =V <+ U=Upor V=V.
2) 6" (U, V) :=6U", V") =6V U)=0¢WV,U). O

Thus Definition 4.8 extends Definition 4.7 and allows us to obtain that the fonction:
§ : G(E) x G(E) — [0,1] , &(U,V):=8U" V)

is a symmetric function, where G(E) denotes the Grassmann manifold of all vector subspaces of
E. Moreover we have:
Remark 4.12. For every pair of vector subspaces U,V of E:

1) U V)=0 <= UCVo UDV.

2) If dimU=dimV; ¢¢{UV)=0 <= U=V.

3) U V)=46U"V)=§U,V)=46UV".
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Proof 1), 2). Tt follows easily since: U C V if and only if U’ = {0} and then ¢'(U,V) = 0.

Proof 3). Since V = (UNV )&V’ is an orthogonal sum, for every w’ € U’ its projection py (u’)
on V decomposes into the orthogonal sum py (u') = punv (u') + pyv+ (v).

Moreover, since u/, lying in U’, is orthogonal to U NV, one has pyny(v/) = 0 and
py (u) = pv (u').

By definition 4.8,

yUv) = JULV) = min f[u’ —py (W) ] .
weu’ , ||lu ||=1

Since U'NV CUNU' NV =0N{UNV)={0}, then U'NV = {0} and
y(ULv) = lu" —pv @)l .

min
uw' €U’ ||u||=1
Since py (u') = py(u') for every «’' € U’ one finds: §'(U,V) := 46" (U, V') = 4§ (U, V).
Finally, ¢’ being a symmetric function (Remark 4.11.2), this last equality also implies:
S, v) = §wu,vh = §WVvu) =8V, U) = §U V). O
One sees moreover easily that 8’ is a decreasing function with respect to both variables U, V.

As one can see with simple examples, §’ is not a metric also when restricted to a family of
subspaces of the same dimension, except for the 1-dimensional case.

4.3. Sufficient conditions and geometric meaning. With the same hypotheses and nota-
tions as in §4.1 and §4.2, if U,V are the two vector subspaces U := T,Y and V := ker f,, of
E :=T,M, the essential mutual subspace U’ is:
U = [1,Y] =L (T,Y Nnker fu; T,Y) = L (ker fy.,; T,Y) =Dl(y).
We can then define (using also Remark 4.12.3) the function
Sy 1Y = (0,00 , dy(y):=8(T,Y, ker fu) = &' (D(y), ker fiy)

and we have:

Theorem 4.5. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-

jective submersion.
Let X <Y be strata of W and x € X and consider the function dy defined by

dy 1Y = [0,00] , Oy(y) =08 (T,Y, ker f) = 8" (D(y), ker fuy) -
If f : M — M’ is a submersion at x, the following conditions are equivalent:
1) liminf,_,, dy (y) >0 .

2) For every sequence {y;}; CY such that lim;y; = ¢ € X and lim; D(y;) = o exists, for
every unit vector u € lim; D(y;) and every sequence {u; € D(y;)}i, of unit vectors converging to
u = lim; u;, there exists a subsequence of images {u;, = fyy,, (ui,)}n such that infy, [[ug || >0.

3) For every sequence {y;}; CY such that lim;y; = x € X and lim; fy ., (T,,Y) = 7' exists,
for every v' € limy fy ., (T,,Y) — {0}, every sequence {v] € fy .y, (T},,Y) —{0}}; converging to
v =lim; v}, has an upper bounded subsequence of canonical liftings {v;, = f;iy D(ys )(vgl Vi

ip, ip v

Proof (1 = 2). Let suppose that 2) does not hold.

Then, for a sequence {y;}; C Y, lim;y; = « € X, lim; D(y;) = o and there exists a unit
vector u € lim; D(y;) which is a limit of a sequence of unit vectors {u; € D(y;)}; such that
lim; || fy sy, (wi)|| = 0 and hence necessarily lim; fy .y, (u;) = 0.
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As f is C' at z, one has:

fez(u) = fig(limu;) = lim fio, (u;) = 0 that is: u € ker fi.

Since, for every i, D(y;) Nker f,,, = {0} and dy (y;) is the essential minimal distance
Oy (yi) = 0"(D(ya), ker fuy,) = O(uj, ker fuy,),

min
u;€D(yi) , ||uf [|=1
and as u; € D(y;) by Remark 4.9.6, we can write:
0 <0y (yi) = 6" (D(ys), ker fuy,) < 0(us, ker fiy,) < 26(us, ker foz) + 0(ker fop, ker fuy,) -
Since lim; u; = u, and u € ker fi., (by Remark 4.8.5) we have: lim; 6 (u;, ker f.,) = 0.
By hypothesis f : M — M’ is a submersion at x! so by Proposition 3.5 and Remark 4.9.7:
li¥n ker f.,, =ker fiy and lign O(ker fiz, ker fiy,) =0.

These two limits being 0, one concludes that lim; dy (y;) =0 which implies
lim inf dy (y) =0
y—}m
in opposition to the hypothesis 1).

Proof (2=-1). Let us suppose in opposite that liminf, ., éy(y) = 0.
There exists then a sequence {y;} C Y such that

limy, =z and lim &' (D(y;), ker fipy,) = limdy(y;) = 0.

Being ¢’ the essential minimal distance and D(y;) Nker f.,, = {0} for everi 4, there exists then
a sequence of unit vectors {u; € D(y;)}; realizing such a minimal essential distances, i.e. such
that:
lim §(u;, ker fi,,) =0.
K2

By Remark 4.9.6) one has:
(%) : O(uj, ker fip) < 20(uj, ker fiy,) + d(ker fuy,, ker fiz).
Now since f is C! at z, lim; ker f.,, C ker f., (Remark 3.1) so by Remarks 4.9.7 and 4.9.1

one has*:
limd(ker fiy,, ker fip) = o(limker f.,, ker f.;) = 0.

Then since one also has lim; 6 (u;, ker f,,,) = 0 by the () above using Remark 4.8.5.(<) one
finds:
lim 6 (u;, ker fiop) =0.
Every u; € D(y;) being a unit vector, there exists a subsequence of indexes {ij}; such that
both limits limy D(y;,,) = o and u = limy, u;, € limg D(y;, ) exist.
Then by Remark 4.8.3 one has:
O(u, ker fip) = lilgn O(ui,, ker fip) =0  and hence  u € ker fiy.

In conclusion, the sequence of images u;, := fiy, (ui,) of the unit vectors {u;, € D(y;, )}k
satisfies:

Hf f is not a submersion at @, kerfiz O lim;ker fuy,, strictly and by Remark 4.9.2:
O(ker fiq,lim;ker fiy,) = 1.
2Here we did not need the hypothesis: f: M — M’ is a submersion at z.
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and cannot have a subsequence such that infy, [[u, || > 0.

Proof. (3 < 2). If v/ € lim; fy.y, (T,,Y) — {0} and {v] € fy.y, (T,,Y) — {0}}; is a sequence

such that lim; v; = v’, by Remark 3.3.1) the unit vectors u; := % of the canonical liftings
v; = f;iym(yi)(vg) € D(y;) — {0} of the v} satisfy:
v || = || o3 |l _ il
K3 - - .
| Fysyano @l 11 Frraey: ()]

Hence, being {v}}; converging to v’, the sequence of canonical liftings {v;}; has an upper
bounded subsequence {v;, }, if and only if the sequence of images {u} := fy.y, (u;)}; admits a
subsequence {uj, := fy.y, (ui,)}n such that infy, [[uj, [| >0. O

By recalling the definition 3.5 of the fonctions hy and Hy with the same proof as above,
Theorem 4.5 can be simply and analytically stated as follows:

Corollary 4.4. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-
jective submersion.

Let X <Y be strata of W, x € X and dy the function:

by Y 50,000 dv(y) = F(TYiker o) = (D(y), ker fuy)
If f : M — M’ is a submersion at x, the following conditions are equivalent:
1) liminf,_,; dy(y) >0 ;
2) liminf, ., hy (y) > 0 ;
8) limsup,,_,, Hy (y) < +o0 . O

We deduce then the following analytic sufficient condition for fyy, : W — W' to satisfy
condition (D) at x € X <Y

Corollary 4.5. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-
jective submersion.

Let X <Y be strata of W andx € X. If f : M — M’ is a submersion at x, we have:

liminf 0y (y) >0 = fiv : W — W satisfies condition (D) at x € X <Y.
Yy—x

Proof. The proof follows easily by Theorem 4.5 (or Corollary 4.4) and Corollary 4.3. |

In Theorem 4.5 and its Corollaries 4.4 and 4.5, we gave sufficient conditions to obtain condition
(D) at apoint z € X <Y using a function dy (y) = ¢’ (T, Y, ker f.,) = ¢'(D(y), ker f,) depending
on the stratum Y and intrinsically defined with respect to the point x € X C Y.

We can also obtain a similar result using a function depending on Y and z, by setting this
time U := T,,Y and V :=ker f,,. In this case the essential mutual subspace U’ is:
U' = [1,Y] =L (T,Y Nker fuy ; T,Y)
and we can define the function:
Oy Y = [0,00[ Oy (y) == 0'(T,)Y, ker fiy) -
A priori, [T,)Y]" is not equal to D(y) and dy,;(y) is not equal to ¢'(D(y), ker f.z).
Later on we will denote D’(y) for [T,,Y]'.
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Proposition 4.9. Let f : M — M’ be a C* map, W C M and W' C M’ Whitney stratifications
such that the restriction fyy : W — W' is a stratified surjective submersion.

Let X <Y be strata of W, x € X and {y;}; CY a sequence such that lim; y; = x and both
limit below exist. If f: M — M’ is a submersion at x, then:

liminf dy . (y;) = 0 = lim inf dy (y;) =0 .

Proof. For every i € N, let D'(y;) := [T,,Y]" and D(y;) be the vectors subspaces of T,,Y:
D'(yi) = L (T, Y (ker fuy; T, ¥)  then D'(yy) N ker fu, = {0}
D(y,) =L (T, Y Nker fu, ; Tp,,Y) then D (y;) Nker f.,, = {0}.
By considering possibly subsequences we can suppose that both the limits exist:
o= lignD’(yi) and o= lilm D(y;) -
and since f : M — M’ is a submersion at z, lim; ker f,,, = ker f., (Proposition 3.5) and ¢’ = o.

By Remark 4.12.3 and being every dy,;(y;) = 6'(D’(y:), ker f.,) a minimal essential distance,
there exists, for every 4, a unit vector v; € D'(y;) C Ty, Y such that:

5Y,m(yi) = 5'(D'(yi),ker Jex) = 5(“;» ker fip) = 0(vs, ker fip)

min
ui€D’(yi) , ||uf ||=1
and (by taking possibly a subsequence) we can also suppose that there exists lim; v; = v € o”.

Similarly there exists a unit vector w; € D (y;) C T,,Y such that:

6Y(yz) = 6,(2) (yi)7ker f*yz) = min J(UM ker f*yq) = (5(10“ ker f*?h)
wi €D (yi) , |Jus |[=1 ' '

and such that there exists lim; w; = w € o.
Proof (=). If liminf; dy 5 (y;) = 0, by extracting possibly a subsequence, one can write:
0 = limdy,,(y;) = limd(v;, ker fop) = 0(v, ker fi) andso: v € ker fi,.
Let p; : T,,,Y — D(y;) be the orthogonal projection on D(y;) and w; := p;(v;) € D(y;). Then:
limw; = limp;(v;) = p,(v) = v as wveEd =o.
K3 3
Since w; € D (y;) and by Remark 4.9.6) we find:
Oy (yi) = o(wi, ker fup,) < 0(wi, ker fuy,) < 26(ws, ker frp) + O(ker fig, ker fiy,)
and being lim; w; = v € ker f,, and lim; ker f,,, = ker f., we conclude:
0 < limdy(y;) < 26(v,ker fip) + d(ker fig,limker f,,,) =04+0=0.
Proof (<). Tt is completely dual to the proof (=) and it could be omitted.
If liminf; §y (y;) = 0, by extracting possibly a subsequence, one can write:
0 =lim oy (y;) = lim6(w;, ker f.y,) = 6(w, limker f,y,,) andso: w € limker f,,, Cker f.,.
Let p} :T,,,Y =D’ (y;) be the orthogonal projection on D’(y;) and 6; := p}(w;) € D’'(y;). Then:
lim6; = limp(w;) = por(w) =w as weo=0.
Since 6; € D'(y;) and by Remark 4.9.6) we find:
Ovo(yi) = O(wi,ker fop,) < 6(0;,ker fup,) < 20(6;,ker fuy,) + 0(ker fiy,, ker fiz)
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and being lim; 0; = w € lim; ker f,,, = ker f,, we conclude:
0 < limdyq(y;) < 26(w,limker f,,) + d(limker f,,, ker for) =04+0=0. O

Proposition 4.10. With the same notations as in Theorem 4.5 and Proposition 4.9:

lim inf dy . (y) >0 <= lim inf dy(y) > 0.
y—z y—z

Proof. Both implications follow by Proposition 4.9 using that liminf,_,, §(y) is the minimum
value of adherence of any function §. 0

Using the specific (to ) function dy,, instead of the intrinsic (by x) dy, Corollary 4.4 gives:

Theorem 4.6. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-

jective submersion.
Let X <Y be strata of W, x € X and by, the function defined by

Sy :Y = (0,00 , Oyu(y) =8 (T,Y ker fui) = 8 (D' (yi), ker fuz) -
If f : M — M’ is a submersion at x, the following conditions are equivalent:
1) liminf, ,; dy,+(y) > 0 ;
2) liminf, ., hy (y) >0 ;
8) limsup,,_,, Hy (y) < +o0 .
Proof. (1 < 2). It follow by Proposition 4.10 and Corollary 4.4.
Proof. (2 < 3). It is formally the same of the proof of Theorem, 4.5. O

By Theorem 4.6 and Theorem 4.4 (or Corollary 4.3) one has:

Corollary 4.6. Let f : M — M’ be a C' map between C' manifolds, W C M and
W' C M’ Whitney stratifications such that the restriction fyy : W — W' is a stratified sur-
jective submersion.

For every strata X <Y of W and x € X we have:

1ini>inf dya.(y) >0 = fn: W =W satisfies condition (D) at x€ X <Y . O
Yy x

Geometric meanings. The analytic conditions liminf, ., dy (y) > 0 (in Theorem 4.5 and
Corollary 4.4), and liminf,_,; 0y »(y) > 0 (in Theorem 4.6 and Corollary 4.6) for fyy : W — W'
at x € X <Y, have respectively the following geometric meanings:

“No limit of essential subspaces lim,,_,, D (y;) has a common direction with lim; ker f,,,”.

“No limit of essential subspaces limy, . D'(y;) has a common direction with ker f.,”.

So, in Exemple 2.1 for f : R? x {1} — {0} x R x {0}, f(a,b,1) = (0,b,0) and = = (0,0,1) one
has:

lim ker f., = ker f., = L(1,0,0) and for both choices of Y’ D(y) =D'(y) = T,,Y.

Yy—x

Hence the limits of the essential subspaces D(y) and the limits of the test function dy (y) are:
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1) For W =Y U {z} = {y = (a,tan(a),1) : @ > 0} U {z}, when Condition (D) holds (Fig. 1):

. , 1
lim D(y) = th(1 W,o) — L(1,1,0) ¢ L(1,0,0)

y—x a—0 " cos?

and
1 2
ylig;dy(y) = lim sinarctan co@) — g > 0.

2) For W =Y U{z}={y = (a,a? 1) : a > 0}U{z} when Condition (D) does not hold (Fig. 2):

lim D(y) = lim L(1,2a,0) = L(1,0,0) € L(1,0,0)
a—

Yy—x

and

lim dy (y) = lim sinarctan (2¢) = 0. O

y—x a—0
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DU TUMULUS AU GRADIENT HORIZONTAL

PATRICE ORRO

A David, pour son soizantiéme anniversaire

1. RESUME

Je voudrais, dans cet article, montrer 'inspiration et l'orientation que les échanges et la
collaboration avec David ont eu sur une partie de mes travaux. En commencant par le tout
début, via les tumulus, pour arriver a quelques réesultats sur le gradient sous-riemannien.

Apres un rapide rappel historique dans la section 2, la section 3 regroupe quelques résultats
obtenus a travers 1’étude des espaces conormaux et du cdéne normal sur des stratifications :
notamment sur l'existence et la densité des fonctions de Morse sur un espace stratifié, la relation
avec les espaces conormaux et la condition (b*), ainsi que les relations entre la dimension du
cone normal et la pseudo-platitude normale dans le cadre de stratifications (a + r¢)-réguliéres.

La section 4 porte sur le gradient en géométrie sous-riemannienne, et contient en particulier
deux résultats sur le gradient horizontal : le premier est que, pour un polynéme générique f,
I’ensemble V; des points critiques horizontaux de f est un ensemble algébrique lisse de dimension
1, ou est vide, et la restriction f|y, est une fonction de Morse. Le second, toujours pour un
polynéme générique f, indique que chaque trajectoire du gradient horizontal approchant Vj
posséde une limite.

2. INTRODUCTION

Les tumulus ou Barrow sont des petites surfaces utilisées & plusieurs occasions dans les travaux
de David Trotman - ils sont présents dans sa thése d’état, et sont apparus pour la premiére fois
(pour moi) dans un article A. Kambouchner - D. Trotman [KT]|, "Whitney (a)-faults which are
hard to detect" paru aux annales de 'ENS en 1979.

R. Thom dans son rapport sur la thése d’état de D. Trotman indique que « Trotman a
démontré [...] que cette condition (la condition (t)) était suffisante pour assurer (a) dans le cas
des ensembles semi- et sous-analytiques, mais non pour les ensembles stratifiés C* pour lesquels
Trotman a construit des contre-exemples |...]. Dans ce but il utilise la notion de tumulus, notion
qu’il a inventée. Ce sont des objets géométriques en forme de rides locales qu’on peut construire
algébriquement ».

Mes recherches ont débutées, en thése & Orsay avec David, par une étude des liens entre
diverses conditions de régularités que l’on peut mettre sur une stratification et les fonctions de
Morse stratifiées. Motivé en cela

- par les travaux de D. T. Lé et B. Teissier [LT],[Tei] en analytique complexe - qui montrent
que (b) implique (b*) - et ceux de V. Navarro et D. Trotman [NT] en réel - (w) implique (w*)
en sous-analytique et (b) implique (b*) si la dimension de la petite strate est un,

- par les résultats de R. Pignoni [P] et les travaux de M. Goresky et R. Mac Pherson [GMP]
sur la théorie de Morse stratifiée.

Nous avions de nombreuses discussions, et j’ai beaucoup profité de la connaissance impression-
nante de David des publications dans des domaines variés allant de la théorie des stratifications
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(mais c’est une évidence) a la robotique en passant par la théorie du controle, les diverses théo-
rie géométriques, la physique mathématique, etc... partout ou la théorie des singularités pouvait
interagir.

Trois articles que David m’avait indiqué & Orsay, puis a son arrivée a Marseille, me reviennent
plus particuliérement & l’esprit, et ont beaucoup orienté une partie de mes travaux et collabo-
rations futures : Subanalytic sets in the calculus of variations de M. Tamm [Tam]; Subanalytic
sets and feedback control de H. J. Sussman [Susl|; A new algebraic method for robot-motion-
planning and real geometry de J. Canny [Can)].

Ceux-ci mélangeaient la théorie de Morse, la propriété de Sard, 1'utilisation de la théorie des
ensembles semi- et sous-analytiques, des problémes variés dans lesquels la théorie des espaces
stratifiés pourrait apporter de nouvelles méthodes, la distance géodésique, les champs stratifiés,
... Leur influence se retrouve par exemple dans les articles [AOP1], [KO], [KOS], [O5], [J1] et
dans [DKO] avec I’étude du gradient horizontal de fonctions polynomiales.

3. TuMuLUS

Soient m et r deux réels strictement positifs, un tumulus de paramétres m, r est ’ensemble

T = {mTr3zs = (m? — 23)2(m?r? — 23)?:  |xa| < m,|71| < mr}.

En voici deux illustrations :

Notant f(x,y,z) la fonction m"r3xs — (m? — 3

2 — 22)2(m?r? — 2%)? un petit calcul montre que
Vi=m"r34(1 —v*)(1 — w?)*v,4(1 — v?)*(1 — w?)wr, 1)

ou l'on a posé v = L1 et w = %2,
mnr m

Lorsque 7 tend vers 0 la direction < V f > tend vers un élément de ’ensemble
{(4(1 =2 (1 — 2N, 0,1) - A\, p € [-1,1]}.

Rappelons qu’une fonction sur une stratification est de Morse, si sa restriction aux strates est
de Morse, et si en un point y d’une strate Y le noyau de sa différentielle est transverse a toute
limite d’espaces tangents & une strate X en une suite de points de X tendant vers y. A partir
de cette notion de fonction de Morse sur un ensemble stratifié de Whitney, M. Goresky et R.
MacPherson [GMP] ont donné les fondements d’une théorie de Morse stratifiée.

Il est trés facile de voir que les fonctions de Morse ne sont pas denses en général, méme sur un
espace stratifié de Whitney - par exemple sur la spirale rapide {(r,0) : r = et ,0 =t(27m),t > 0}
il n’y a pas de fonctions de Morse.

L’utilisation des tumulus a permis de construire dans [O1] une surface stratifiée vérifiant une
condition de Whitney forte, tout en ayant un espace de tangents limites & ’origine de dimension
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topologique 2. Ce qui donne un exemple non trivial de stratification sur laquelle les fonctions
de Morse ne sont pas denses, voir aussi [P]; exemple généralisé a la classe C'? dans le second
chapitre de ma thése [O2].

Théoréme 3.1. [O1] Il existe un espace stratifié fermé Z, strictement whitney régulier, sur
lequel les fonctions de Morse ne sont pas denses.

Idée de démonstration. La structure normale des tumulus est reproduite a l'origine en y faisant
arriver des suites de tumulus, tangentiellement & une famille dense de droites.

Le dessin ci-dessous montre une suite de cercles du plan Ozjxo convergeant vers O le long
d’une de ces droites, et a l'intérieur desquels des tumulus sont positionnés.

@

Chaque droite avec sa suite de tumulus associée donne un arc de cercle sur la sphére en
structure limite

voir [O1] pour la justification compléte et le détail des calculs.
L’espace des limites de normales étant fermé, on obtient ainsi Z = (S —{0}, {0}) stratification
telle que la fibre de Nash a lorigine 7(Z,0) soit de dimension 2.

Dans la catégorie sous-analytique les fonctions de Morse sont denses. Voir [P] dans le cas
analytique, et [O2] et [O3] dans le cas sous-analytique et plus généralement dans le cas différentiel
si I’espace conormal est "raisonnable".
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La question de savoir quel type d’espaces de tangents limites on pouvait obtenir le long des
strates d’une stratification s’était posée naturellement a la suite de [O1], [O2]. L’article [OT1]
montre que les exemples de [O1] et [O2] peuvent étre généralisés a I'aide des tumulus encore une
fois :

Théoréme 3.2. [OT1| Pour tout compact étoilé K de P%(R), il existe une surface X de classe
C, telle que X U {0} soit une stratification de Whitney homéomorphe & un disque, et dont la
fibre de Nash a l’origine soit K.

Idée de démonstration. La preuve se fait en prenant une suite v; dense dans le bord de K, puis
en faisant converger des tumulus légérement modifiés de maniére & ce que la structure limite
corresponde a ’arc de cercle allant de v; au podle nord de la sphére. Encore un fois la fermeture

de ’espace des limites de normales assure que K soit I’espace des limites de normales.
O

Ce théoréme implique en particulier I’existence de stratifications a fibre de Nash de dimension
topologique 1 et de dimension de Hausdorff égale a 2 (ou 1+ a, avec a compris entre 0 et 1) - et
donne aussi un exemple de stratification ayant des espaces de tangents limites fractaux et par
la méme un exemple de front d’onde fractal. Ces résultats ont été étendus par M. Kwiecinski et
D. Trotman dans [KwT] qui ont montré que tout espace compact connexe de la grassmannienne
peut étre obtenu comme fibre de Nash d’une stratification de Whitney & singularité isolée.

Théoréme 3.3. [KwT| Let n > 2 and d < n — 1 be positive integers. For any K € GI'_,,
compact and connected, there exists Z = (S — {0},{0}) smooth and Whitney stratified set such
that dim(S — {0}) =n —d and 7(Z,{0}) = K.

Il est immeédiat & partir des définitions que 'existence des fonctions de Morse stratifiées est
lite au comportement des espaces tangents limites, de méme que pour la condition (b*).

La condition (b*) pour une stratification s’exprime comme suit. Définissons tout d’abord la
notion d’aile : soit (X,Y) un couple de strates tel que Y € X C RY, ¢ un entier compris entre
let cod(Y),1<g< N —p, ety un point de Y.

Une aile de codimension q en y est une sous-variété de R de codimension ¢ contenant
un voisinage de y dans Y. La topologie sur I’ensemble des ailes est induite par I'application
fW =ST,WeGn_p_gq(N —p)

Nous dirons alors que (X,Y") est beoaq-régulier en y s'il existe un ouvert dense U de l’espace
des ailes de codimension ¢ en y tel que : YW € U WA X! et (W N X,Y) est (b)-régulier en y.
Nous dirons que (X,Y") est b*-régulier en y si beoqq est vérifiée en y pour tous les ¢ entre 1 et
N —p.

Aussi le lien entre ces deux problémes se fait-il par les limites d’espaces tangents le long des
strates. Les résultats de [02], [O3], montrent les relations entre la densité des fonctions de Morse
stratifiées et la condition (beodr)-

A la suite de [O2] est apparu l'intérét d’utiliser non pas les limites d’espaces tangents mais les
limites d’hyperplans tangents, d’utilisation courante en géométrie complexe et qui était apparu &
la fin de ma thése en liaison avec les fonctions de Morse. L’introduction dans [OT2| d’un espace
Bi X qui s’identifie au cone de Whitney dans le cas (b) régulier permet de donner une nouvelle
preuve de P'existence de stratifications (b*) - une autre était donnée dans [O2] - et ouvre la voie a
une caractérisation compléte de la condition (b*) en terme de dimension du cone de Whitney, ce
qui est réalisé dans [O4]. Quand au lien entre densité des fonctions de Morse, espaces conormaux
et beoq1 1l est donné par le théoréme qui suit.

1. Sidim X +dimY < N, WA X signifie WNX =0
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Rappelons tout d’abord ce qu’est I'espace conormal : soit (X,Y) un couple de strates tel
que Y C X, l'espace conormal de X le long de Y - noté Wy (X) - est I'espace des limites
d’hyperplans tangents & X le long de Y c’est & dire, en notant Ty X I'ensemble des limites en y
d’espaces tangents & X :

Wy(X)={(y,H) €Y xGN_,:3T €T,X TCH}
La fibre en y de la projection Wy (X) — Y est notée W, (X).

Théoréme 3.4. [03] Soient X une stratification (b)-réguliére & espaces conormaux non fractal,
alors on a équivalence de :

(i) les fonctions de Morse sont denses dans C*(|%])

(i) VX,Y € ¥ tel que Y C X Uensemble {y € Y : dim, W, X < N —dimY — 1} est dense
dans Y.

(1) VX, Y € ¥ tel que Y C X Uensemble {y € Y : (X,Y) est beoar — réqulier en y} est dense
dans Y.

Les tumulus refont un apparition dans un article de 2002 [OT4] sur les cones normaux. Si A
est un sous-ensemble et Y une sous-variété de R™, le cone normal de A le long de Y peut étre
vu comme le diviseur exceptionnel de I’éclatement sphérique de A le long de Y.

La condition b* est aussi liée au comportement de la multiplicité le long des strates ou plutét,
travaillant essentiellement en réel, avec la fonction de densité (voir [KR] ou la thése de G. Comte
[Com]). Ceci est une autre motivation pour 1’étude du cone normal & une stratification, larticle
[OT3] donne en particulier un contrdle de la dimension du céne normal - espace des limites de
directions normales - & une stratification sous-analytique ou (w + §)-régulicre.

Tout d’abord rappelons les définitions des conditions (n) et (ppn) :

Soit Z un fermé stratifié de R™. Pour chaque strate Y de Z on note Cy Z le cone normal de
Z le long de Y, c’est a dire la restriction au-dessus de Y de ’adhérence de I’ensemble

{(z,p(zr(z)) ;2 € Z-Y}CR" x §" 71,

ol 7 est la projection canonique locale sur Y, et u(x) le vecteur unitaire . Notons p; la

o
]

projection Cy(Z) —» Y.

Condition (n) : La fibre (Cy Z), de p1 en un point y de Y est le cone tangent Cy(Z,) a la fibre
Zy,=ZNn Y(y)de Zeny.

Condition de pseudo-platitude normale (ppn) : La projection p : Cy Z — Y est ouverte pour
toute strate Y de Z.

Les stratifications sous-analytiques vérifiant les conditions (a+mn) ou (ppn) ont un cdéne normal
ayant un bon comportement du point de vue de la dimension des fibres. En effet elles vérifient
la condition

dim(Cy 2), <dimZ —dimY — 1.
voir [OT3] et [OT4].

Le cone tangent Cyy(Z,) a la fibre Z, = ZN7~!(y) (et donc la fibre (Cy Z), du cone normal,
supposant (n)) peut étre assez arbitraire : des travaux de Ferrarotti, Fortuna et Wilson montrent
que tout coéne semi-algébrique fermé de codimension > 1 est réalisé comme le cone tangent en
un point d’une certaine variété algébrique réelle [FFW], et comme déja indiqué tout cone fermé
est réalisé comme le cone tangent en une singularité isolée d’un certain espace stratifiec C'>(b)-
régulier [KwT).
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Les premiers résultats dans la direction de 'étude de (n) et (ppn) ont été obtenus par H.
Hironaka, qui montre dans [Hir| qu’une stratification de Whitney d’un ensemble analytique (réel
ou complexe) est normalement pseudo-plate le long de chaque strate. J. P. Henry et M. Merle,
dans [HM2], ont montré 'ouverture de la projection du cone normal d’une strate X le long d’une
strate Y, ot X et Y sont des strates adjacentes d’une stratification de Whitney sous-analytique.

Le théoréme suivant extrait de [OT4] montre que (n) est vérifiée par toute stratification diffé-
rentiable (a)-réguliere ayant en plus une régularité (r¢) de type Kuo-Verdier : pour
0 < e < 1, A vérifie la condition 7€, en y relativement a Y, si pour z dans A la quantité
Re(z) = ||m(2)]|°d(Ty A, Tr()Y')/||zm(2)|| est bornée prés de y - 7 est la projection locale sur
Y. Cette condition n’est autre que (w) pour e = 0, et est une variation de la condition de Kuo
[Kuo].

Théoréme 3.5. [OT4] Soit A un fermé, stratifié par des variétés de classe C*¥22 de maniére
(a + r°)-réguliere relativement & une strate Y. Alors Cyy(Ay) = (Cy A)y, pour tout pointy de Y,
c’est-a-dire que (n) est vérifiée.

Toute stratification C? (w)-réguliére vérifie automatiquement (a) et (r¢), c’est-a-dire (a+17°¢).
Pour des strates sous-analytiques la combinaison (a + r¢) est équivalente au critére (r) introduit
par T.-C. Kuo en 1971, ce qui entraine la condition (b) de Whitney [Kuo|; on sait depuis [T1]
que (1) est strictement plus faible que (w) dans le cas semi-algébrique, et il existe méme des
exemples algébriques réels. L'équivalence de (b), (r) et (w) pour les stratifications analytiques
complexes est connue depuis 1982 (|Tei], [HM2]).

Les stratifications (a + 7¢)-réguliére vérifient aussi la pseudo-platitude normale [OT4]

Théoréme 3.6. [OT4]| Sous les hypothéses du théoréme précédent, la projection de Cy Z dans
Y est ouverte, i.e. Z est normalement pseudo-plate le long de Y .

L’exemple d’un “escargot de Kuo”, déja utilisé dans [OT3|, montre qu’une stratification diffé-
rentiable (b)-réguliére ne vérifie pas forcément (n) ou (ppn). Les deux exemples qui suivent sont
construit a 'aide des tumulus.

Exemple 1. (wg), (n) et tumulus.
SiVon affaiblit (w) en (wg), 8 < 1, c’est-a-dire si on suppose que le rapport d(TL’szﬁ) est
borné prés de y pour = dans X et z dans Y, alors la condition (n) n’est pas VélefUié;.W(x)”
Considérons pour cela le demi-plan 23 = 0, 2; > 0 dans R3, et notons C,, le morceau de courbe
{z1 = x;#,xl > 0}, qui est tangent & (0x). Centrons aux points (4, 25,0) = (1} T2, T:S%,O)

des tumulus T;o ., avec une suite r; qui tend vers 0 de sorte que les tumulus soient disjoints.

Alors, si 'on note X le demi-plan perturbé le long de C, et Y = (0z3), on obtient une
stratification (w = )-réguliére, pour laquelle le cone normal n’est pas obtenu dans la fibre. En
effet, en notant 7 la projection sur Y, et en notant

x, — ! Ty — It
=" ot x="7372
+a
L

«
T

sur les tumulus, nous avons que

3
Hx—ﬂ@HE§ﬁ“ﬁ et d(T,X,Y) = —4x(x* = 1)(€* = 1)°r,
de sorte que

AT, X,Y) 1

— - < Cte, avec [=-——,
|l = m(@)])” l+a
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c’est-a-dire que la stratification obtenue est (wg)-réguliére. De plus les fibres du cone tangent le
long de Y sont des points, sauf en 0 ot 'on a une courbe, étant donné que I'angle des sécantes
passant par le sommet des tumulus a une ouverture constante (la tangente de cet angle est %)
Il est clair par la construction que les limites des sécantes en 0 ne sont pas obtenues dans la fibre
de 7, c’est-a-dire que la condition (n) n’est pas vérifiée.

Les strates telles qu’elles sont données sont de classe C', mais elles peuvent étre lissées sans
difficulté de maniére & obtenir des stratifications C? ayant les mémes propriétés.

Exemple 2. (a +n) n’implique pas (ppn) avec tumulus.

L’exemple précédent peut étre modifié de sorte que la stratification obtenue soit (a)-réguliére
et que le cone normal soit obtenu dans la fibre en 0 de la projection sur Y.

En effet, centrons une suite de tumulus T},, ,,,; aux points (m?,0) de Paxe (0x), ot m; — 0 et
les m; soient tels que les tumulus ne se rencontrent pas. Notons encore X la surface obtenue, et
Y = (0y). Les tumulus donnent naissance a un coéne tangent limite en 0 de dimension 1, provenant
de suites de points situés sur axe (0x). Les fibres du cone tangent le long de Y = (Oy) sont
encore des points sauf en 0, ou la fibre est de dimension 1, et la projection n’est donc pas ouverte.
La condition (a) est vérifiée - il suffit de constater que les normales limites en 0 sont dans le plan
(0zz).

G. Valette et David Trotman ont observé par ailleurs comment construire un exemple algé-
brique de stratification (a 4 n)-réguliére ne vérifiant pas (ppn) : considérer la surface donnée en
coordonnées cylindriques par {r = (22 + sin?#) cos 0}.

4. VERS LE GRADIENT HORIZONTAL

Dans [Tam|, M. Tamm donne des conditions pour que - = étant une variété hilbertienne, 7
et I/ deux applications & valeurs respectivement dans une variété riemannienne M et dans R -
la fonction d(x) = inf{E(¢) : £ € 7~1(z)} soit sous-analytique.

="M

Ve
7/
|
R

Ce résultat a été un des éléments déclencheurs de mes travaux en géométrie sous-riemannienne :
appliqué dans le cas riemannien il donne une démonstration de la sous-analyticité de la distance
géodésique riemannienne, mais il ne s’applique pas dans le cas des espaces stratifiés ou dans le
cas sous-riemannien. Une extension de ce théoréme nécessite une étude de l'espace des chemins
horizontaux et des singularités des applications extrémités et énergie.

Dans ces directions j’ai codirigé plusieurs théses dont celle de M. Alcheik soutenue en 1995,
avait pour objectif principal une étude de l'espace des chemins horizontaux et une premiére
approche des singularités de ces applications; celle de S. Jacquet soutenue en 1997, une générali-
sation du théoréme de Tamm et la sous-analyticité de la distance sous-riemannienne ; et celle de
S. T. Dinh soutenue en 2007 sur le gradient horizontal de fonctions polynomiales. Je terminerai
ce voyage dans le passé de la collaboration avec David en donnant quelques éléments de ce der-
nier travail, qui montre bien I'utilisation conjointe de la théorie des singularités, stratifications,
sous-analytique et sous-riemannien.

Rappelons tout d’abord quelques éléments de géométrie sous-riemannienne : A désigne une
distribution de rang constant sur une variété riemannienne M de dimension n. Un chemin hori-
zontal est une courbe tangente 4 A de classe de Sobolev W12 de I = [0,1] dans M, c’est & dire
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1
absolument continue et d’énergie / |%(t)|?dt finie. L’espace de ces chemins sera noté Q(A), si

A = TM Tespace Q(A) est l’espaceOQ(M) des chemins sur M.

Soient o l'application origine v € Q(A) — ~(0) € M et 7 Papplication extrémité, qui a
v € Q(A) associe (1) € M. L’espace Q(A) est une sous-variété hilbertienne de Q(M), si a est
un point de M I'image réciproque o~ *(a) = Q,(A) est une sous-variété de Q(A), 'application
o étant partout une submersion. L’application 7 : Q,(A) — M quant a elle n’est pas toujours
une submersion, ses points critiques sont les chemins anormaux. Différentes caractérisations de
ces chemins peuvent étre trouvées dans la littérature, les chemins anormaux ont aussi beaucoup
été étudiés en dimension 2 en liaison avec le probléme de rigidité.

Considérons donc une variété analytique M de dimension n, et une distribution analytique
A de dimension p < n sur M, c’est-a-dire un sous-fibré analytique de dimension p du fibré
tangent T'M, muni d’'une métrique analytique gsg sur A, appelée métrique sous-riemannienne
ou de Carnot - Carathéodory. On suppose aussi que A vérifie la condition d’Hérmander, ce
qui implique que la distribution est non-intégrable. Soient X7, -, X,, des champs de vecteurs
analytique orthonormés qui engendrent (localement) A, on définit le gradient horizontal d’une
fonction f € C*°(M,R) par

P
VI =Y (X)X

i=1
On désigne par V; = {V"f = 0} 'ensemble des points critiques horizontaux de f.

Théoréme 4.1. Pour un polynome f générique, Vy est un ensemble algébrique lisse de dimen-
sion 1 ou est vide, c-a-d qu’il existe un ensemble Lq C Ry[z], semi-algébrique ouvert et dense,
tel que Vi est lisse de dimension 1 ou est vide, pour tout f € Lq. De plus, pour tout f de Lq la
fonction f|Vy est de Morse.

Idée de démonstration. Considérons jf(z) = (z,d.f). Si A® C T*M désigne 'orthogonal de la
distribution, on a que = € V; si et seulement si j f(z) € A°.

Posons L(z, f) = jf(z) : R™ x Ry[z] — R?". Une application du théoréme de transversalité
montre que {f € Ry[z] : L = L(-, f) A"} est dense et que Vi = (jf) 1 (A?) est de dimension
1. Montrer que fjy, est de Morse est plus complexe et nécessite d’imposer d’autres conditions,
suffisamment fines pour conserver la généricité. Voir [DKO] pour des précisions sur le type de
distribution notamment et pour une démonstration compléte. ([

L’inégalité de FLojasiewicz n’est pas valide pour le gradient horizontal, comme le montre
I’exemple suivant : le gradient horizontal du polynéme f = 23 pour la distribution d’Heisenberg,
engendrée par les deux champs de vecteurs orthonormés pour la métrique sous-riemannienne

0 1 0
X1 =——-xo—
! 8x1 2 28‘%3
W 0 1 0
Xo=—+-01—.
2 8332 2 181‘3

est VAf = —29 X, + 21 X5. Ainsi V¢ est 'axe x3, et, puisque la restriction de f & Vy n’est pas
constante, en effet f(Vy) =R, I'inégalité de Lojasiewicz n’est pas vérifiée.

Une deuxiéme observation est qu’une trajectoire du gradient horizontal peut étre de longueur
infinie, et peut méme s’accumuler sur une courbe fermée.
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Toutefois ces comportements sont exceptionnels dans un certain sens, et pour une fonction
générique f, les trajectoires de son gradient horizontal ont des propriétés similaires au cas du
gradient riemannien voir [DKO] pour plus de détails.

Donnons un autre résultat significatif extrait du méme article :

Théoréme 4.2. Soit un f € Ry[x] un polynome générique, précisément supposons que f € Lq,
ouvert dense semi-algébrigue donné par le théoréme 4.1. Soient B C R™ un ensemble compact
et z(t) C B une trajectoire de V" f. Supposons que z(t) s’approche de Vy, c-a-d qu’il existe une
suite ty, — to € RU {+oo} telle que dy,(x(t,,)) — 0. Alors x(t) a une limite appartenant a
ViN B :il existe xg € Vy N B tel que

distr(x(t),zg) — 0 quand t — tg
ou distg est une distance riemannienne.

Les deux exemples finaux illustrent la différence de comportement du gradient horizontal
(sous-riemannien) par rapport au gradient riemannien.

Exemple 3. Placons nous dans R? ow l’on considére la distribution d’Heisenberg, et le polynéme
f(z1, 2, x3) = 2x3. Le gradient horizontal de f s’écrit

Vif=X1fX1 + Xof Xo = —22X1 + 71 X>.

L’ensemble des points critiques horizontaux Vy de f est l'axe x3. Donc la généricité de dimension
1 de Vi, et la généricité sur la finitude de l'intersection de Vy avec une surface de niveau de f
sont satisfaites.

Les trajectoires de V" f sont déterminées par le systéme

.’i‘l = —X9
j?g =T

(2) . 1 P
T3 = —51'2(—172) +oman = §(m1 +z3).

En résolvant ce systéme, nous obtenons

x1 = rcos(t) + csin(t)
ot r,c sont des constantes.

1
Prenons ¢ = 0, on a x1 = rcos(t), xo = rsin(t) et x3 = —r*t + C o C est une constante,

o 1
ainsi avec C' = 0 nous avons x3 = 57"215

Calculons la longueur des trajectoires contenues dans la boite

1 1 1 1
B:{fiSmlﬁi,*igimgiaogziigl}

1
Soit t un temps pour lequel une trajectoire reste encore dans la boite, on a 0 < x3 = 57“275 <1,

2
donc 0 <t < —, donc la longueur de toute trajectoire de V" f dans B contenue dans le cylindre
r

{23 4+ 23 =r?} est

L(r) = / 9" (a0t = / Va6 + (0 = / it =2,

Puisque r est la distance a l'aze x3, la longueur des trajectoires du gradient n’est pas bornée
uniformément dans cette boite. En effet, la longueur devient de plus en plus grande quand la
trajectoire s’approche de l’axe x3. La vitesse de montée est plus petite que celle de rotation.
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0.2

Dans cet exemple, les trajectoires de V" f n’ont pas de points limites sur l'aze x3.

Exemple 4. On considére la distribution d’Heisenberg dans R3 et le polynome

f(z) =2x3 + %(x% + z3).

Le gradient horizontal de f est égale a VP f = X1 fX1+Xof X 00 X1 f = z1—29, Xof = x1+22.
L’ensemble des points critiques horizontaux de f est laze x3. Les trajectoires de V" f satisfont

le systeme d’équations différentielles suivant :
Ty=T1 — T2
jj2: xr1 + T2
1
. 2 2
Ty= _(z] + 23).
2
En résolvant les deux premiéres équations, on obtient

x1(t) = e’ (asin(t) + bcos(t))
22(t) = e'(—acos(t) + bsin(t))
212
ol a,b sont des constantes. Alors r3= w&’f, donc
212
23 = (a Ib)e%—i—c

ol ¢ est une constante. On remarque que toutes les trajectoires de V" f possédent une limite
(quand t — —o0) sur laze x3, qui est l'ensemble des points critiques horizontaux de f. Quand
t — +o00, les trajectoires de V" f s’éloignent de l'axe x3 de maniére exponentielle, donc, dans
un compact, les trajectoires de V" f possédent au plus un point limite sur 'axe xs.
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QUANTIZATION OF WHITNEY FUNCTIONS AND REDUCTION

M.J. PFLAUM, H. POSTHUMA, AND X. TANG

The paper is dedicated to David Trotman on the occasion of his 60th birthday.

ABSTRACT. For a possibly singular subset of a regular Poisson manifold we construct a defor-
mation quantization of its algebra of Whitney functions. We then extend the construction of a
deformation quantization to the case where the underlying set is a subset of a not necessarily
regular Poisson manifold which can be written as the quotient of a regular Poisson manifold
on which a compact Lie group acts freely by Poisson maps. Finally, if the quotient Poisson
manifold is regular as well, we show a “quantization commutes with reduction” type result.
For the proofs, we use methods stemming from both singularity theory and Poisson geometry.

INTRODUCTION

In this paper we consider the synthesis of two, seemingly different, branches of mathematics,
namely that of singularity theory and Poisson geometry and deformation quantization. There
are motivations from both sides to consider such a blend: from the point of view of Poisson
geometry and mathematical physics, singularities naturally appear when one considers Poisson
manifolds with symmetries of which one wants to take the quotient. From the point of view of
singularity theory, the general idea that a quantization can act as a kind of “noncommutative
desingularization” has had quite a few striking applications. To make proper sense of this idea
one needs to combine this with techniques coming from noncommutative geometry.

In this paper we use the notion of Whitney functions to describe the deformation quantization
of a (singular) set inside a Poisson manifold. More specifically, we describe how the Fedosov
method applies to construct such deformation quantizations inside a regular Poisson manifold,
and prove a “quantization commutes with reduction” type of result for the quantized Whit-
ney functions invariant under a free action of a compact Lie group that preserves the Poisson
structure.

1. FORMAL DEFORMATION QUANTIZATIONS OF WHITNEY FUNCTIONS

Recall that for a closed subset X C M of a smooth manifold M the algebra of Whitney
functions on X is defined as the quotient £°(X; M) :=C>(M)/T>°(X, M), where

T®(X,M) :={feC®M)|(Df)x =0 for every differential operator D on M}

denotes the ideal of smooth functions on M which are flat on X. If no confusion about the
ambient space can arise, we briefly write £°(X) instead of £°°(X; M). Moreover, we denote
the canonical quotient map from C> (M) to £°(X; M), sometimes called the jet map, by Jx;m
or Jx, if no confusion can ariese. Finally observe that if ® : M — N is a smooth map between

M.J.P. has been supported by NSF grant DMS 1105670, X.T. by NSF grant DMS 0900985 and NSA grant
H98230-13-1-0209.
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manifolds M and N which maps the closed subset X C M into a closed subset Y C N, then
there is a canonical pull-back map for Whitney functions

O* : EX(Y;N) = EX(X; M),

which maps the Whitney function F = Jy.n(f) represented by f € C>°(N) to the Whitney
function Jx,nr ( fo <I>). The reader will easily check that the pull-back is well-defined.

Recall further that by a Whitney—Poisson structure on X one understands a bilinear map
{=, =} on £*°(X) which satisfies for all F,G, H € £°(X) the following relations
(WP1) {F,G} = ~{G, F},
(WP2) {F,GH} = {F,G}H + G{F,H}, and
(WP3) {{F,G},H}+{{H,F},G}+{{G,H},F}=0.
In other words, (WP1) tells that {—,—} is an antisymmetric bilinear form, (WP2) says that
{—,—} is a derivation in each of its arguments, and (WP3) is the Jacobi identity. Hence there
exists a smooth antisymmetric bivector field A : X — TM ® T'M such that

(F.G} = AL (dF ®dG) forall F,G € £°(X).

Note that we have used here the fact that J°° (X, M)Q®(M) is a graded ideal in Q°® (M) preserved
by the exterior derivative d which gives rise to the differential graded quotient algebra

Qe (X) := Q*(M)/ T > (X5 M)Q*(M).

Its differential will be denoted again by d. We call Q2. (X) the complex of Whitney—de Rham
forms on X. According to [BRPF]|, the cohomology of Q%. (X) coincides with the singular
cohomology (with values in R), if M is an analytic manifold, and X C M a subanalytic subset.
Now we have the means to define what one understands by a formal deformation quantization
of the algebra of Whitney functions.

Definition 1.1. Assume that X C M is a closed subset of the smooth manifold M, and
that £°(X) carries a Whitney—Poisson structure. By a formal deformation quantization of
the algebra £°°(X) or in other words by a star product on £%°(X) one then understands an
associative product
*: EX(X)[[A]] x EX(X)[[A]] = £=(X)[[A]]
on the space £*°(X)[[#i]] of formal power series in the variable i with coefficients in £°°(X) such
that the following is satisfied:
(DQO) The product x is R[[A]]-linear and fi-adically continuous in each argument.
(DQ1) There exist R-bilinear operators ¢ : E2(X) x £*°(X) — £2(X), k € N such that ¢ is
the standard commutative product on £°(X) and such that for all F, G € £°(X) there
is an expansion of the product F' x G of the form

FxG =Y c(F,G)h" (1.1)
keN
(DQ2) The constant function 1 € £ satisfies 1 x = F %1 =F for all F € £>°(X).
(DQ3) The star commutator [F, G, := F xG — G * F of two Whitney functions F, G € £*°(X)
satisfies the commutation relation
[F,G], = —ih{F,G} + o(I?).

If in addition the condition
(DQ4) supp(F x G) C supp(F) Nsupp(G) for all F,G € £*°(X),

is satisfied, then the star product is called local.
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Remark 1.2. If IT is a Poisson bivector on the smooth manifold M, then the ideal J>°(X; M)
is even a Poisson ideal in C*°(M). This implies that the Poisson bracket on C>°(M) factors to
the quotient £%°(X). We denote the inherited Poisson bracket on £%°(X) also by {—, —}, and
call it a global Whitney—Poisson structure.

Now let us describe a method for constructing a formal deformation quantization of the algebra
E>(X) in case (M, 1II) is a regular Poisson manifold and £°°(X) carries the corresponding global
Whitney—Poisson structure. This method generalizes the original construction by Fedosov [FED]
to the Whitney function case, and has been explained in detail by the authors in [PPT12] for
the particular case where the Poisson bivector comes from a symplectic structure. Recall that
(M, TI) being a regular Poisson manifold means that the Poisson tensor field Il : M — TM T M
has constant rank; see [FED, VAI| for more details on regular Poisson manifolds. Moreover,
regularity of IT implies that M is foliated in a natural way by symplectic manifolds. Denote by
S the foliation of M by symplectic leaves which is induced by the regular Poisson tensor II, and
by TS — M the subbundle of T'M of all tangent vectors tangent to the symplectic leaves of the
foliation. The following result then holds true. For its original proof we refer to Fedosov [FED];
here we present a proof which also covers the later needed case of a regular Poisson manifold
with a compatible G-action.

Proposition 1.3 (cf. [FED, Sec. 5.7]). For every regular Poisson manifold (M,11), there exists
a Poisson connection which means a connection

V:T®TS) > T>*TST*S)
which leaves the Poisson bivector 11 invariant in the sense that
VII = 0.

Moreover, if a compact Lie group G acts on M by Poisson maps, the Poisson connection V can
be chosen to be invariant.

Proof. Choose a riemannian metric 7 on M which is required to be G-invariant, if M carries a
G-action compatible with the Poisson structure. Denote by

VLC . T°(TS) x T®(TS) — I'™(TS)

the leafwise Levi-Civita connection of the riemannian metric restricted to §. Moreover, let
w: TS ®TS — R be the leafwise symplectic structure induced by the Poisson bivector. Now
we define a tensor field A’ € T (T*S @ T*S ® T*S) by

A(X,Y,Z) = V5°w(X,Y) - Viw(X, Z) for all X,Y,Z € T=(TS).
We then let A € T°(T*S @ T*S ® T'S) be the tensor field such that
w(X,A(Y, Z)) =A(X,Y,Z) forall X,Y,Z € I>(TS).

By construction it is clear that A’ and A are both G-invariant, if IT and 7 (and hence w) are.
Now we put

VxY = VY + A(X,Y) for X,Y € I®(TS).

One readily checks that V is a Poisson connection, and G-invariant, if II and 7 are. ([l

Next, we consider the Weyl algebra bundle WsM — M over M along the symplectic foliation
S. Tts typical fiber over p € M is given by

W, M := W(T,,S) := Sym(T;S)|[A]],
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the space of formal power series in A with coefficients in the space of Taylor expansions at the
origin of smooth functions on the fiber S, of S over p. In other words, S/yE(T; S) coincides with
the m-adic completion of the space Sym(T; S) of polynomial functions on T},S, where m denotes
the maximal ideal in Sym(7;S). Hence, every element a of W(7},S) can be uniquely expressed

in the form
a= Z as 1 ¥, (1.2)
sEN, kEN

where each a;y is an element of Sym®(7,S), which can be naturally identified with the space
of s-homogeneous polynomial functions on T,S. A section a € Ws(M) = I'*(WsM) can
be uniquely written in the form (1.2), where the a5 with s,k € N now are smooth sections
of the symmetric powers Sym®(7*S). This representation allows us to define the symbol map
o : Ws — C*(M)][h]] by

o(a) = Zaoykﬁk for a € W. (1.3)

keN

The space W(T,,S) is filtered by the Fedosov-degree

degp(a) :==min{s + 2k | asx # 0}, a € W(T,S).
The Fedosov-degree induces a filtration of the space of sections Ws(M) of the Weyl algebra
bundle along S by putting
F*Ws(M) := {a € W(M) | degp(a(p)) > k for all p € M}.

Now consider Q*Wg, the sheaf of leafwise smooth differential forms with values in the bundle
WsM, or in other words the sheaf of smooth sections of the (profinite dimensional) vector bundle
WsM @ A*T*S. Like Ws(M), the space Q*Ws (M) is also filtered by the Fedosov-degree.
Next, we define a non-commutative algebra structure on Ws (M) and Q*Ws(M). To this end
observe first that the Poisson bivector II(p) on T,,M is linear and can be written in the form

dim Sp

)= 3 M) © Matr), 04

where II;1 (p), ILia(p) € T,S for i = 1,--- ,rk(II). Since each of the tangent vectors II;1 (p), ILiz(p)
acts as a derivation on Sym(7,'S), this gives rise to the operator
I(p) : Sym(T;S) ® Sym(T)'S) — Sym(T;S) ® Sym(TS),
£k
2

a®br— Z IT;1(p) - a @ I2(p) - b.

i=1

(1.5)

Th operator II(p) does not depend on the particular representation (1.4). Note that by C|[[]]-
linearity and m-adic continuity, II uniquely extends to an operator

Ti(p) : Sym(T; 8)[[]] ® Sym(T;S)|[[h] = Sym(T}; S)[[]] ® Sym(T;;S)|[A]]
The so-called Moyal-Weyl product (see [BFFLS]) of two elements a,b € W(S,) is given by

(—in)*
aopbi=Y_ o n(II(p)(a ®b)). (1.6)

One checks easily that o, is a star product on W(S,). Moreover, this fiberwise star product
extends naturally to a noncommutative product * on Ws(M), called the Moyal-Weyl product
on the Weyl algebra bundle. For a,b € Ws(M) it is given by

aob(p) :=a(p) o, b(p) forpe M. (1.7)
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Note that the Moyal-Weyl product on Ws(M) satisfies by construction
[a,D]o :=aob—boa=—ih{a,b} + o(h?) . (1.8)

This indicates that Ws (M) is already a kind of “formal deformation quantization”, but just too
big. It was Fedosov’s fundamental idea to construct an appropriate flat connection D on Ws(M)
such that the subalgebra of flat sections, i.e., of sections a such that Da = 0, is isomorphically
mapped by the symbol map onto C*°(M)[[A]] and thus induces a star product on C*(M)[[h]].
Let us explain Fedosov’s construction of D.

We chooses a Poisson connection V according to Prop. 1.3, which canonically lifts to a con-
nection

V:Q*Ws(M) — Q*F'Ws(M).
Fedosov [FED, Sec. 5.2] proved that there exists a section A € Q'Ws(M) such that the connec-
tion
D= V+ 5[4, (1.9)

is abelian, i.e., satisfies D o D = 0. Such an abelian connection D defined by a 1-form A will be
called a Fedosov connection.

We briefly explain the uniqueness of the star product. Let {z!,--- ,xrk(n)} be leafwise coor-
dinates along S, and {y*,--- ,y™ D} be the dual elements in 7*S. Define

§:Q*Ws(M) = Q*T'Ws(M) and 6*: Q*Ws(M) — Q*'Ws(M)

by
rk(IT) 9a rk(IT)
— k * k
da = kgl dz™ N oyt 0"a = kgl y o a

Given an abelian connection D of the form (1.9), direct computation shows that there is a
canonical element Qp € Ws(M), called the curvature of D, associated to the Poisson connection
V (cf. Prop. 1.3) and A such that

D? = %[QD,—]O.

Let Q% (M, R[[A]]) be the space of leafwise differential forms along S with coefficients in R[[A]].
As D? = 0, Qp is in the center of Ws(M), and therefore an element in Q% (M, R[[A]]) closed
under the de Rham differential. FEDOSOV [FED, Thm. 5.2.2] proved that under the requirements

(1) degg(A4) > 2,

(2) *A=0,
there is a unique Fedosov connection D associated to a given Poisson connection V which has
the given curvature form 2. In what follows, we will always assume to work with Fedosov
connections with the above assumptions.

Let us fix a Fedosov connection D and consider the space

W (M) := {a € Ws(M) | Da = 0}

of flat sections of the Weyl algebra bundle. Wp(M) is a subalgebra of W|sM, as D is a
derivation. FEDOSOV [FED] observed that the restriction of the symbol map (1.3)

Tpwp (ar) : W (M) — C= (M)][[R]]

is a linear isomorphism. Let

q: C=(M)[[A]] = Wp(M)
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be its inverse, the so-called quantization map. Then there exist uniquely determined differential
operators qy : C*° (M) — C*>°(M) such that

a(f) =D _a(f)RF for all f € C=(M), (1.10)

keN
and
*: C(M)[[R]] x = (M)[[A]],  (f,9) = o(a(f) °a(g))
is a star product on C*=(M).
Now observe that the Fedosov connection D leaves the module J*°(X; M) - Q*(M;WsM)
invariant. This implies that D factors to the quotient

Voo (X5 WsM) :=Q*(M;WsM) /T (X; M) - Q*(M; Ws M),
and acts on EX(X; WsM) := Ws(M)/JT*(X; M)-Ws(M). Moreover, the symbol map ¢ maps
T>=(X; M)-W(M) to J°°(X; M)[[h]], and q(J°°(X; M)[[1]]) is contained in J>°(X; M)-W(M),
since in the expansion (1.10) the operators q; are all differential operators. Hence o and q factor

to £°(X; WM) respectively £>°(X)[[h]]. This entails the following result, which generalizes
[PPT12, Thm. 1.5] to the regular Poisson case.

Theorem 1.4. Let (M,II) be a regular Poisson manifold, and V a Poisson connection. Let
D =V + A be the corresponding Fedosov connection on Q*Wgs, and X C M a closed subset.
Then the space of flat sections

Wp(X) :={a € EX(X;WsM) | Da =0}
is a subalgebra of E°(X;WsM), and the symbol map induces an isomorphism of linear spaces

ox : Wp(X) = E¥(X)[[h]]. Moreover, the unique product xx on E¥(X)[[A]] with respect to
which ox becomes an isomorphism of algebras is a formal deformation quantization of £°(X).

By the uniqueness property of the Fedosov connection with respect to the curvature form Qp,
we have the following functoriality property of the star products constructed in Thm. 1.4.

Proposition 1.5. The Fedosov quantization of Whitney functions on closed subspaces of reqular
Poisson manifolds is functorial in the following sense. Let ® : (N,A) — (M,II) be a Poisson
map between reqular Poisson manifolds which maps the closed subset Y C N to the closed
subset X C M. Assume that the restriction of ® to each symplectic leaf of A is a (local)
diffeomorphism, and further that VN and VM are Poisson connections on N respectively M
such that VN = ®* (VM). Denote by S the symplectic foliation on M, by R the symplectic
foliation on N. Let DN resp. DM be the corresponding Fedosov connection with the curvature
form Qpn resp. Qpu and the induced star product xy resp. xx. Assume that Qpn = O* (QDM),
Then the pullback ®* : Ws(M) — Wg(N) is an algebra morphism

P (EX(X; M), *x) = (EX(Y;N), *y)
which is functorial and contravariant in ® with the above mentioned properties.

Proof. Since ® restricts to a (local) symplectic diffecomorphism between symplectic leaves, it is
straightforward to check that the pullback map ®* : T*M — T*N lifts to a morphism of the
corresponding Weyl algebra bundles,

O Ws(M) - Wr(N).
As @ is assumed to be compatible with the Poisson connections, i.e., VV = &* (VM), and
also with the curvature forms, i.e., Qp~v = ®* (Q Dm), the uniqueness property of the Fedosov
connection with respect to the curvature form and Poisson connection implies that

DV o ®* = d* o DM,
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Hence, ®* restricts to an algebra morphism
O : Wpm (M) — Wpn (N),
and therefore a morphism
D* 1 (EX(X; M), *x) — (EX(Y;N), xy).

2. WHITNEY FUNCTIONS ON AN ORBIT SPACE AND THEIR QUANTIZATION

Assume that G is a compact Lie group acting freely on the smooth manifold M, and denote
by m# : M — N the canonical projection onto the orbit space N := M/G which under our
assumption is a smooth manifold as well. Let X C M be a closed G-invariant subset, and
Y := X/G. ThenY is a closed subset of N. Under these assumptions, the following result holds
true.

Proposition 2.1. The canonical projection induces a natural identification
T EX(Y;N) = E%(X; M)“.
Here, £ (X; M)C denotes the set of Whitney functions represented by G-invariant smooth func-

tions, i.e., the image of the space (COO(M))G of G-invariant smooth functions on M under the
jet map Jx.nr.

Proof. Observe first that the image of 7* lies in £%°(X; M )% indeed by definition of the pull-back
of Whitney functions and since f o is G-invariant for every f € C*°(N). Since 7 is a surjective,
the pull-back C*(N) — (C‘X’(M))G, f+ fomisinjective. Hence 7* : E*(Y; N) — £%(X; M)¢
is injective as well, if we can yet show that for € J°(X,M) for f € J°°(Y,N). But this
follows from the multidimensional Faad di Bruno formula, cf. [M1c, Thm. 3.6]. More precisely,
this formula says that for x € X, a coordinate system (1, ..., x,) around x, a coordinate system
(y1,...,2m) around 7(x), and a multiindex v € N” the following equality holds true:

7! 1\ e A,
87(]0 O7T) = Z ﬁ H(@l) (32(1(/\1,@,.“,/\m,a)f> oT H (aaﬂi) io ’

A=(2; o) ENM XN\ {0} * aenn
’ik' e || >0
i, =Y

where 7; denotes the i-th component function of 7 (in a neighborhood x) with respect to the
coordinate system y around 7(z). This implies that if all 92=a(AersAma) f vanish on Y then
J7(f o m) vanishes on X. Hence f € J®°(Y,N) implies fonm € J°°(X, M), and 7* is injec-
tive. Surjectivity of 7* follows from the Theorem by Schwarz—Mather [SCHWA, MAT| which in
particularly says that the map

C¥(N) = (C®(M)), frs for
is split-surjective. O

Remark 2.2. This result has been proven in the general case without the restriction of the
G-action to be free in [HERPFL].

Next we choose a G-invariant Poisson connection V on M according to Thm. 1.3. Let us also
fix the G-invariant curvature form Q) = —w, where w denotes the fiberwise symplectic form on
TS. Then, by the preceeding section, there exists a uniquely determined Fedosov connection D
having the given curvature form 2. By construction, the connection D is G-invariant as well. Let
* denote the corresponding star product on C*°(M)[[h]]. By invariance of D, the star product
x is invariant as well, which means that for two G-invariant functions f, g € C*°(M)% their star
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product fxg is also G-invariant. This observation together with the previous proposition entails
the first two claims of the following result.

Theorem 2.3. The Fedosov star product x associated to a G-invariant Poisson connection V
on M (and to the G-invariant curvature form = —w) is G-invariant, hence

0o G

((E=oim)“.«) 2.1)

is a subalgebra of (EOO(X)[[h]],*>. Moreover, under the isomorphism
T EX(Y;N) = E2(X; M)“
one obtains a star product algebra
(=mm.%),

where FxG for F,G € £>(Y) is defined by (7*) ™! (7* (F)x7*(G)). Finally, if (N, \) is a regular
Poisson manifold, then (50"(}/)[[71]],?) is isomorphic to the Fedosov deformation quantization

(E=(Y)[[h]], *y~) corresponding to a Poisson connection VY on N and to the curvature form
—w™, where w® denotes the leafwise symplectic form on the symplectic foliation R of N.

Remark 2.4. The last statement of the theorem is a “quantization commutes with reduction”
result for quantized Whitney functions.

Note that in general, the Poisson manifold N needs not be regular, hence the above theorem
provides a quantization method for Whitney functions on subsets of not necessarily regular
Poisson manifolds which can be written as the quotient of a regular Poisson manifold by a
compact Lie group action.

Before proving the theorem, let us state some results needed in the proof.

Proposition 2.5. Let (V,w) be a presymplectic vector space and W C V a linear subspace.
Then the following equality holds true:

dim W + dim W = dim V + dim(W N V¥).
Furthermore, if w is non-degenerate and W is symplectic, then W is symplectic as well.

Proof. This is a straightforward argument in linear symplectic geometry. ([

Lemma 2.6. Any element g € G maps symplectic leaves of M to symplectic leaves.

Proof. Let L C M be a symplectic leaf with symplectic form w. Consider the connected sub-
manifold gL C M, and two points x,y € gL. Since II is g-invariant, the restriction Il ;, is a
Poisson bivector on gL of maximal rank, and its corresponding symplectic form coincides with
gxw. It remains to show that x and y can be connected by a piecewise smooth curve whose
smooth parts are integral curves of Hamiltonian vector fields. But this is clear, since ¢~ 'z and
g~y are both elements of the symplectic leaf S, hence can be connected within L by a piecewise
smooth curve v whose smooth parts are integral curves of Hamiltonian vector fields. The curve
g7 then connects = and y and has the desired properties by G-invariance of II. (]

Proposition 2.7. For every symplectic leaf L C M there exists a closed subgroup Hy, C G called
the isotropy group of L which leaves L invariant and which has the property that for each point
x € L the fiber 71 (w(m)) coincides with the orbit Hrx. In other words, one has the natural
isomorphism w(L) = L/H.
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Proof. By the preceeding lemma, the group G acts on the space Z of symplectic leaves of M.
Let H, be the isotropy group of the point L € Z. Clearly, Hy, then is a closed subgroup of G
and has the desired properties. O

Proof of Thm. 2.3. It only remains to prove the last claim which says that the star product
algebras (£°°(Y)[[A]], xy~) and (£°°(Y)[[R]],*) are isomorphic when N is regular Poisson. For
this we use the well-known result [DEL, FED, NEU, BUDOWA] that on the regular Poisson
manifold N, two deformation quantizations x and *" are isomorphic if and only if they have the
same characteristic class in the formal cohomology w/h + HZ(N,C[[h]]), where S denotes the
symplectic foliation. Precisely, this means that there exists a formal power series G = 1+hAD1+. ..
of differential operators tangent to the leaves of S such that

GTHG(fH) *G(f2) = fr ¥ fo

Obviously, G preserves the ideal 7*°(Y'; N)[[h]], so it induces an isomorphism between (£°°(Y"), %)
and (£°(Y),«’). Therefore, the claim follows from the fact that both (£ (Y)[[A]], *y~) and
(£>°(Y)[[1]],*) have the same characteristic class, namely w™ /A.

So finally it remains to prove that the characteristic class of * is w™/h, indeed (for every
initially chosen G-invariant Poisson connection VM and every Poisson connection V). To
this end, it suffices to prove this claim for a particular choice of VM and V. Fix a Poisson
connection VM. We first want to construct a “compatible” Poisson connection VV.

Since M is foliated into symplectic leaves and the connections act leafwise, it suffices to prove
the claim for each leaf separately. Due to Prop. 2.7 we can therefore assume without loss of
generality, that M is symplectic, and G acts by symplectomorphisms on M. To prove the claim,
we will decompose the tangent bundle T'M in appropriate G-invariant subbundles which then
will allow a unique lift of vector fields on N tangent to the symplectic foliation R of N to
invariant vector fields on M having values in a certain subbundle.

To this end let G’ be the standard polar pseudogroup associated to G as defined in [ORTRAT,
Sec. 5.5.1]. In other words, G’ is the pseudogroup of local diffeomorphisms of M generated by

the flows of Hamiltonian vector fields of the form X := Iludf : U — TM, where f € (C*(U ))G
and U is a G-invariant open subset of M. According to [ORTRAT, Sec. 5.5.1 & Thm. 11.4.4], the
actions by G and G’ commute, and the symplectic leaves of M /G are given by the (piecewise)
orbits of the induced G’-action on M/G. Let E be the vector bundle generated by such (invariant)
Hamiltonian vector fields X¢. Then E together with the restriction of the symplectic form w to
F is a pre-symplectic bundle over M. By construction, the bundle F is mapped under T'w onto
the tangent bundle TR of the symplectic foliation of N. Moreover,

EcCcTO”, (2.2)

since one has for every w € E,, p € M and every fundamental X of an element { € g the
relation
w(w, Xe(p)) = w(X¢(p), Xe(p)) = (Xef)(p) =0,

where the G-invariant smooth function f on M has been chosen such that w = X;(p). Now
choose a G-invariant riemannian metric 7 on M, and let W be the orthogonal complement of
TONE in E, where O denotes the foliation of M by the G-orbits. By the regularity assumption on
the induced Poisson structure on N it is clear that W is a vector bundle indeed. By construction,
W is a G-invariant subbundle of E' complementary to ENTO. Since T'O is the kernel bundle of
the tangent map of the projection, T'w, it follows that T'r maps W onto the tangent bundle TR
of the symplectic foliation in such a way that fiberwise, T'my : W — TR is a linear symplectic
isomorphism. This observation allows us to construct for every vector field X on N which is
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tangent to R a unique lift X* : M — W such that
Tr X*(p) = X(n(p)) forallpe M.

Now we can define a connection VY on T'R by putting, for any two vector fields X,Y on N
tangent to the symplectic foliation R,

VY == TnViLY*.

Clearly, V¥ is torsion-free, so we only need to check that V¥ is a Poisson connection. For X,Y
as before let Ax y : M — T'M be the vector field

Axy = (TrVEY*)" - ViLY*.

By construction, Ax y(p) € T,O for all p € M. This gives for the leafwise symplectic form w”™

on T'R and smooth vector fields X,Y,Z on N tangent to R:
Z(WR(X,Y))(n(p))
=Z*(w(X",Y)(p) =w(VEX"Y*)(p) + w(X*, VIEY*)(p) =
=w((VZX)5,Y*)(p) + w(X*, (VZY)*) (0)+
+w(Azx,Y")(p) +w(X*, Azy)(p) =
=W (VZX,Y)(r(p)) + W™ (X, VZ.Y)(n(p)),

where the last equality follows from the fact that the vector fields Az x and Az y are tangent to
the orbit direction, and that the lifted vector fields Y* and X* lie in the symplectic orthogonal
complement of the orbit direction by Eq. 2.2. Hence, V¥ is a Poisson connection.

Finally, observe that the leafwise symplectic form w™ on N and the symplectic form w on M
are related by

W(X*,Y)(p) = w™(X,Y)(n(p)),

which implies that the induced Fedosov connections on N and M are related in an analogous
fashion. This implies in particular that the characteristic classes of the star products * and xy~
coincide in both cases with w” /h. The proof is finished. (]

Remark 2.8. The proof of the theorem shows even more, namely that for the Poisson connection
V¥ constructed in the proof, the star products g~ and * on (£°°(Y)[[A]] even coincide.

Example 2.9. Let (M,w, G, J) be a Hamiltonian system with free G-action, and consider the
stratification of g* with the coadjoint action by orbit types. Let S, C g* be the open dense
stratum, and put U := J~1(S,). Then the quotient V := U/G is a regular Poisson manifold,
and the above “quantization commutes with reduction” result applies to any G-invariant closed
XcU.

3. OUTLOOK

The results from the previous section indicate that methods of real algebraic geometry and
singularity theory might be helpful in solving problems in Poisson geometry. In the following
list we describe some of the problems, where we expect that combining methods from singularity
theory with Poisson geometry could eventually lead to the solution of the outstanding questions.

e Even though one can construct deformation quantizations of Whitney functions over
singular sets as explained above, a full (deformation) quantization theory of algebras of
smooth functions over singular symplectic spaces is still lacking. Partial results exist,
though, as the papers [BOHEPF, HEIYPF| show, where deformation quantizations of a
particular class of singular symplectically reduced spaces are constructed by homological
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perturbation theory. More precisely, the algebra of smooth functions on the zero level set
of a G-hamiltonian system is resolved there by a Koszul complex defined by the moment
map (again, under certain assumptions on the G-Hamiltonian system). The symmetry
group G acts in a natural way on the Koszul complex which allows to represent the alge-
bra of smooth functions on the symplectically reduced space as the cohomology group in
degree 0 of the so-called (classical) BRST complex. Appropriately deforming the BRST
complex eventually then gives rise to a deformation quantization on the symplectically
reduced space. Generalizing this idea, one expects that the Koszul resolution appearing
in this construction needs to be replaced by a Koszul-Tate resolution having infinite
length. Sophisticated methods from commutative algebra and singularity theory then
might eventually lead to the construction of star products on any symplectically reduced
space.

e There are certain no go theorems on the existence of embeddings of a given symplectic
(or Poisson) stratified space into a Poisson manifold, see [EGI, DAV]. It appears that
methods from commutative algebra and singularity theory could share more light on this
phenomenon and possibly will lead to a more precise characterization of the obstructions
to such embeddings.

e Hochschild and cyclic homology theory of function algebras over singular spaces pro-
vide useful information on the existence of deformations of these algebras, and are
the essential ingrediants in the study of the underlying singular spaces by methods
of noncommutative geometry invented by A. Connes [CON]. Again, a synthesis of
methods from singularity theory with those from differential geometry, and possibly
even noncommutative geometry has already led to interesting results, see for example
[NEPFPOTA, PPT10, PPT12, PPT13], and might lead to further new observations in
either of these areas. Work on this is in progress, see [HERPFL].
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THE NASH PROBLEM AND ITS SOLUTION: A SURVEY

CAMILLE PLENAT AND MARK SPIVAKOVSKY

ABSTRACT. The goal of this survey is to give a historical overview of the Nash Problem of arcs
in arbitrary dimension, as well as its solution. This problem was stated by J. Nash around
1963 and has been an important subject of research in singularity theory. In dimension two
the problem has been solved affirmatively by J. Ferndndez de Bobadilla and M. Pe Pereira in
2011. In 2002 S. Ishii and J. Kolldr gave a counterexample in dimension four and higher, and
in May 2012 T. de Fernex settled (negatively) the last remaining case — that of dimension
three. After some history, we give an outline of the solution of the Nash problem for surfaces
by Ferndndez de Bobadilla and Pe Pereira. We end this survey with the latest series of
counterexamples, as well as the Revised Nash problem, both due to J. Johnson and J. Kollar.

1. INTRODUCTION

In this paper, k is an algebraically closed field of characteristic 0 (see Remark 1.7 below for
the case of positive characteristic).

1.1. The statement of the problem. Let X be a singular algebraic variety over k and

: X — X a dwisorial resolution of smgularltles of X (this means that X is a smooth
Varlety and the exceptional set E =: 7~ !(Sing X) is a divisor, that is, is of pure codimension
one). Let

icA
be the decomposition of E into its irreducible components. The set E has two kinds of irreducible
components: essential and inessential. For each 7 let u; denote the divisorial valuation determined
by E;

Definition 1.1. We say that E; is an essential divisor if for any other resolution
" (X' E') = (X, Sing X) the center of u; on X' is an irreducible component of E'. The
divisor E; is inessential if it is not essential.

Remark 1.2. Intuitively, an irreducible divisor is essential if it appears, as an irreducible com-
ponent, on every resolution of X.

In general (that is, when dim X > 3) it is quite difficult to show that a given component
is essential (see [32] for a discussion of this question as well as some sufficient conditions for
essentiality and [3] and [17] for new criteria of essentiality). In dimension two there ezists a
unique minimal resolution X of X and each irreducible exceptional divisor ofX s essential.
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In order to study the resolution X of X, J. Nash (around 1963, published in 1995 [26])
introduced the space X359 of arcs meeting the singular locus Sing X.

Definition 1.3. An arc is a k-morphism from Spec k[[t]] to X.
Let X3i"9 be the set of arcs whose origin (that is, the image of the closed point) belongs to
the singular locus of X .

Intuitively, such an arc should be thought of as a parametrized formal curve, contained in X
and meeting the singular locus of X. The analogue of an arc in complex analysis is a test map
from a small disk around the origin on the complex plane to X. We will also need to consider
more general arcs, which are morphisms from Spec K[[t]] to X, where K is a field extension of
k; they are called K-arcs.

Let us denote the closed point (the origin) of Spec k[[t]] by 0 and the generic point by 7.

An arc can be lifted to any resolution:

Lemma 1.4. Let f : X — X be a resolution of the singularities. Every arc a : Spec Kt] - X
such that a(n) € Sing(X) can be lifted to an arc & : Spec k[[t]] = X.

The proof comes from the fact the resolution map 7 is proper (it is a special case of the
valuative criterion of properness).

Nash showed that X3"9 has finitely many irreducible components, F;, called families of arcs,
and defined the following map:

Definition 1.5 (Nash [26]). Let
N : {irreducible components of X539} — {essential divisors of X}

be the map sending a family F; to the exceptional divisor E; such that the generic arc of F; has
lifting to the resolution, passing through a general point of the component E;.

(see §2.2 for more details).

He showed that this map, now called the Nash map, is injective. The celebrated Nash prob-
lem, posed in [26], is the question whether the Nash map is surjective.

Let us fix a divisorial resolution of singularities X — X and let E = 7~ !(Sing X). Consider
the decomposition (1) of E into irreducible components, as above. Let A’ C A denote the set
which indexes the essential divisors.

M. Lejeune-Jalabert [20], inspired by Nash’s original paper [26], proposed the following de-
composition of the space X35"9: for i € A’, let C; be the set of arcs whose strict transform in
X intersects the essential divisor E; transversally but does not intersect any other exceptional
divisor E;. M. Lejeune-Jalabert shows that X5"9 = |J C; and the set C; is an irreducible

1EA
algebraic subvariety of the space of arcs; therefore the families of arcs are among the C;’s. More-
over there are as many C; as essential divisors E;. Then the Nash problem reduces to showing
that the Cj, i € A’, are precisely the irreducible components of X359, that is, to proving
card(A")(card(A’) — 1) non-inclusions:

Problem 1.6. Is it true that C; ¢ Cj for all i # j?

Remark 1.7. All of the above definitions make sense also when char k > 0, with the following
modification. An arc family is said to be good if its general element is not entirely contained
in Sing X. When char k = 0 it can be shown that all the arc families are good ([16], Lemma
2.12). If the singularities of X are isolated (say, Sing(X) = {&1,...,&}) then the only arcs
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contained in Sing(X) are the trivial ones which map Spec K|[[t]] identically to one of the &;.
FEvery such arc is in the closure of every other arc passing through &;. Hence the arcs contained
in & belong to the closure of every irreducible component of X359 lying over & and cannot form
an irreducible component by themselves. This proves that for X with isolated singularities X 5i™9
has no bad components, regardless of char k. If char k > 0 and dim Sing(X) > 1, there may
exist some bad families, and the Nash map is only defined on the set of good families. With
this in mind, the Nash problem remains the same: is the Nash map, defined on the set of good
families, surjective? See [37] for some recent work on the Nash problem in positive characteristic.

1.2. Some partial answers in dimension 2. Before the work of Fernandez de Bobadilla — Pe
Pereira, the Nash problem for surfaces has been answered affirmatively in the following special
cases: for A, singularities by Nash, for minimal surface singularities by A. Reguera [34] (with
other proofs by J. Fernandez-Sanchez [7] and C. Plénat [29]), for sandwiched singularities by M.
Lejeune-Jalabert and A. Reguera (cf. [21] and [35]), for toric vareties in all dimensions by S.
Ishii and J. Kollar [16] (using earlier work of C. Bouvier and G. Gonzalez-Sprinberg [1] and [2]),
for a family of non-rational surface singularities by P. Popescu-Pampu and C. Plénat ([31]), for
quotients of C? by an action of finite group [27] by M. Pe Pereira in 2010 based on the work
[5] of J. Ferndndez de Bobadilla (other proofs for Dy, in 2004 by Plénat [30], for Eg in 2010 by
C. Plénat and M. Spivakovsky [33], (with a method that works for some normal hypersurface
singularities), and by M. Leyton-Alvarez (2011) for Eg and Er, by applying the method for the
following classes of normal hypersurfaces in C3: hypersurfaces S(p, hg) given by the equation
2P + hy(x,y) = 0, where hy is a homogeneous polynomial of degree ¢ without multiple factors,
and p > 2, ¢ > 2 are two relatively prime integers [23]). A. Reguera [37] gave an affirmative
answer to the Nash problem for rational surface singularities simultaneously and independently
from the work [6].

See the bibliography for a (hopefully) complete list of references on the subject.

In 2011, J. Ferndndez de Bobadilla and M. Pe Pereira [6] showed that the answer is positive
for any surface singularity. The main aim of this paper is to give an outline of their proof. Before
going further into the details, we need to recall some earlier results that lead to the final proof.

The rest of the paper is organized as follows: §2 is dedicated to the work preceding the paper
[6]; in §3 an outline of the proof is given. §4 contains a brief discussion of the Nash problem in
dimension three and higher.

2. PREVIOUS RESULTS ON THE NASH PROBLEM

2.1. The Wedge problem [18]. In 1980, M.Lejeune-Jalabert proposed to look at the Nash
problem from a new point of view. She formulated in [18] what is now called “the wedge prob-
lem”, which is related to a “Curve Selection Lemma” in the space of arcs.

Let X be a singular algebraic variety over k.

Let us first define wedge:
Definition 2.1. Let K be a field extension of k. A K-wedge on X is a k-morphism
w: Spec(K[[t, s]]) = X
which maps the set {t = 0} to Sing X.
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The wedge w induces two arcs on X as follows: a K-arc obtained by restricting w to the set
{s = 0} (this arc is called the special arc of w), and a K((s))-arc, obtained by restricting w to
the set Spec(K]|[t, s]]) \ {s = 0} (this arc is called the general arc of w). We regard w as a de-
formation of its special arc to its general arc or, alternatively, as an arc in the space of arcs X 39,

The wedge is said to be centered at an arc 7y if its special arc is ~q.

Let (X, 0) be a germ of a normal surface singularity, and let 7 : (X, E) — (X,0) be its minimal
(and so divisorial) resolution, with E = JE; = 7—1(0). Let E;, E; be irreducible components
of E (they are essential as X is a surface). Let C; and C; be as above. Then if C; C C;, Ej
is not in the image of Nash map. If one had Curve Selection lemma in the space of arcs X3"9,
the inclusion above would just mean that one has a k-wedge with special arc in C; and generic
arc in C;. Then the morphism w would not lift to the resolution X asit has an indeterminacy at 0.

M. Lejeune-Jalabert proposed the following problem:

Problem 2.2. For all irreducible essential divisors of the minimal resolution, any k-wedge
centered at v; € C; can be lifted to X.

It is not trivial to generalize the classical Curve Selection Lemma to the case of infinite-
dimensional varieties such as X3™9. A. Reguera proved a Curve Selection Lemma for X359
thus establishing the equivalence between the the Nash and the wedge problems. The wedges
appearing in A. Reguera’s theorem are K-wedges rather than k-wedges, where K is an extension
of k of infinite transcendence degree. This work of A. Reguera and its corollaries are discussed
in §2.3. §2.2 is dedicated to an interpretation of the space of arcs in terms of representable
functors. This interpretation is due to S. Ishii and J. Kollar [16]. It has been a great step in the
resolution of the problem.

2.2. Arc spaces as representable functors [16]. Let X be a reduced scheme of finite type
over k.

Definition 2.3. Letk C K be a field extension. A morphism Spec(K[[t]]/(t" 1)) — X is called
an n-jet of X over K and a morphism Spec (K[[t]]) — X is called a K-arc of X. Let us denote
the closed point (the origin) of Spec K|[t]] by 0 and the generic point by 7.

Let Sch/k be the category of k-schemes and Set the category of sets. Define a contravariant
functor
F,, : Sch/k — Set
by
Fn(Y) = Homy(Y Xspee & Spec(k([t]]/ (t™)), X)
Then, F,, is representable by a scheme X,,, of finite type over k. This means, by definition, that
Homy (Y, X)) = Homu(Y Xspec 1 Spec(k[[t]]/(t™)), X)

for a k-scheme Y.
This X, is called the scheme of n-jets of X. The canonical surjection

k[[#]]/(t™) — K([t]]/ (™)
induces a morphism ¢,,, : X,, = X;,—1. Define p,, = p10---0¢py : X;n = X. A point x € X,
gives an m-jet a : Spec K[[t]]/(t™) — X and p,(x) = a;(0), where K is the residue field at x.
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Let X = lim X,,, and call it the space of arcs of X. X, is not of finite type over k but it is
“—

a k-scheme. Denote the canonical projection X, — X, by 7, and the natural map X,, — X
by p; it is the composition p,, o 7, Ym. A point x € X, with residue field K gives an arc
oy Spec K[[t]] = X with p(x) = a5(0).

The scheme X359 defined earlier is nothing but the subscheme of X, consisting of those arcs
« for which «(0) € Sing(X).

Lemma 1.4 applies equally well to K-arcs: any K-arc not contained in Sing(X) has a unique
lifting to any resolution of singularities X.

Let C; be the closure of the set of arcs « that lift to a general point of a component F; and
such that a(n) € Sing(X) and «(0) € Sing(X). Let +; denote the generic point of the closed
irreducible set C; and k; the residue field of the local ring OX;éng7’Y .

Theorem 2.4 (Nash [26]). The Nash map
N : {C;} — {essential components of X}
giwen by C; — E; is injective.

In [16], after the reformulation of Nash problem (in any dimension), two beautiful results are
shown: a positive answer to Nash problem for toric varieties in any dimension and a counter-
exemple in dimension 4 and higher.

2.3. A Curve Selection Lemma in X3 [36]. In the paper [36], A. Reguera has shown that
a positive answer to the wedge problem is equivalent to the surjectivity of the Nash map. She
has also extended the wedge problem to all dimensions. Note that she does not assume the
singular varieties to be normal. More precisely, she proves the following:

Theorem 2.5. Let X be a singular variety.
Let E; be an essential divisor over X. Let ~y; be the generic point of C; (the closure of the set of
arcs lifting transversally to E;), k; its residue field. The following are equivalent:
(1) E; belongs to the image of the Nash map.
(2) For any resolution of singularities p : X — X and for any field extension K of k;, any
K -wedge whose special arc maps to v;, and whose generic arc maps to X359, lifts to X.
(3) There exists a resolution of singularities p : X — X satisfying the conclusion of (2).

To prove this she needed a Curve Selection lemma for X359 for curves defined over K. This
field is of infinite transcendence degree over k, so it is quite difficult to work with. J. Fernandez
de Bobadilla [5] and M. Lejeune-Jalabert with A. Reguera [22] have shown, independently, that
one may replace K by k in A. Reguera’s theorem, provided that k is uncountable.

2.4. The Nash Problem is a topological problem [5]. In this paper, J. Ferndndez de
Bobadilla looks at normal surface singularities, and the hypotheses of normality and dimension
2 are essential. He first gives the definition of wedges that realize an adjacency between two
essential divisors.

Definition 2.6. Let E, and E, be two essential divisors, and C, and C, the families of arcs
associated to these divisors.

A K-wedge realizes an adjacency from E, to E, if its generic arc belongs to C, and its special
arc belongs to C¢ (i.e. it is transverse to E, in a general point of E, ).
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Note that if such a wedge exists, then C), is not in the image of Nash map. This statement
can be interpreted as the easy part of the Theorem of the previous section (2 = 1): a wedge
realizing the adjacency cannot be lifted to any resolution.

J. Fernandez de Bobadilla proves the following theorem:

Theorem 2.7. Let (X,0) be a normal surface singularity defined over an uncountable alge-
braically closed field k of characteristic 0. Let E, be an essential irreducible component of the
exceptional divisor of a resolution. Then the following are equivalent:
(1) The set C, is in the Zariski closure of Cy,, where E, is another component of the excep-
tional divisor.
(2) Given any proper closed subset Z C C,, there exists an algebraic k-wedge realizing an
adjacency from E, to E, and avoiding Z.
(3) There exists a formal k-wedge realizing an adjacency from E, to E,.
(4) Given any proper closed subset Z C C,, there exists a finite morphism realizing an ad-
jacency from E, to E, and avoiding Z.

If the base field is C the following further conditions are equivalent to those above:

(5) Given any convergent arc v € CC there exists a convergent C-wedge realizing an adja-
cency from E, to v and avoiding the set A, of arcs lifting to singular points of E, or
not transversal to E,,.

(6) Given any convergent arc v € CO there exists a convergent C-wedge realizing an adja-
cency from E, to .

(7) Given any convergent arc v € C2 there exists a finite morphism realizing an adjacency
from E, to v and avoiding A,,.

See [5] for the definition of finite morphism realizing an adjacency from E, to 7.

Sketch of the proof:

For 1) = 2) J. Ferndndez de Bobadilla uses A. Reguera’s results to obtain a K-wedge realizing
an adjacency from F, to E,, with k C K an extension of k. Then he uses a specialization
process to obtain a k-wedge realizing an adjacency from F, to E, and avoiding Z. One can find
a similar specialization process in [22] in which the authors characterize essential components
that belong to the image of the Nash map and deduce that an irreducible exceptional divisor
which is not uniruled is in the image of the Nash map (for uncountable fields).

For 4) = 1), he needs to introduce some technical tools. First, he gets an algebraic k-wedge
using Popescu’s theorem and Artin type approximation to replace the first formal k-wedge. Then
by Stein Factorization he obtains a finite morphism realizing an adjacency from E, to E, and
avoiding Z. He finally reduces to the case of k = C, and shows 1) in that case. For this, he
proves a property that he calls “moving wedges”:

Lemma 2.8. Given two convergent arcs v,y € C2, there exists a finite morphism realizing an
adjacency from E, to v if and only if there exists a finite morphism realizing an adjacency from
E, to.

He uses the Lemma to prove the following theorem:

Theorem 2.9. The set of adjacencies between exceptional divisors of a normal surface singular-
ity is a combinatorial property of the singularity: it only depends on the dual weighted graph of
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the minimal good resolution. In the complex analytic case this means that the set of adjacencies
only depends on the topological type of the singularity and not on the complex structure.

The last important paper needed to understand the proof in dimension two is due to M. Pe
Pereira [27], which gives an affirmative solution to the Nash problem for quotient singularities
of surfaces. In that paper she has, in particular, introduced some useful tools needed in [6]. We
will discuss them in the following section.

3. SOLUTION OF THE NASH PROBLEM FOR SURFACES

Theorem 3.1. Let k be an algebraically closed field of characteristic 0 and (X,0) a normal
singular surface over k.
The Nash map associated to (X,0) is bijective.

In [5] (7.2 p. 163), J. Ferndndez de Bobadilla shows that the families of arcs are stable under
base change and so is the bijectivity of Nash map. Thus it remains to prove the theorem for
complex normal surface singularities.

Let (X,0) be a normal surface singularity over C.

The proof proceeds by contradiction.

n
Let E = |J E; be the decomposition of E into irreducible components. Suppose there are two
i=0
families ?@ndg associated with two essential divisors Fy and FE; of the minimal resolution
such that Cy C C;.

3.1. Definition of representatives of arcs and wedges. The first ingredient is the definition
of Milnor representative of arcs and wedges.

From now on, replace X by its underlying complex-analytic space. By abuse of notation, we
will continue to denote this space by X. Let 7 : X — X be the minimal resolution of X.

Let us recall Milnor’s work on isolated singularities.
Let B. denote the closed ball in C"V centered at the origin of radius ¢ and let S. be its boundary
sphere. There exists for X a Milnor radius €y such that all the spheres S. are transverse to X
and X N S, is a closed subset of S, for all 0 < ¢ < gg. Let us call X.,, = X N B,, the Milnor
representative of X. Let ng be the minimal resolution of singularities of X, ; XEO is nothing
but the preimage of X., under w. Under these conditions X., has a conical structure and X_,
admits E as a deformation retract.

Consider an arc v : (C,0) — X,,. It is proved in [27] and [6] that there exists e < g such
that, restricted to X, v becomes a Milnor arc:

Definition 3.2. Milnor arc
A Milnor representative of v is a map of the form

Yo : U — X

such that y|y is a proper morphism, U is diffeomorphic to a closed disk, v~1(0X.) = OU and
the mapping |y is transverse to any sphere Se/ for €' <e. The radius € is called a Milnor radius

for ~.
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Let o : (C2,0) — X. be an analytic wedge such that a(t,s) = a,(t) is the generic arc and
ap(t) = ~(t) is the special arc.
Let v |y: U — X be a Milnor Representative of .

For the disk Dy of radius § around the origin in the complex plane we will use the notation
D°s = Ds \ {0}.

Proposition 3.3. Milnor wedge
There exist 6 > 0 small enough, an open set U C U X Ds and a map

ﬁ:UXDg—)XSXD(s

(t,s) — (as(t),s)
such that

e ay(t) = |u is a Milnor representative of ay.

o the restriction f3 |yo: U° — X2 x DY is a proper and finite morphism of analytic spaces
and its image is a closed 2-dimensional closed analytic subset of X2 x Dg.

o the set Us =U NC x {s} is diffeomorphic to a disk for all s.

e for any s € Ds, Buxysy is transverse to Se x D§ (this means that every x € OU; is a
reqular point of Bux sy and the vector space dBy sy is transverse to the tangent space
of Se x D§ at BUX{S}(x)‘

e U is a smooth manifold with boundary S~ (0X. x DY)

Definition 3.4. The map § restricted to U is a Milnor representative of the wedge o, whose
special arc is ¥ |u.

Remark 3.5. One has to prove that such a representative does exist, in particular that the set
U can be taken to be differomorphic to a disk. See [27] or [6].

Aiming for contradiction, we now consider a Milnor representative o : i — X, of an analytic
wedge, realizing the adjacency from F; to Ey, that is, a wedge such that the generic arc as(t)
belongs to C; and the special arc v(t) belongs to Cy.

Remark 3.6. These definitions of representatives are a key point in the proof of the theorem.
Let ag : Us — X be a generic arc of the wedge. By construction, Us is a disk and thus has
FEuler characteristic equal to one. The aim of the rest of the proof is to show that the Fuler
Characteristic of Us is bounded above by an expression less or equal to 0, and thus get the
contradiction.

We have the following lemma;:
Lemma 3.7. The mapping as : Us — X. s injective.

Proof. The map «a; is a smooth deformation of ag : Uy — X.. But the map «ag : Uy — X, is
injective since by construction it is transversal to every S, for p < €, so oy is an injective and
smooth mapping.

Moreover, for all s € D§ we have 871 (0B, x {s}) = S*. The degree of a map of S! to itself is
upper semi-continuous under smooth deformation, thus the map

as |au.: St — gt

is of degree one. By Definition 3.4 and Proposition 3.3, a has no critical points on 9Usy; this
implies that ay |sy, is one-to—one.
Hence a; is a local homeomorphism and so is generically one—to—one. [
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3.2. Eliminating the indeterminacy of &. Let /3 be the meromorphic map defined as the
composition of o=t o B with o = (7, id |p,):

XEXDg
B/i
Ve g

- B
UHXEXDg

e

The indeterminacy locus of 0! o 3 is of codimension 2. Thus we may assume that, shrinking
the radius 4, if necessary, (0,0) is the only indeterminacy point of S.

FIGURE 1 . Wedge representative

Moreover there exists a unique meromorphic lifting & of v such that:

m

-
7

/

N &
e

m

S~

/
(e
—_—

Let H = S(U) the image of U by S; it is an analytic subvariety of dimension two (as
is finite and proper). Let Y be the analytic Zariski closure of o~!(H\ ({0} x D;s)) and let
Y, =Y N (X. x {s}). The surface Y is reduced and is a Cartier divisor in the smooth threefold
X x Ds. One can prove the following ([5], p. 7):

(1) for all s € D¢ one has 3(t,s) = (as(t), s)
(2) Y N (X, x D2) = BU\U).
Thus
sz = ds(Us)'
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Lemma 3.8. The mapping &s : Us — Yy is the morphism of normalization of Y.

Proof. First, by the previous Lemma, «; is generically one-to—one and proper. Hence so is ds.
As U, is a smooth disk, the mapping &, : Us — Y is thus the morphism of normalization of Y.
|

Definition 3.9. Returns
Elements of the set a;1(0)\ {(0,5)} are called returns. Their images by as are 0 and by d
points of the exceptional set E.

The curve Yy = Y N (X, x {0}) does not need to be reduced. It contains Zy := dp(Up) and
a sum of the exceptional components F; with suitable multiplicities, which can be explicitly
described as follows. For any point £ € X, let f: denote the local defining equation of Y near &.
We have a unique factorization

n
Je = gnt1 H g?i

i=0
where g,11 = 0 is the local defining equation of Zj near ¢ and g; = 0 the local defining equation
of E; near £ (if (4 E;, we take g; = 1, and similarly for g,,11). It is very easy to see that, given
two points &, € E;, one obtains the same exponent a; from the local equations at & and &';
in other words, a; is determined by FE; and not by the choice of the point £&. We express this
situation by the equation Yy = Zy + Y a; E;; the analytic space Yj is reduced along Zy\E.

Since Y is a deformation of Yy, we have b; := Y,.F; = Yy.FE;; that is
M.(ao, ceeey an)t = (1 + bo, bl, veey bn),

where M is the self-intersection matrix of E (the curve Ey plays a special role in this equality
because Zy.Fo = 1 and Zy.E; = 0 for i # 0). Note that the b;’s correspond to the number of
returns that lift to E;. By linear algebra, one obtains that ag # 0 (i.e. Ep belongs to Yp) and
bg = 0, that is, Y; must not intersect FEj.

3.3. End of the proof. As explained before, to obtain a contradiction we want to show that
U has non-positive Euler characteristic. To do this, Fernandez de Bobadilla and Pe Pereira give
an upper bound on x(Uy) in terms of x(Y5), x(Yy) and the possible returns.

Recall that Yy = Zo+), a; F;. We construct a tubular neighborhood of E in the following way.

Define E¢ = E;\Sing(Yye?). Let Sing(Y7*?) = {po,p1, ..., Pm}, Where po = Zo N E. Let By,
be a small ball in X centered at p. For j € {0,...,n}, let T; be a tubular neighborhood of
E;, small enough so that its intersection with each By is transverse. Let T,y; be a tubular
neighborhood of Zj, small enough so that its intersection with By is transverse. Let

- ().

k=0
All the neighborhoods are chosen so that

n+1 m

(2) XU = x(@  (YanWy)) + > x(ds ™ (Yo N By)).
j=0 k=0



THE NASH PROBLEM AND ITS SOLUTION: A SURVEY 239

We do not need to count x(Ys NT; N By) since by the assumed transversality each of these
intersections is a finite union of circles and thus

(3) X(}/s N Tj n Bk) =0.

FIGURE 2 . Normalization map

It remains to bound above each summand on the right hand side of (2). To do this, we first
consider the special case when X.isa good resolution of X., that is, when the exceptional set
E has normal crossings. We divide the summands appearing in (2) into three types and deal
separately with each type.

e Type 1: Terms of the form y(d, (Y, N W;)). If j < n, by Hurwitz formula, we have
(4) xX(@s Y N Wy)) < aix(E3)

m

as the maps a, ' (Y, N W;) — E;\ ( U Bk> are branched covers of degree a;. For
k=0

j=n+1, Zy\ po is homeomorphic to a punctured disk, so Hurwitz formula gives

(5) X(@ T (Ve N Wat1) < X(Zo \ po) = 0.
e Type 2: Terms of the form x(d, *(Y; N B)) such that & > 0, pp¢Y, and By N E has
only normal crossings. Let (x,y) be local coordinates at py such that f(z,y) = zy is a
local defining equation of the set £ N By. Let Y.',...,YJ be the connected components
of the set Y, \ Bg. Since the only connected orientable surfaces with boundary having
positive Euler characteristic are disks, and in view of (3), we only have to be careful
about those Y! which are homeomorphic to disks.
As Yj is a deformation of Yy, the boundary of such a component Y/ either deforms to
V(z) N Se or to V(y) N Se. This implies that Y! must intersect either V(z) or V(y). In
this case one has,

(6) X(dsil(ys N Bk)) < Z Ip(Y87 YOred)'
pPEYsNYoN By
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e Type 3: Finally, we will show that y(ds ' (Ys N By)) < ag — 1. Indeed, as Y is reduced
locally at Zj let us suppose that the local equation at ZyUEj is of the form fy = zy* = 0.
Let Ysl be an irreducible component of Y, N By whose normalization is a disk. Then as Y
is a deformation of Y, the boundary of that component Y/ either deforms to V (z) N 9B
or to V(y) N dBy. This implies that Y} must intersect either V(x) or V(y). Therefore,
as in the case of Type 2, we have

(7) X(@ ' (YanBo) < Y LY, Vi) <ap+ 1.
peY NYoNBo

As Y, is a deformation of Y, there exists a connected component F' of Y, N By whose
boundary contains a circle K deforming to V(z) N 9By. If OF = K, then, by the
connectedness of Yy, Y; N 9By does not contain a circle deforming to V' (y) N 9By, which
is impossible. Thus K ; OF, so OF must be a union of at least two circles. In particular,
the normalization of F' cannot be a disk. Since there are at least two circles in Y; N 9B
which bound a connected component of Y; N By having non-positive Euler characteristic,
the inequality (7) remains true after we subtract 2 from the right hand side:

(8) x(ds 1 (Y, N By)) < ag — 1.
Combining (2), (4), (5), (6) and (8), we obtain

x(Us) <ap—1+ Z a;(x(E;) — Ei.(Y]*" = E;)) + Z L(Ys, Y§©?)

i=0 PEYsN(Yo\Bo)

Rearranging the sum one has

This last sum is less or equal to 0 as each member is less than or equal to 0. We have proved that
the disk Us has non-positive Euler characteristic, which gives the desired contradiction. This
completes the proof in the case when the minimal resolution X is a good resolution.

We now briefly sketch the proof in the general case, that is, when E' is not necessarily normal
crossings.

The main difference with the normal crossings case is that now we must take more care to
bound the terms in (2) of the form x(d,~'(Ys N By)) such that By N E does not have normal
crossings (in particular, k > 0). Assume that Y; N By # 0. Suppose, too, that Y; does not pass
through py (if not, one can reduce the problem to this case by suitably deforming Y5).

To study the inequality (2), we use the following numerical characters of the singularities of
the reduced exceptional set E. For each FE; consider the set of irreducible components of the
germ of E; at each point of Sing(Yy°?). We denote by v; the total number of local branches of
E; at all the singular points of Sing(Y7?), by u; the sum of Milnor numbers of all these local
branches, and by 7; the sum of all the pairwise intersection number between the branches.

Fix a sequence of point blowings up of X. under which the total preimage of EN By, is normal
crossings, and replace X, by the resulting manifold. The Euler characteristic of the preimage of
Y, is equal to that of Y.

Analyzing the blown up surface by techniques similar to the ones used in the case of good
resolution, we obtain the inequality

x(Us) < ap — 1+Zai(X(Ei) v —pi — i — B (Y7 - E;)) + Z I(Ys, Y5 9.
@ pE€YsN(Yo\Bo)
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Rearranging the sum one has
X(Us) <D ai(2—29; — i — i + Ei. )
i
This last sum is less or equal to 0 as each member is less than 0. Contradiction.

3.4. The non-normal case. As before, thanks to Lefschetz Principle, Fernandez de Bobadilla
and Pe Pereira reduce the problem to the complex case.

Let X be a complex algebraic surface, not necessarily normal, and let 7 : X — X be its

minimal resolution of the singularities of X. Let E := 7~ 1(Sing(X)). Let E = |J E; be the
i=0

3
decomposition of E into irreducible components.

Definition 3.10. We say that E; is of the first kind if dim7(E;) = 0 and of the second kind
Zf dlmT((El) =1.

A priori, we have four types of possible adjacencies: an arc family of the first kind could be
adjacent to one of the first or second kind and an arc family of the second kind could be adjacent
to one of the first or second kind. The fact that a family of the second kind cannot be adjacent
to another one of either first or second kind follows easily from the continuity of the wedge which
realizes this hypothetical adjacency. The fact that an arc family C; of the first kind cannot be
adjacent to another family C; of the first kind follows from the normal case: such an adjacency
would induce an adjacency of the preimage of C; to the preimage of C; in the normalization
of X, which is impossible by the normal case. To settle the last remaining case, that of an arc
family C; of the first kind adjacent to an arc family C; of the second kind, J. Ferndndez de
Bobadilla and M. Pe Pereira use plumbing to construct an auxiliary normal surface singularity
(X’,¢') and two distinct Nash families Cj and C} on X’ such that C; is adjacent to C}, again
contradicting the normal case.

4. HIGHER DIMENSIONS

For singularities of higher dimensions, the Nash Problem enunciated as above is false, though
a few positive results have been proved: in [16], S. Ishii and J. Kollar give an affirmative answer
for toric varieties in all dimensions. Affirmative answers for a family of singularities in dimension
higher than 2 by P. Popescu-Pampu and C. Plénat ( [32]) and another family by M. Leyton-
Alvarez [23] (2011).

In [16], S. Ishii and J. Kolldr give a counterexample to the Nash problem in dimension greater
than or equal to 4: the hypersurface

P4yt + 2+’ =0

which has a resolution with two irreducible exceptional components. These are essential, as one
is the projectivization of the tangent cone at the singular point (hence it clearly corresponds to
a Nash family), and the other one is not uniruled. Then the authors construct geometrically a
wedge whose generic arc is in the Nash family, and whose special arc is in the second family.
In May 2012, T. de Fernex gave a counterexample in dimension 3 ([3], 2012). The equation is

9) @@+ + 2w+ +yP + 22+’ +w® =0
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In the algebraic setting, he can prove that the two exceptional components obtained after two
blowing-ups are essential. But as an analytic variety, the hypersurface obtained from (9) by
blowing up the origin is locally isomorphic to the non-degenerate quadratic cone, hence it admits
a small resolution; this implies that the second exceptional component is not essential, so the
counterexample does not apply in the analytic category. Deforming the equation (9), de Fernex
obtains a counterexample to the Nash problem in dimension 3, valid in both the algebraic and
the analytic setting:

(@ +yHw+2® +y* + 22 +w® + b =0.
An even more recent paper on the Nash problem is due J. Johnson and J. Kollar [17]. In that

paper, J. Johnson and J. Kollar gives a new family of counterexamples to the Nash problem in
dimension 3, called cA;-type singularities:

2 +yP 422+t =0
with m odd, m > 3. These singularities are isolated and have only one Nash family, but two of

the exceptional components in the resolution are essential.
Moreover, J. Johnson and J.Kollar formulates the Revised Nash problem, which we now explain.

Definition 4.1. Let X be a variety over a field k, k C K a field extension of k and ¢ :
Spec K[[t]] = X an arc such that Supp ¢~*(Sing(X)) = {0}. A sideways deformation of ¢
is an extension of ¢ to a morphism ® : Spec K[[t, s]] = X such that

Supp ®~"(Sing(X)) = {(0,0)}.

Definition 4.2. We say that X is arcwise Nash-trivial if every general arc in X5"9 has a
sideways deformation.

Definition 4.3. Let X be a variety over k. A divisor over X is called very essential if the
following holds. Let p : Y — X be a proper birational morphism such that Y is Q-factorial
and has only arcwise Nash-trivial singularities. Then centery E is an irreducible component of

p~ ! (Sing(X)).

In fact in the three counterexamples above, the components corresponding to Nash families
are given precisely by the very essential divisor. Imitating and conceptualizing the proofs of
non-essentiality appearing in the above counterexamples, one can show that divisors appearing
in the image of the Nash map are very essential. We are lead to the following problem:

Problem 4.4. Is the Nash map surjective onto the set of very essential divisors?

In April 2014, when the present paper was well into the refereeing process, Tommaso de Fernex
and Roi Docampo [4] made further significant progress on the Nash problem. They defined the
notion of terminal valuations over X (where X is a variety of any dimension) and showed
that any divisor associated to a terminal valuation is in the image of the Nash map. Restricting
this result to the case dim X = 2 provides a new and completely algebraic proof of the Theorem
of Ferndndez de Bobadilla — Pe Pereira. We acknowledge this very important paper even though
we did not have a chance to discuss it in detail.
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